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ABSTRACT
A  n u m b e r  o f  a p p r o a c h e s  t o  t h e  p r o b l e m  o f  s c a t t e r i n g  o f  e l e c t r o ­
m a g n e t i c  w a v e s  b y  m e t a l l i c  b o d i e s  a r e  e x a m i n e d ,  i n  t h e  c o n t e x t  o f  
e a r l i e r  w o r k  d o n e  a t  t h e  U n i v e r s i t y  o f  S u r r e y  u n d e r  a  c o n t r a c t  f r o m  
t h e  R o y a l  A i r c r a f t  E s t a b l i s h m e n t  a t  F a r n b o r o u g h .
A  r e v i e w  o f  t h i s  e a r l i e r  w o r k  i s  g i v e n ,  f o l l o w e d  b y  s o m e  
f u n d a m e n t a l  e l e c t r o m a g n e t i c  t h e o r y  a n d  a  d i s c u s s i o n  o f  s o l u t i o n s  o f  
t h e  t w o  d i m e n s i o n a l  w a v e  e q u a t i o n .
T h i s  l e a d s  n a t u r a l l y  t o  t h e  i n t r o d u c t i o n  o f  t h e  R a y l e i g h  
h y p o t h e s i s  f o r  s c a t t e r i n g  f r o m  i r r e g u l a r l y  s h a p e d  c y l i n d e r s .
T h e  a n a l y t i c a l  c o n t i n u a t i o n  m e t h o d  o f  W i l t o n  a n d  M i t t r a  f o r  
o v e r c o m i n g  t h e  p r o b l e m  o f  t h e  i n v a l i d i t y  o f  t h e  R a y l e i g h  h y p o t h e s i s  
i s  g i v e n ,  a n d  i t s  r e f o r m u l a t i o n  i n  m a t r i x  n o t a t i o n  m o t i v a t e s  d i s c u s s i  
o f  t h e  p r o p e r t i e s  o f  t h e  s c a t t e r i n g  m a t r i c e s  o f  b o d i e s  w h i c h  g a v e  a  
n u m b e r  o f  s y m m e t r i e s .  B e c a u s e  t h e  s c a t t e r i n g  m a t r i x  o f  a  b o d y ,  
d e p e n d s  o n l y  o n  t h e  b o d y  a n d  n o t  a t  a l l  u p o n  t h e  i n c i d e n t  f i e l d ,  a n y  
s y m m e t r i e s  o f  t h e  s c a t t e r e r  m u s t  b e  r e f l e c t e d  i n  t h e  f o r m  o f  t h e  
s c a t t e r i n g  m a t r i x .  T h e s e  r e s u l t s  a r e  u s e d  t o  d i s c u s s  t h e  b o u n d a r y  
c o n d i t i o n  p r o b l e m  f o r  a  p e r f e c t l y  c o n d u c t i n g  b o d y  o f  r o t a t i o n .
C h a p e r  e i g h t  c o n t a i n s  a n  a t t e m p t  t o  e x t e n d  a p e r t u r e  f i e l d  
t h e o r y  a s  u s e d  f o r  c a l c u l a t i n g  n e a r - a x i s  f i e l d s  i n ,  f o r  e x a m p l e ,  
r e f l e c t o r  a n t e n n a  s y s t e m s  t o  m o r e  g e n e r a l  s c a t t e r i n g  p r o b l e m s .  S o m e  
r e l a t e d  w o r k  b y  B a c h  a n d  h i s  a s s o c i a t e s  i s  d i s c u s s e d .
I n  c h a p t e r  n i n e  a n  a l t e r n a t i v e  a p p r o a c h  t o  t h e  c a l c u l a t i o n  o f  
t h e  s c a t t e r i n g  m a t r i x  i s  g i v e n  w h i c h  l e a d s  t o  a  r e f o r m u l a t i o n  o f  t h e  
m e t h o d  o f  p h y s i c a l  o p t i c s .  T h e  m o d i f i e d  m e t h o d  i s  u s e d  t o  i n v e s t i g a t e  
t h e  v a l i d i t y  o f  t h e  R a y l e i g h  h y p o t h e s i s  f o r  a  s l i g h t l y  p e r t u r b e d  
c i r c u l a r  c y l i n d e r  a n d  t h e  r e s u l t s  c o m p a r e d  w i t h  t h o s e  d u e  t o  V a n  
D e n  B e r g  a n d  F o k k e m a .
F i n a l l y ,  i n  c h a p t e r  t e n ,  a n o t h e r  m e t h o d  o f  o v e r c o m i n g  t h e  
i n v a l i d i t y  o f  t h e  R a y l e i g h  h y p o t h e s i s  i s  e x a m i n e d ,  b u t  i s  s h o w n  t o  
b e  i m p r a c t i c a l  t o  i m p l e m e n t  n u m e r i c a l l y .
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A  c o n t r a c t  ( C o n t r a c t  N o .  A T / 2 0 6 4 / 0 3 7 R L )  w a s  g i v e n  b y  t h e  
R o y a l  A i r c r a f t  E s t a b l i s h m e n t  a t  F a r n b o r o u g h  t o  t h e  U n i v e r s i t y  o f  
S u r r e y  a t  G u i l d f o r d  f o r  t h e  i n v e s t i g a t i o n  o f  ' R a d i a t i o n  f r o m  a n t e n n a s  
m o u n t e d  o n  i r r e g u l a r l y  s h a p e d  b o d i e s ' .  W o r k  w a s  p e r f o r m e d  i n  t h e  
P h y s i c s  D e p a r t m e n t  u n d e r  t h e  s u p e r v i s i o n  o f  D r .  S .  C o r n b l e e t  b y  D r .  
R . J .  C h i g n e l l ,  M r .  D . H .  M u n r o  a n d  M r .  J . J .  G r i b b l e .  S o m e  o f  t h e  
w o r k  o f  C h i g n e l l  a n d  M u n r o  w a s  d o n e  i n  c o l l a b o r a t i o n .  T h e  b e s t  w a y  
t o  d e s c r i b e  t h e  c o n t r i b u t i o n s  o f  t h e s e  w o r k e r s  i s  t o  d e s c r i b e  t h e  
c o n t e n t s  o f  t h e  v a r i o u s  r e p o r t s  w h i c h  w e r e  p r o d u c e d  i n  c h r o n o l o g i c a l  
o r d e r  ( R e f e r e n c e s  1 3 ,  1 4 ,  1 5  a n d  1 6 ) .
S G I . 2  C h i g n e l 1 ,  J u l y  1 9 7 5
T h i s  r e p o r t  w a s  m o s t l y  c o n c e r n e d  w i t h  t h e  r a d i a t i o n  p a t t e r n s  
o f  a i r c r a f t  m o r e  i n  t h e  l o w  f r e q u e n c y  r a n g e ,  w h i c h , i t  w a s  s h o w n ,  
c o u l d  b e  r e p r e s e n t e d  a s  s i m p l e  c o m b i n a t i o n s  o f  a  f e w  m u l t i p o l e  f i e l d s .  
T h u s  a  s i m p l e  m o d e l  o f  t h e  s c a t t e r i n g  p r o p e r t i e s  o f  a n  a i r c r a f t  
c o n s i s t i n g  o f  c r o s s e d  d i p o l e s  w a s  e n v i s a g e d .  T h i s  l e d  t o  r e l a t i v e l y
-  1 -
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c o s  e  +  a  s i n  e  c o s  e
w h e r e  a  w a s  a n  u n k n o w n  c o n s t a n t .  U n f o r t u n a t e l y  t h e  t h e o r y  g a v e  n o  
w a y  o f  c a l c u l a t i n g  s u c h  u n k n o w n  c o n s t a n t s ,  s a v e  b y  c o m p a r i s o n  w i t h  
s o l u t i o n s  o b t a i n e d  u s i n g  o t h e r  t e c h n i q u e s ,  o r  b y  t h e  c i r c u l a r  
p r o c e d u r e  o f  o p t i m i s a t i o n  b y  c o m p a r i s o n  w i t h  e x p e r i m e n t .  T h e  
p a r t i c u l a r  p r o b l e m  o f  a  s h o r t  m o n o p o l e  o n  a n  i n f i n i t e  c y l i n d e r  w a s  
c o n s i d e r e d .  T h e  r a d i a t i o n  p a t t e r n  w a s  e x p a n d e d  a s  a  l i n e a r  c o m b i n a t ­
i o n  o f  s p h e r i c a l  h a r m o n i c s ,  a n d  t h e  c o e f f i c i e n t s  i n  t h e  e x p a n s i o n  
w e r e  o b t a i n e d  b y  c o m p a r i s o n  w i t h  a n  e x a c t  s o l u t i o n  d u e  t o  W a i t .
C h i g n e l l  i n t r o d u c e d  t h e  i d e a  o f  a  s c a t t e r i n g  r e p r e s e n t a t i o n  o f  
a n t e n n a  p r o b l e m s ,  i n  p a r t i c u l a r ,  t h e  c o n c e p t  o f  t h e  s c a t t e r i n g  m a t r i x .  
T h u s  i f  t h e  f i e l d  w e r e  e x p a n d e d  a s  a  l i n e a r  c o m b i n a t i o n  o f  m o d e s  o f  
s o m e  s o r t ,  t h e n  t h e  c o l u m n  v e c t o r  o f  c o e f f i c i e n t s  d e s c r i b i n g  t h e  
s c a t t e r e d  f i e l d  c o u l d  b e  o b t a i n e d  f r o m  t h e  c o l u m n  v e c t o r  o f  c o e f f i ­
c i e n t s  r e p r e s e n t i n g  t h e  i n c i d e n t  f i e l d  d u e  t o  t h e  a n t e n n a  b y  a  m a t r i x  
m u l t i p l i c a t i o n  ( o f  c o u r s e ,  m u l t i p l e  s c a t t e r i n g  e f f e c t s  s h o u l d  b e  
a c c o u n t e d  f o r ) .  I n  t h i s  m a n n e r  h e  c o n s i d e r e d  t h e  p r o b l e m s  o f
( a )  a  l i n e  s o u r c e  a b o v e  a n  i n f i n i t e  s e m i - c y l i n d r i c a l  b o s s  o n  a n  
i n f i n i t e  g r o u n d  p l a n e  ( a  s i m p l e  m o d e l  o f  a n t e n n a ,  f u s e l a g e  a n d  w i n g s )  
a n d
( b )  a  l i n e  s o u r c e  a b o v e  t h r e e  i n f i n i t e  s e m i - c y l i n d r i c a l  b o s s e s  a n d  
a  g r o u n d  p l a n e  ( a  s i m p l e  m o d e l  o f  a  t w i n - e n g i n e d  a i r c r a f t ) .  H e  d i d  
n o t  i n c l u d e  t h e  e f f e c t  o f  m u l t i p l e  r e f l e c t i o n  b y  t w o  c u r v e d  s u r f a c e s .
simple expressions for the radiation pattern in one plane like
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I n  t h i s  r e p o r t ,  t h e  m u l t i  p o l e  e x p a n s i o n  m e t h o d  w a s  e s s e n t i a l l y  
a b a n d o n e d ,  a n d  t h e  m o s t  a t t e n t i o n  d i v e r t e d  t o  t h e  s c a t t e r i n g  d e s ­
c r i p t i o n  o f  t h e  p r o b l e m .  ( T h e  f o r m e r  w a s  d r o p p e d  b e c a u s e  i t  b e c a m e  
n e c e s s a r y  t o  i n c l u d e  m u l t i ' p o l e s  o f  c o m p l e x  d i m e n s i o n s .  W i t h  t h e  
u s u a l  a c c u r a c y  o f  h i n d s i g h t ,  i n  v i e w  o f  t h e  i n t e r e s t  s h o w n  i n  r e c e n t  
y e a r s  i n  t h e  u s e  o f  s o u r c e s  w i t h  l o c a t i o n s  i n  c o m p l e x  s p a c e  ( f o r  
e x a m p l e  F e l s e n  i n  r e f e r e n c e  2 9 )  t h i s  w a s  u n f o r t u n a t e ) .  H e  c a l c u ­
l a t e d  t h e  r a d a r - c r o s s - s e c t i o n  i n  t e r m s  o f  t h e  s c a t t e r i n g  m a t r i x  a n d  
b e g a n  t o  i n v e s t i g a t e  t h e  p r o b l e m  o f  f i n d i n g  t h e  s c a t t e r i n g  m a t r i x  
f o r  i n f i n i t e  c y l i n d e r s  o f  a r b i t r a r y  c r o s s - s e c t i o n a l  s h a p e .  T h i s  i s  
e s s e n t i a l l y  a  t w o - d i m e n s i o n a l  p r o b l e m .  T h i s  i n t r o d u c e s  t h e  p r o b l e m  
o f  t h e  v a l i d i t y  o f  t h e  s o - c a l l e d  ' R a y l e i g h  H y p o t h e s i s '  f o r  t h e  
f o l l o w i n g  r e a s o n s .
T o  c a l c u l a t e  t h e  s c a t t e r i n g  m a t r i x ,  t h e  f i e l d  i s  e x p a n d e d  a s  
a  l i n e a r  c o m b i n a t i o n  o f  m o d e s ,  s o  t h a t  t h e  c o e f f i c i e n t s  i n  t h e  
e x p a n s i o n  w h i c h  d e s c r i b e  t h e  s c a t t e r e d  f i e l d  a r e  t h e  u n k n o w n s .  T h e . ;  
c o e f f i c i e n t s  c a n  b e  f o u n d  b y  a p p l y i n g  t h e  a p p r o p r i a t e  b o u n d a r y  
c o n d i t i o n s  a t  t h e  s u r f a c e  o f  t h e  s c a t t e r e r .  N o w  t h e  f o r m  o f  t h e  
e x p a n s i o n  w h i c h  i s  u s e d  t o  c a l c u l a t e  t h e  r a d i a t i o n  p a t t e r n  w e l l  
a w a y  f r o m  t h e  s c a t t e r e r  m a y  n o t  b e  t h e  s a m e  a s  t h e  f o r m  u s e d  t o  
c a l c u l a t e  t h e  f i e l d  c l o s e  t o  t h e  s c a t t e r e r .  T h e  R a y l e i g h  H y p o t h e s i s  
s t a t e s  t h a t  t h e  s a m e  e x p a n s i o n  m a y  b e  u s e d  i n  b o t h  c a s e s .  I n  f a c t ,  
t h e  R a y l e i g h  H y p o t h e s i s  i s  n o t  g e n e r a l l y  v a l i d .
C h i g n e l l  n o t e d  a  p r o c e d u r e  d e v i s e d  b y  W i l t o n  a n d  M i t t r a  ( r e f e ­
r e n c e  1 1 ) b y  w h i c h  o n e  c o u l d  ' a n a l y t i c a l l y  c o n t i n u e '  t h e  e x p a n s i o n  o f  
t h e  f i e l d  v a l i d  f o r  p o i n t s  a w a y  f r o m  t h e  s c a t t e r e r ,  u p  t o  t h e  s u r f a c e  
o f  t h e  s c a t t e r e r ,  s o  t h a t  t h e  b o u n d a r y  c o n d i t i o n s  c o u l d  b e  u s e d .  H e
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H e  r e w o r k e d  t h e  p r o b l e m  o f  a  l i n e - s o u r c e  a b o v e  a  s e m i - c y l i n ­
d r i c a l  b o s s  o n  a n  i n f i n i t e  g r o u n d - p l a n e .  H e  t r e a t e d  t h e  g r o u n d  
p l a n e  a s  a n  i m a g e  p l a n e , w h i c h  i s  a n  e r r o n e o u s  p r o c e d u r e .  ( T h e  i m a g e  
b y  r e f l e c t i o n  i n  t h e  s e m i - c y l i n d e r  i s  n o t  t h e  s a m e  a s  t h e  i m a g e  b y  
r e f l e c t i o n  i n  t h e  p l a n e .  A l s o  i t s  p o s i t i o n  d e p e n d s  o n  t h e  d i r e c t ­
i o n  o f  o b s e r v a t i o n ) .  T h e  r e s u l t s  t h a t  h e  p r o d u c e d  w e r e  n o t  c o m p a r e d  
w i t h  e x p e r i m e n t ,  a n d  w e r e  r e a l l y  o n l y  a  s t u d y  o f  t h e  n u m e r i c a l  
e f f e c t s  o f  t r u n c a t i n g  t h e  i n f i n i t e  s e r i e s  w h i c h  a p p e a r e d  i n  t h e  
s o l u t i o n .  H e  e x t e n d e d  h i s  c o m p u t e r  p r o g r a m  t o  c o v e r  t h e  c a s e  o f  
t h e  ' t w i n - e n g i n e d  a i r c r a f t ' .
H e . t h e n  g a v e  t h e  f i r s t  d i s c u s s i o n  o f  t h e  p r o b l e m  o f  h o w  t o  
e x t e n d  t h e  m e t h o d  t o  t h r e e - d i m e n s i o n a l  p r o b l e m s .  T h e  W i l t o n - M i t t r a  
p r o c e d u r e  i n v o l v e s  t h e  u s e  o f  r e s u l t s  f o r  t h e  t r a n s f o r m a t i o n  o f  
s o l u t i o n s  t o  t h e  w a v e  e q u a t i o n  u n d e r  t r a n s l a t i o n s  o f  t h e  c o - o r d i n a t e  
s y s t e m .  T h e  d i s c u s s i o n  w a s  c o n c e r n e d  l a r g e l y  w i t h  t h e  f o r m  t h a t  
t h e s e  t r a n s f o r m a t i o n s  t a k e  i n  t h r e e  d i m e n s i o n s .
§ G I . 4  C h i g n e l l ,  A p r i l  1 9 7 6
T h e  f i r s t  p a r t  o f  t h i s  r e p o r t  w a s  g i v e n  o v e r  t o  a  s u m m a r y  o f  
t h e  t w o - d i m e n s i o n a l  s c a t t e r i n g  t h e o r y .  A  p r e l i m i n a r y  d i s c u s s i o n  o f  
a  t e s t  o f  t h e  t w o - d i m e n s i o n a l  t h e o r y  w a s  g i v e n .  T h e  p r o b l e m  c h o s e n  
w a s  t h a t  o f  a  p e r f e c t l y  c o n d u c t i n g  i n f i n i t e  s q u a r e  c y l i n d e r  w i t h  a  
p a r a l l e l  l i n e  s o u r c e  l y i n g  c l o s e  t o  o n e  c o r n e r ,  a n d  i n  t h e  d i a g o n a l  
p l a n e  o f  t h e  s q u a r e  ( F i g u r e  G I . l ) .  N o  r e s u l t s  w e r e  p r e s e n t e d  i n  
t h i s  r e p o r t ,  a t t e n t i o n  b e i n g  c o n f i n e d  t o  t h e  n u m e r i c a l  p r o b l e m s  o f  
c o m p u t a t i o n a l  i m p l e m e n t a t i o n .
applied this procedure to the calculation of the scattering matrix.
M o s t  o f  t h e  r e s t  o f  t h i s  r e p o r t  w a s  c o n c e r n e d  w i t h  t h e  e x t e n s ­
i o n  o f  t h e  m e t h o d  t o  t h r e e - d i m e n s i o n s .  I n  p a r t i c u l a r :
( a )  I t  w a s  p o i n t e d  o u t  t h a t  t h e  n u m b e r  o f  m o d e s  n e e d e d  t o  r e p r e s e n t  
a  s c a t t e r i n g  p r o b l e m  w i t h  a  g i v e n  d e g r e e  o f  a c c u r a c y  d e p e n d s  
q u a d r a t i c a l l y  o n  t h e  s i z e  o f  t h e  s c a t t e r e r  i n  w a v e l e n g t h s  f o r
a  t h r e e - d i m e n s i o n a l  p r o b l e m ,  b u t  o n l y  l i n e a r l y  f o r  a  t w o -  
d i m e n s i o n a l  p r o b l e m .  S o ,  f o r  a  f i x e d  c o m p u t i n g  c a p a c i t y ,  t h e  
m a x i m u m  s i z e  o f  t h r e e - d i m e n s i o n a l  s c a t t e r e r s  w h i c h  c o u l d  b e  
s o l v e d  w o u l d  b e  m u c h  s m a l l e r  t h a n  t h e  m a x i m u m  s i z e  o f  t w o -  
d i m e n s i o n a l  s c a t t e r e r s .
( b )  T h u s  h e  w a s  m o t i v a t e d  t o  c o n s i d e r  t h e  s c a t t e r i n g  f r o m  b o d i e s  
w i t h  r o t a t i o n a l  s y m m e t r y  f o r  w h i c h  t h e  n u m b e r  o f  m o d e s  
r e q u i r e d  w o u l d  b e  a  l o t  l e s s  t h a n  i n  t h e  f u l l  t h r e e - d i m e n s i o n a l  
p r o b l e m .  T h e  i d e a  w a s  t h a t  a n  a i r c r a f t  f u s e l a g e  c o u l d  b e  
t r e a t e d  a s  s u c h  a  b o d y  a n d  t h e  e f f e c t  o f  w i n g s ,  t a i l ,  e t c .  
i n c l u d e d  a s  p e r t u r b a t i o n s .
( c )  F u r t h e r  r e d u c t i o n  o f  t h e  n u m b e r  o f  m o d e s  r e q u i r e d  w a s  p o s s i b l e  
b y  c o n s i d e r i n g  t h e  g e o m e t r i c a l  s y m m e t r i e s  o f  t h e  a n t e n n a /  
s c a t t e r e r  s y s t e m  t h u s  d e c r e a s i n g  t h e  c o m p u t i n g  p o w e r  n e e d e d .
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A f t e r  a  s u m m a r y  o f  t h e  t w o - d i m e n s i o n a l  s c a t t e r i n g  t h e o r y ,  t h e  
b u l k  o f  t h i s  r e p o r t  i s  g i v e n  o v e r  t o  t h e  t e s t  p r o b l e m  m e n t i o n e d  
• a b o v e .  T h e r e  i s  a n  e x t e n s i v e  d i s c u s s i o n  o f  t h e  n u m e r i c a l  p r o p e r t i e s  
o f  t h e  c o m p u t e r  p r o g r a m . . I n  p a r t i c u l a r :
( a )  T h e  s t a b i l i t y  o f  t h e  s o l u t i o n  a s  t h e  n u m b e r  o f  b o u n d a r y  p o i n t s  
r e p r e s e n t i n g  t h e  s c a t t e r e r  i s  c h a n g e d .
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( b )  T h e  c o n v e r g e n c e  p r o p e r t i e s  o f  t h e  s o l u t i o n  a s  t h e  n u m b e r  o f  m o d e s  
u s e d  i s  i n c r e a s e d .
T h e  a g r e e m e n t  o f  t h e  r e s u l t s  w i t h  e x p e r i m e n t  w a s  g o o d .
S G I .6 M u n r o ,  S u m m e r  1 9 7 8
A  p r o p e r  t y p e d  c o p y  o f  t h i s  r e p o r t  w a s  n e v e r  p r o d u c e d ,  a n d  
t h e  h a n d w r i t t e n  v e r s i o n  t h a t  e x i s t s  i s  i n c o m p l e t e  i n  s o m e  r e s p e c t s .  
T h i s  i s  p a r t i c u l a r l y  u n f o r t u n a t e  s i n c e  i t  c o n t a i n s  t h e  f i r s t  a c t u a l  
t h e o r y  o f  t h e  s c a t t e r i n g  m a t r i x  o f  a  b o d y  o f  r e v o l u t i o n .  F o r t u n a t e l y  
h i s  p r o c e d u r e  m a y  b e  d e s c r i b e d  q u i t e  a c c u r a t e l y  v e r b a l l y .  A  m o r e  
d e t a i l e d  m a t h e m a t i c a l  e x a m i n a t i o n  o f  t h e  p r o b l e m  i s  g i v e n  i n  t h e  
b o d y  o f  t h i s  w o r k .
M u n r o  c o n s i d e r e d  a  b o d y  o f  r o t a t i o n  a r r a n g e d  s o  t h a t  i t s  a x i s  
c o i n c i d e d  w i t h  t h e  x - a x i s  o f  a  s y s t e m  o f  c a r t e s i a n  c o - o r d i n a t e s  
( F i g u r e  G I . 2 ) .  H e  p o s t u l a t e d  t h a t  b e c a u s e  o f  t h e  r o t a t i o n a l  s y m m e t r y  
o f  t h e  b o d y ,  i t  i s  s u f f i c i e n t  t o  a p p l y  t h e  b o u n d a r y  c o n d i t i o n  o n l y  a t  
p o i n t s  o n  t h e  s c a t t e r e r  w h i c h  l i e  i n  t h e  x y - p l a n e .  I n  w h a t  f o l l o w s ,  
t h i s  p r o c e d u r e  w i l l  b e . j u s t i f i e d ,  w i t h  s o m e  r e s e r v a t i o n s .
T h e n ,  h e  s e t  u p  a  s y s t e m  o f  s p h e r i c a l  p o l a r  c o - o r d i n a t e s  ( r ,  
e ,  <j>) s u c h  t h a t  t h e  z - a x i s  w a s  g i v e n  b y  e =  0 ,  a n d  t h e  x y - p l a n e  b y  
e  =  Y  * F o l l o w i n g  a  c u s t o m a r y  p r o c e d u r e  i n  e l e c t r o m a g n e t i c  p r o b l e m s  
h e  e x p r e s s e d  t h e  f i e l d  a s  a  v e c t o r  s u m  o f  t r a n s v e r s e  c o m p o n e n t s  ( i . e .  
t h e  6 a n d  <\> c o m p o n e n t s ) .  N o  g e n e r a l i t y  i s  l o s t ,  s i n c e  t h e  r a d i a l  
c o m p o n e n t  m a y  b e  o b t a i n e d  f r o m  M a x w e l l ' s  e q u a t i o n s .  U n f o r t u n a t e l y  
w h e n  h e  c a m e  t o  a p p l y  t h e  b o u n d a r y  c o n d i t i o n  h e  s a i d  t h a t  t h e  t o t a l  
t r a n s v e r s e  f i e l d  i s  z e r o ,  a t  t h e  s u r f a c e  o f  t h e  s c a t t e r e r ,  w h i c h  i s  
i n c o r r e c t ,  a n d  f o r g o t  a b o u t  t h e  r a d i a l  f i e l d  c o m p o n e n t  a l t o g e t h e r .
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T h e  e q u a t i o n s  t h a t  h e  w e n t  o n  t o  d e r i v e  c o n t a i n e d  n o  c o u p l i n g  b e t w e e n  
t h e  0 a n d  $  c o m p o n e n t s .
T h e  r e s t  o f  t h e  r e p o r t  c o n t a i n e d  r e m a r k s  a b o u t  t h e  t w o -  
d i m e n s i o n a l  t h e o r y ,  c a l c u l a t i o n  o f  t h e  f i e l d s  d u e  t o  v a r i o u s  k i n d s  
o f  i n c i d e n t  f i e l d  s o u r c e s ,  n o t e s  o n  t h e  n u m e r i c a l  a s p e c t s  o f  t h e  
c o m p u t i n g ,  a n d  s o m e  m i s c e l l a n e o u s  m a t h e m a t i c a l  r e s u l t s .
S G I . 7  G r i b b l e ,  D e c e m b e r  1 9 7 9
T h i s  r e p o r t  w a s  i n t e n d e d  a s  a n  i n t r o d u c t i o n  t o ,  a n d  c r i t i q u e  
o f  M u n r o 1 s  w o r k .  T h e  p o i n t  w a s  m a d e  t h a t  t h e  s c a t t e r i n g  m a t r i x  
d e p e n d s  o n  t h e  s c a t t e r e r  o n l y ,  a n d  n o t  t h e  i n c i d e n t  f i e l d .
E x p l i c i t  c o n s i d e r a t i o n  w a s  g i v e n  t o  t h e  T r a n s v e r s e  E l e c t r i c  
p o l a r i s a t i o n  c a s e  o f  t h e  t w o - d i m e n s i o n a l  p r o b l e m .  T h i s  h a d  n o t  b e e n  
d o n e  b y  e i t h e r  C h i g n e l l  o r  M u n r o ,  a n d  w a s  p r o b a b l y  t h e  r e a s o n  w h y  
M u n r o  u s e d  t h e  w r o n g  b o u n d a r y  c o n d i t i o n s  i n  h i s  t h r e e - d i m e n s i o n a l  
d e v e l o p m e n t .  T h i s  e r r o r  i s  e q u i v a l e n t  t o  a s s u m i n g  t h a t  l o c a l l y  t h e  
s c a t t e r e r  h a s  a  c o n s t a n t . r a d i u s  o f  c u r v a t u r e .
I t  w a s  s h o w n  h o w  i n  t h e  l o w - f r e q u e n c y  l i m i t  a  ' w i r e  m o d e l *  
r e p r e s e n t a t i o n  o f  t h e  t w o  d i m e n s i o n a l  s c a t t e r e r  i s  c o m p a t i b l e  w i t h  
t h e  e x p a n s i o n  o f  t h e  f i e l d  i n  t e r m s  o f  m o d e s ,  a n d  a  n e w  m e t h o d  w a s  
p r o p o s e d  b y  w h i c h  t h e  s c a t t e r i n g  p r o p e r t i e s  o f  a  t w o / t h r e e  d i m e n s i o n a l  
b o d y  w o u l d  b e  r e p r e s e n t e d  b y  a  t w o / t h r e e  d i m e n s i o n a l  a r r a y  b y  l i n e /  
p o i n t  s o u r c e s .  T h e  u n k n o w n s  i n  t h e  p r o b l e m  w e r e  t h e  s t r e n g t h s  o f  t h e  
l i n e / p o i n t  s o u r c e s .  S o m e  w o r k  w a s  d o n e  o n  t h i s ,  b u t  i t  d i d  n o t  g e t  
v e r y  f a r ,  s i n c e  t h e  l o c a t i o n  o f  t h e  s o u r c e s  t u r n e d  o u t  t o  b e  m o r e  
i m p o r t a n t  t h a n  f i r s t  t h o u g h t ,  a n d  n o  r a t i o n a l  s c h e m e  c o u l d  b e  d e v i s e d  
t o  d o  t h i s .  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h i s  p r o b l e m  h a s  b e e n
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s o l v e d  b y  C h o w  a n d  C h a u d h u r i  i n  r e f e r e n c e  ( 4 0 )  w h o ,  u s i n g  a  c o m p u t e r  
r o u t i n e ,  v a r i e d  b o t h  t h e  s t r e n g t h s  a n d  p o s i t i o n s  o f  t h e  s o u r c e s ,  t o  
o p t i m i s e  t h e  s o l u t i o n s  t o  v a r i o u s  t y p e s  o f  b o u n d a r y  c o n d i t i o n  p r o b l e m .
S G I . 8 G e o m e t r i c a l  O p t i c s
T h e r e  a r e  a  n u m b e r  o f  d i f f e r e n t  a p p r o a c h e s  t o  t h e  s u b j e c t  o f  
G e o m e t r i c a l  O p t i c s .  U p  t o  t h e  m i d - n i n e t e e n t h  c e n t u r y ,  i t  c o u l d  
h a v e  b e e n  c o n s i d e r e d  a s  a  s e l f - c o n t a i n e d  d i s c i p l i n e  w i t h  i t s  o w n  
b a s i c  p o s t u l a t e s  a n d  t h e o r e m s .  H o w e v e r ,  t h i s  v i e w p o i n t  i s  n o w  
i n a p p r o p r i a t e  i n  a  d i s c u s s i o n  o f  G e o m e t r i c a l  O p t i c s  a s  a  t e c h n i q u e  
f o r  p e r f o r m i n g  E l e c t r o m a g n e t i c  S c a t t e r i n g  C a l c u l a t i o n s .
A  m o r e  r i g o r o u s  a p p r o a c h  i s  v i a .  t h e  s o - c a l l e d  L u n e b e r g - K l i n e  
e x p a n s i o n  ( r e f e r e n c e  ( 1 )  p . 2 6 )  a n d  t h i s  w i l l  b e  d i s c u s s e d  b r i e f l y  
f o r  t h e  c a s e  o f  a  s c a l a r  f i e l d  w h i c h  o b e y s  t h e  H e l m h o l t z  w a v e  e q u a t ­
i o n
( v 2 +  k 2 ) u  =  0 .
A n  a s y m p t o t i c  e x p a n s i o n  o f  t h e  f i e l d  i s  m a d e  o f  t h e  f o r m
00
u  ' b  e x p  ( j  k e f )  I  u  ( j k ) ~ n  I n  t h e  l i m i t  a s  k  +  ”  
n =0 n
S u b s t i t u t i n g  t h i s  f o r m  i n t o  t h e  w a v e  e q u a t i o n  o n e  o b t a i n s  t h e  
' E i c o n a l  E q u a t i o n ’ f o r  t h e  p h a s e  f u n c t i o n  <f> a n d  a  r e c u r r e n c e  e q u a t ­
i o n  f o r  t h e  u p . T h e  G e o m e t r i c a l  O p t i c s  f i e l d  i s  u s u a l l y  t a k e n  t o  
b e  t h e  f i r s t  t e r m  i n  t h i s  s e r i e s  c o r r e s p o n d i n g  t o  p r o p a g a t i o n  w i t h  
a n  i n f i n i t e s i m a l  w a v e l e n g t h .  A l t h o u g h  t h i s  i s  u n d o u b t e d l y  t h e  m o s t  
r i g o r o u s  w a y  o f  l i n k i n g  G e o m e t r i c a l  O p t i c s  w i t h  f i e l d  t h e o r y ,  a  m o r e  
e m p i r i c a l  a p p r o a c h  w i l l  b e  a d o p t e d  h e r e .  T h e  p r o b l e m  i s  s i m p l i f i e d  
b e c a u s e  w e  o n l y  c o n s i d e r  s c a t t e r e r s .  w h i c h  a r e  p e r f e c t  c o n d u c t o r s ,  i . e .
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t h o s e  w h i c h  a r e  p e r f e c t  r e f l e c t o r s ^  i n  t e r m s ' o f  G e o m e t r i c a l
O p t i c s .  F u r t h e r  s i m p l i f i c a t i o n  w i l l  b e  a c h i e v e d  b y  r e s t r i c t i n g
a t t e n t i o n  t o  a  s c a l a r  f i e l d .
I t  i s  p o s t u l a t e d  t h a t :
1 .  A t  e a c h  p o i n t  i n  f r e e  s p a c e  t h e r e  e x i s t s  a  v a l u e  o f  t h e  
c o m p l e x  s c a l a r  f i e l d ,  d e s c r i b e d  b y  a n  a m p l i t u d e  a n d  a  p h a s e .
2 .  T h e r e  i s  a n  a s s o c i a t e d  e n e r g y  d e n s i t y ,  w h i c h  i s  p r o p o r t i o n a l  
t o  t h e  s q u a r e  o f  t h e  a m p l i t u d e .
3 .  T h i s  e n e r g y  p r o p a g a t e s  a w a y  f r o m  s o u r c e  r e g i o n s  a l o n g  p a t h s  
o f  e n e r g y  f l o w  c a l l e d  ’ r a y s ’ .
4 .  I n  f r e e  s p a c e  t h e  r a y s  a r e  s t r a i g h t  l i n e s .  T h e  p h a s e
a s s o c i a t e d  w i t h  a  g i v e n  r a y  c h a n g e s  u n i f o r m l y  a t  a  r a t e  o f  2i r /
w a v e l e n g t h  w i t h  t h e  d i s t a n c e  m o v e d  d o w n  t h e  r a y .
5 .  T h e  a m p l i t u d e  a s s o c i a t e d  w i t h  a  g i v e n  r a y  i s  g o v e r n e d  b y  t h e  
c o n s e r v a t i o n  o f  e n e r g y  a s -  a p p l i e d  t o  a  s m a l l  ’ t u b e ’ o f  r a y s  
n e a r  t h e  r a y  i n  q u e s t i o n .
6 .  A  r a y  i m p i n g i n g  o n  a  s c a t t e r e r  g i v e s  r i s e  t o  a  ’ r e f l e c t e d ’ r a y ,
w h i c h  t r a v e l s  i n  a  d i r e c t i o n  g i v e n  b y  t h e  l a w  o f  s p e c u l a r  
r e f l e c t i o n ,  t h e  a m p l i t u d e  o f  w h i c h  a t  t h e  p o i n t  o f  r e f l e c t i o n  
i s  e q u a l  t o  t h a t  o f  t h e  i n c i d e n t  r a y  t h e r e ,  b u t  t h e  p h a s e  o f  
w h i c h  d i f f e r s  b y  tt .
7 .  T h e  f i e l d  a t  a  g i v e n  p o i n t  i s  t h e  p h a s o r  s u m  o f  a l l  t h e  
a s s o c i a t e d  f i e l d s  o f . r a y s  w h i c h  p a s s  t h r o u g h  t h a t  p o i n t .
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T h e  m o s t  i m p o r t a n t  p o i n t  t o  b e  n o t e d  h e r e  i s  t h a t  p o s t u l a t e  N o .  6 
i m p l i e s  t h e  f o r m a t i o n  o f  ' s h a r p '  s h a d o w s .  T h a t  i s ,  G e o m e t r i c a l  
O p t i c s  p r e d i c t s  n o  d i f f r a c t i o n  p h e n o m e n a .  P o s t u l a t e  N o .  5  p r e d i c t s  
t h e  i n v e r s e  f i r s t  p o w e r  l a w  f o r  t h e  a m p l i t u d e  o f  t h e  f i e l d  d u e  t o  a  
h i g h l y  l o c a l i s e d  s o u r c e .  B e c a u s e  t h e  e x a c t  G e o m e t r i c  O p t i c s  s o l u t ­
i o n  o f  a  p r o b l e m  i s  o f t e n  e a s y  t o  f i n d  c o m p a r e d  t o  t h e  e x a c t  s o l u t ­
i o n  b a s e d  o n  a  f i n i t e  w a v e l e n g t h ,  i t  i s  u s e f u l  t o  s t a t e  a
C o r r e s p o n d e n c e  P r i n c i p l e  f o r  E l e c t r o m a g n e t i c  P r o b l e m s
T h e  h i g h  f r e q u e n c y  l i m i t  o f  a n  e x a c t  s o l u t i o n  t o  a n  e l e c t r o ­
m a g n e t i c  p r o b l e m  m u s t  t e n d  t o  t h e  G e o m e t r i c  O p t i c s  s o l u t i o n  i n  t h a t  
l i m i t .  I f  t h e  t w o  d o  n o t  a g r e e ,  t h e n  t h e  f o r m e r  i s  w r o n g .
S G I . 9  T h e  G e o m e t r i c a l  T h e o r y . o f  D i f f r a c t i o n
T h e  g e o m e t r i c a l  t h e o r y  o f  d i f f r a c t i o n  ( G T D )  i s  r e g a r d e d  a s  a n  
a t t e m p t  t o  e x t e n d  G e o m e t r i c a l  O p t i c s  t o  t a k e  a c c o u n t  o f . d i f f r a c t i o n  
e f f e c t s .  T h e  c l a s s i c a l  p a p e r  o n  G T D  i s  t h a t  o f  K e l l e r  ( r e f e r e n c e  
4 1 ) .  M o r e  r e c e n t  d e v e l o o m e n t s  m a y  b e  f o u n d  i n  r e f e r e n c e s  ( 4 )  a n d  
( 5 ) .
G e o m e t r i c a l  O p t i c s  r e c o g n i s e s  o n l y  o n e  k i n d  o f  i n t e r a c t i o n  o f  
r a y s  w i t h  s c a t t e r e r s :  r e f l e c t i o n .  G T D  i n t r o d u c e s  o t h e r  k i n d s  o f
s c a t t e r e d  r a y s .  F o r  e x a m p l e :  ( F i g u r e s  G I . 3 - 6 ) .
( i )  A  r a y  i n c i d e n t  u p o n  a n  e d g e  o n  t h e  s c a t t e r e r  g i v e s  r i s e
t o  a  c o n e  o f  ' e d g e  d i f f r a c t e d  r a y s ' .  T h e  a m p l i t u d e  a n d  
p h a s e  w i t h  w h i c h  o n e  o f  t h e s e  r a y s  i s  l a u n c h e d  i s  g i v e n  
b y  t h e  p r o d u c t  o f  t h e  c o m p l e x  a m p l i t u d e  o f  t h e  i n c i d e n t  
r a y ,  a n d  t h e  ' e d g e - d i f f r a c t i o n  c o e f f i c i e n t ' .
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( i i )  A  r a y  w h i c h  i s  i n c i d e n t  t a n g e n t i a l l y  o n  a  s c a t t e r e r  c a n  
b e c o m e  t r a p p e d ,  a n d  t r a v e l  o n  t h e  s u r f a c e  o f  t h e  b o d y ,  
f o l l o w i n g  a  g e o d e s i c  a s  a  ' c r e e p i n g - r a y ' . T h e  a m p l i t u d e  
o f  t h e  c r e e p i n g  r a y  d e c a y s ,  d u e  t o  t h e  e m i s s i o n  o f  o t h e r  
r a y s  t a n g e n t i a l l y  a t  e a c h  p o i n t  o n  i t s  r o u t e .
( i i i )  A n  i n c i d e n t  r a y  w h i c h  s t r i k e s  t h e  t i p  o f  a  v e r t e x  c a n  
g i v e  r i s e  t o  1 v e r t e x - d i f f r a c t e d '  r a y s ,  t r a v e l l i n g  i n  
d i r e c t i o n s  e x t e r i o r  t o  t h e  b o d y  w h o s e  c o m p l e x  a m p l i t u d e s  
a r e  g i v e n  b y  t h e  p r o d u c t  o f  t h e  c o m p l e x  a m p l i t u d e  o f  
t h e  i n c i d e n t  r a y  w i t h  a  ' v e r t e x  d i f f r a c t i o n '  c o e f f i c i e n t .
T h e  d i f f r a c t i o n  c o e f f i c i e n t s ,  a n d  t h e  d e c a y  r a t e  o f  c r e e p i n g  
r a y s  c a n  b e  o b t a i n e d  b y  c o m p a r i s o n  w i t h  k n o w n  e x a c t  s o l u t i o n s  f o r  
p r o b l e m s  w h i c h  c o n t a i n  t h e  a p p r o p r i a t e  d i f f r a c t i n g  f e a t u r e .  F o r  
e x a m p l e ,  t h e  e d g e  d i f f r a c t i o n  c o e f f i c i e n t  c a n  b e  o b t a i n e d  f r o m  t h e  
s o l u t i o n  f o r  t h e  p r o b l e m  o f  a  p l a n e - w a v e  i n c i d e n t  u p o n  a  s e m i ­
i n f i n i t e  h a l f  p l a n e .
J u s t  a s  i n  G e o m e t r i c a l  O p t i c s ,  a  r a y  m a y  s u f f e r  m u l t i p l e  
r e f l e c t i o n ,  i n  G T D ,  a  r a y  m a y  u n d e r g o  a n y  c o m b i n a t i o n  o f  r e f l e c t i o n ,  
e d g e  d i f f r a c t i o n ,  t i p  d i f f r a c t i o n  e t c .  o n  i t s  t r a v e l s .  G e o m e t r i c a l  
O p t i c s  a n d  G T D  a r e  ' A s y m p t o t i c  T h e o r i e s ' ,  i n  t h e  s e n s e  t h a t  w h e n  t h e  
w a v e - l e n g t h  i s  v e r y  s m a l l . c o m p a r e d  t o  t h e  p h y s i c a l  s c a l e  o f  t h e  
p r o b l e m ,  f o r  a  g i v e n  l e v e l  o f  a c c u r a c y  o n l y  r a y s  w h i c h  h a v e  u n d e r ­
g o n e  a  s m a l l  n u m b e r  o f  s u c h  s c a t t e r i n g  e v e n t s  a r e  s i g n i f i c a n t .  A s  
t h e  w a v e l e n g t h  i n c r e a s e s  r a y s  w h i c h  h a v e  r e a c h e d  t h e  f i e l d  p o i n t  v i a  
m o r e  a n d  m o r e  t o r t u o u s  r o u t e s  h a v e  t o  b e  i n c l u d e d  t o  m a i n t a i n  t h e  
q u a l i t y  o f  t h e  s o l u t i o n .  I n  r e c e n t  y e a r s ,  v a r i o u s  o t h e r  a s y m p t o t i c  
d i f f r a c t i o n  t h e o r i e s  h a v e  b e e n  d e v i s e d ,  b u t  t h e s e  w i l l  n o t  b e  
d i s c u s s e d .
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§ 6 1 . 1 0  A  L o w - F r e q u e n c y  T e c h n i q u e :  I n t e g r a l  E q u a t i o n s  a n d  t h e  
M e t h o d  o f  M o m e n t s
G e o m e t r i c a l  O p t i c s  a n d  G T D  a r e  a s y m p t o t i c  m e t h o d s  i n  t h e  h i g h  
f r e q u e n c y  l i m i t .  A  t e c h n i q u e  w h i c h  i s  m o r e  a p p r o p r i a t e  i n  t h e  l o w  
f r e q u e n c y  l i m i t  w i l l  n o w  b e  d i s c u s s e d .
T h e r e  a r e  m a n y  v a r i a t i o n s  o n  t h i s  t e c h n i q u e ,  b u t  t h e  g e n e r a l  
p r i n c i p l e s  w i l l  b e  i l l u s t r a t e d  b y  a  s i n g l e  e x a m p l e  t h a t  i s  t a k e n  
f r o m  a  p a p e r  b y  M i l l e r  ( r e f e r e n c e  ( 2 0 ) ) .
A  m a t h e m a t i c a l  m o d e l  i s - m a d e  b y  a  c o n t i n u o u s  m e t a l l i c  s t r u c ­
t u r e  a s  a  n e t w o r k  o f  w i r e s .  T h e  i n c i d e n t  f i e l d  i s  c o n s i d e r e d  t o  
i n d u c e  c u r r e n t s  u p o n  t h e  w i r e s  w h i c h  g i v e  r i s e  t o  t h e  s c a t t e r e d  
f i e l d .  T h e  b o u n d a r y  c o n d i t i o n  i s  t h a t  t h e  t o t a l  t a n g e n t i a l  f i e l d  
a t  e a c h  p o i n t  o n  t h e  o r i g i n a l  s t r u c t u r e  i s  z e r o .  S o m e  s i m p l i f y i n g  
a s s u m p t i o n s  a r e  m a d e :
1 .  T h e  c i r c u m f e r e n t i a l  c u r r e n t  i s  n e g l i g i b l e
2 .  T h e  c i r c u m f e r e n t i a l  v a r i a t i o n  o f  t h e  l o n g i t u d i n a l  c u r r e n t  
c a n  b e  i g n o r e d
3 .  T h e  w i r e s  c a n  b e  t r e a t e d  a s  t h i n  i n  t h e  s e n s e  t h a t  t h e  
b o u n d a r y  c o n d i t i o n  n e e d  b e  a p p l i e d  a t  o n l y  o n e  p o i n t  o n  
t h e  c i r c u m f e r e n c e ,  a n d  t h a t  t h e  f u l l  s u r f a c e  i n t e g r a t i o n  
m a y  b e  r e p l a c e d  b y  a  l i n e  i n t e g r a t i o n  a l o n g  t h e  w i r e s .
M i l l e r  t h e n  g i v e s  t h e  P o c k l i n g t o n - t y p e  i n t e g r a l  e q u a t i o n  ( t h e r e  i s  
n o t  a  u n i q u e  i n t e g r a l - e q u a t i o n  f o r m u l a t i o n  o f  t h i s  t y p e  o f  p r o b l e m )  
f o r  a  w i r e  s t r u c t u r e  o f  c o n t o u r  C ( _ r )  a s
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§ - £ i n c i d e n t ( s )  =  w  f  I ( s - ) G ( ) ( S ( S . ) d s .
C ( r ' )
w h e r e  s  a n d  s '  a r e  p o i n t s  o n  C ,  a n d
G 0 ( s , s ' )  =  [ § • § ■  +  Z  ( s . v ) ( s ' . v ) ] g o ( r > r ' )
k
g od.r-) = e-xp<-JkR)
R  =  |_ r  -  r 1 | >  a ( _ r )
v C ( r ) '  v C ( j 2' )
s  =  | v C ( r ) |  s ' =  | v C ( r ' )
g 0 ( £ t o ' )  i s  t h e  f r e e  s p a c e  s c a l a r  G r e e n ' s  f u n c t i o n  ( s e e  C h a p t e r  2 ) .
G ( s , s ' )  i s  r e l a t e d  t o  t h e  D y a d i c  G r e e n ' s  f u n c t i o n  a n d  g i v e s  
t h e  e l e c t r i c  f i e l d  o f  a  u n i t  c u r r e n t  e l e m e n t  i n  t h e  d i r e c t i o n  o f  s ’ ,  
a n d  f i n d s  i t s  c o m p o n e n t  a l o n g  t h e  d i r e c t i o n  o f  s .  s  a n d  s '  a r e  u n i t  
t a n g e n t  v e c t o r s  t o  C .  a ( _ r )  i s  t h e  r a d i u s  o f  t h e  w i r e  a t  t h e  p o i n t  r_.
T h e  w i r e  g r i d  i s  t a k e n  t o  b e  a  c o l l e c t i o n  o f  s t r a i g h t  l i n e  
s e g m e n t s .  T h e  c u r r e n t  o n  t h e  i t h  s e g m e n t  i s  w r i t t e n  a s
I j - ( s ' )  =  A |  +  B | S i n [ k ( s '  -  s ^ ) ]  +  C . j C o s [ k ( s '  -  s - . ) ]
w i t h  ( s '  -  S | )  b e i n g  t h e  d i s t a n c e  o f  t h e  p o i n t  s '  f r o m  t h e  c e n t r e  
o f  t h e  i t h  s e g m e n t ,  s o  t h a t  A .  +  C .  i s  t h e  c u r r e n t  a t  t h e  c e n t r e  o f  
t h e  s e g m e n t .  T h i s  f o r m  i s  s u b s t i t u t e d  i n t o  t h e  i n t e g r a l  e q u a t i o n ,  
a n d  b y  e v a l u a t i n g  § . j / n c i ' d e n t ( s )  a t  t h e  c e n t r e  o f  e a c h  s e g m e n t  i n  
t u r n ,  a  s y s t e m  o f  s i m u l t a n e o u s  l i n e a r  e q u a t i o n s  f o r  t h e  u n k n o w n s  A . ,  
B .  a n d  ( t  =  1 ,  2 ______. )  i s  o b t a i n e d .  I n  c o n j u n c t i o n  w i t h  f u r t h e r
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i n f o r m a t i o n  o b t a i n e d  b y  a p p l y i n g  c o n s t r a i n t s  o f  c o n t i n u i t y  o f  c u r r e n t  
a t  s e g m e n t  j u n c t i o n s  e t c .  t h e  s y s t e m  i s  s o l v e d  i n  t h e  n o r m a l  w a y .
T h e  t e c h n i q u e  i s  d e s c r i b e d  a s  b e i n g  m o s t  s u i t a b l e  a t  l o w  
f r e q u e n c i e s ,  s i n c e  t h e  h i g h e r  t h e  f r e q u e n c y ,  t h e  m o r e  c l o s e l y  
p a c k e d ,  s h o r t e r ,  a n d  h e n c e  n u m e r o u s  t h e  w i r e  s e g m e n t s  m u s t  b e  t o  
r e p r e s e n t  a  s t r u c t u r e  o f  g i v e n  p h y s i c a l  s i z e .  T h u s  t h e r e  w i l l  b e  
m o r e  u n k n o w n s ,  a n d  m o r e  c o m p u t e r  t i m e  w i l l  b e  r e q u i r e d .  A c c o r d i n g  
t o  M i l l e r ,  t h e  t o t a l  c o m p u t e r  t i m e  r e q u i r e d  i s  w e l l  a p p r o x i m a t e d  b y  
A N 2 +  B N 3 w h e r e  N i s  t h e  n u m b e r  o f  w i r e  s e g m e n t s  a n d  A  a n d  B a r e  
c o n s t a n t s  w h i c h  d e p e n d  o n  t h e - d e t a i l s  o f  t h e  p r o g r a m  a n d  t h e  m a c h i n e  
b e i n g  u s e d .
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§ 1 . 1  W e  c o n s i d e r  t h e  p r o b l e m  o f  a  b o d y  p l a c e d  i n t o  a  p r e - e x i s t i n g
e l e c t r o m a g n e t i c  f i e l d ,  t h e  i n c i d e n t  f i e l d .  T h e  c h a n g e  i n  t h e  f i e l d  
p r o d u c e d  b y  t h e  i n t r o d u c t i o n  o f  t h e . s c a t t e r i n g  b o d y  i s -  t h e  s c a t t e r e d  
f i e l d .  T h e  d e t e r m i n a t i o n  o f  t h e  s c a t t e r e d  f i e l d  c o n s t i t u t e s  t h e  
' s c a t t e r i n g  p r o b l e m * .  T h i s -  l o g i c a l  s e q u e n c e  e n s u r e s  t h a t  t h e  d e f i ­
n i t i o n  o f  t h e  s c a t t e r e d  f i e l d  i s  u n a m b i g u o u s .  A s  a n  e x a m p l e  o f  t h e  
c o n f u s i o n  w h i c h  c a n  o t h e r w i s e  a r i s e ,  t h e r e  i s  t h e  s t a t e m e n t  o f  t h e  
p r i n c i p l e  o f  ' P h y s i c a l  O p t i c s '  ( r e f e r e n c e  1 ,  p . 2 9 ) :
  o v e r  t h e  s h a d o w e d  p o r t i o n  o f  t h e  b o d y  t h e  s u r f a c e
f i e l d  i s  z e r o .
T h i s  c o u l d  b e  t a k e n  t o  i m p l y  t h a t  i n  t h e  s h a d o w  r e g i o n  t h e  i n c i d e n t  
f i e l d  i s  z e r o ,  p r o d u c i n g  a  z e r o  s c a t t e r e d  f i e l d .  T h i s  i s  n o t  s o .
T h e  i n c i d e n t  f i e l d  i s  n o n - z e r o ,  b u t  i n  t h e  s h a d o w  r e g i o n  i t  i s  
a s s u m e d  t h a t  t h e  s c a t t e r e d  f i e l d  i s  e x a c t l y  e q u a l  a n d  o p p o s i t e  t o  
i t .
T o  r e p r e s e n t  t h e  e f f e c t  o f  t h e  s c a t t e r e r  m a t h e m a t i c a l l y ,
b o u n d a r y  c o n d i t i o n s  a r e  i n t r o d u c e d .  A  g e n e r a l  f o r m  o f  b o u n d a r y
c o n d i t i o n  i s  g i v e n  i n  r e f e r e n c e  1 .  I t  i s  t h e  i m p e d a n c e  b o u n d a r y  
c o n d i t i o n :
E - (E.n)n = nZn-H (1.1)
n  a n d  Z  a r e  q u a n t i t i e s  d e s c r i b i n g  t h e  e l e c t r i c a l  p r o p e r t i e s  o f  t h e  
s c a t t e r e r  a n d  t h e  s u r r o u n d i n g  m e d i u m .  F o r  a  p e r f e c t  c o n d u c t o r
CHAPTER 1: DEFINITION OF THE SCATTERING PROBLEM
n = 0.
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W e  w i s h  t o  c o n s i d e r  t h e  l e s s  g e n e r a l  p r o b l e m  o f  t h e  f i e l d s  
p r o d u c e d  b y  a n t e n n a e  m o u n t e d  o n  a i r c r a f t .  W e  r e s t r i c t  a t t e n t i o n  t o  
p r o b l e m s  w h i c h  a r e  i n  t h e  s o - c a l l e d  ' r e s o n a n t  r e g i o n '  i ' . e .  t h e  
c h a r a c t e r i s t i c  s i z e  o f  t h e  s c a t t e r e r  i s  a  f e w  w a v e l e n g t h s .
T h e  b o u n d a r y  c o n d i t i o n s  c a n  n o w  b e  f i x e d .  T h e  e l e c t r i c a l  
p r o p e r t i e s  o f  t h e  s u r r o u n d i n g  m e d i u m  -  a i r  -  d i f f e r  i n s i g n i f i c a n t l y  
f r o m  t h o s e  o f  v a c u u m  ( i t s  r e f r a c t i v e  i n d e x  i s  1 . 0 0 0 3 ) .  I f  w e  
a s s u m e  t h a t  t h e  a i r c r a f t  i s  c o n s t r u c t e d  o f  m e t a l l i c  s u b s t a n c e ,  t h e n  
t h i s  i m p l i e s  a n  e l e c t r i c a l  r e s i s t i v i t y  o f  t h e  o r d e r  o f  1 0 “ 7 f t m  ( C R C  
H a n d b o o k  o f  C h e m i s t r y  a n d  P h y s i c s ) .  T h e  h i g h  c o n d u c t i v i t y  o f  m e t a l s  
s u g g e s t s  t h a t  t o  a  g o o d  a p p r o x i m a t i o n  t h e y  m a y  b e  c o n s i d e r e d  a s  
p e r f e c t  e l e c t r i c a l  c o n d u c t o r s ,  w h i c h  w o u l d  s i m p l i f y  t h e  b o u n d a r y  
c o n d i t i o n  p r o b l e m  c o n s i d e r a b l y .  T o  e v a l u a t e  t h i s  p o s s i b i l i t y  w e  
c o n s i d e r  t h e  e x p r e s s i o n  f o r  t h e  s k i n  d e p t h :
<5 = p AfairCj
1/2
(1.2)
w h e r e  p  =  r e s i s t i v i t y  o f  m e t a l  O  1 0 ” 7 f t m )
A =  w a v e l e n g t h  i n  v a c u u m
v>0 -  p e r m e a b i l i t y  o f  f r e e  s p a c e  ( =  4tt *  1 0 - 7 H m - 1 )
c  =  s p e e d  o f  l i g h t  ( =  3 x  I C ^ r n s " 1 )
F o r  a  p e r f e c t  c o n d u c t o r  6 =  0 ,  s o  w e  w i l l  a s s u m e  t h a t  a  m e t a l
m a y  b e  c o n s i d e r e d  t o  b e  a  p e r f e c t  c o n d u c t o r  t o  a  s u f f i c i e n t  a p p r o x i ­
m a t i o n  i f  t h e  s k i n  d e p t h  i s  s m a l l  c o m p a r e d  t o  b o t h  t h e  f r e e s p a c e  w a v e ­
l e n g t h  a n d  t h e  t h i c k n e s s  o f  t h e  a i r c r a f t  h u l l .  T h i s  r e q u i r e s  t h a t
t h e  s k i n  d e p t h  b e  l e s s  t h a n  a b o u t  1 0 ~ 3m .  T h i s  g i v e s :
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y 07rC(S2
< <  4  x  1 0 3m .
T h i s  c o n d i t i o n  i s  c e r t a i n l y  s a t i s f i e d .  T h u s  t h e  b o u n d a r y  c o n d i t ­
i o n  ( 1 . 1 )  t a k e s  t h e  s i m p l e r  f o r m
E - (£• n)h = 0 (1.2)
i . e .  t h e  t a n g e n t i a l  c o m p o n e n t  o f  t h e  e l e c t r i c  f i e l d  i s  z e r o .
T h i s  g e n e r a l  d e f i n i t i o n  o f  t h e  s c a t t e r i n g  p r o b l e m  g i v e n  i n  
t h e  f i r s t  p a r a g r a p h  m a y  b e  d i f f i c u l t  t o  a p p l y  t o  a n t e n n a  p r o b l e m s  
b e c a u s e  t h e  a i r c r a f t  f u s e l a g e  m a y  b e  c o n s i d e r e d  a s  p a r t  o f  t h e  f i e l d  
s o u r c e .  T h i s  i s  s o ,  b u t  i t  i s  t h o u g h t  t h a t  t h e  a p p r o a c h  g i v e n  i s  
t h e  o n l y  r e a s o n a b l e  o n e .  N e v e r t h e l e s s  c a r e  m u s t  b e  t a k e n .  F o r  
e x a m p l e  t h e  s u g g e s t i o n  h a s  b e e n  m a d e  t h a t  a  m o n o p o l e  a n t e n n a  m a y  b e  
r e p r e s e n t e d  b y  a  d i p o l e  f i e l d .  T h e  r e a s o n i n g  b e h i n d  t h i s  i s  t h a t  
t h e  m o n o p o l e  i m a g e  b y  r e f l e c t i o n  c o m b i n e s  w i t h  t h e - o r i g i n a l ,  m o n o p o l e  
t o  m a k e  a  d i p o l e .  T h i s  i s  f a l l a c i o u s ,  b e c a u s e  t h e  r e f l e c t e d  f i e l d  
i s  p a r t  o f  t h e  s c a t t e r e d  f i e l d ,  a n d  s h o u l d  n o t  b e  i n c l u d e d  i n  t h e  
i n c i d e n t  f i e l d .  F u r t h e r m o r e ,  t h e  p o s i t i o n  o f  t h e  i m a g e  b y  r e f l e c t ­
i o n  i n  a  c u r v e d  s u r f a c e  d e p e n d s  o n  t h e  d i r e c t i o n  o f  o b s e r v a t i o n . .
T h i s  s t u d y  i s  a n  i n t e r p r e t a t i o n  o f  t h e  c u r r e n t  t e c h n i q u e s  
u s e d  i n  m o s t  s c a t t e r i n g  c o n f i g u r a t i o n s  a n d  h a s  n o t  b e e n  u s e d  i t s e l f  
t o  s o l v e  r e a l i s t i c  s p e c i f i c  p r o b l e m s .  A t t e n t i o n  h a s  b e e n  g i v e n  t o  
t h e  u n d e r l y i n g  p r i n c i p l e s  r a t h e r  t h a n  s p e c i f i c  a p p l i c a t i o n .  T h u s ,  
t h e  s c a t t e r i n g  c o n f i g u r a t i o n s  c o n s i d e r e d  a r e  s i m p l e  g e o m e t r i c a l
«  4- x 3 x 1CT7x 3 x 1 0 8 1 0 “ 6 x 1 0 7
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s h a p e s ,  a n d  i n  t w o  d i m e n s i o n s  r a t h e r  t h a n  t h r e e ,  a l l o w i n g  t h e  
s c a l a r  w a v e  e q u a t i o n  t o  b e  u s e d .
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§ 2 . 1  I n  t h i s  C h a p t e r  w e  r e v i e w  t h e  b a s i c  r e s u l t s  o f  e l e c t r o m a g n e t i c  
t h e o r y  w h i c h  w i l l  b e  u s e d  i n  f o l l o w i n g  c h a p t e r s .  W e  s t a r t  w i t h  a  
s t a t e m e n t  o f  M a x w e l l ' s  e q u a t i o n s  i n  a  f o r m  a p p r o p r i a t e  t o  a r i i s o ­
t r o p i c  m e d i u m .  M K S  u n i t s  a r e  u s e d  a n d  t h e  s y m b o l s  h a v e  t h e i r  u s u a l  
m e a n i n g :
CHAPTER 2: REVIEW OF ELECTROMAGNETIC THEORY
V * ( £ £ q£ )  =  p
(riPoil) = 0
V-E = -
3 B
" a t
v * H  =  J  +
-  a t
(e p^E)
(2.1)
§ 2 . 2  T h e  P o y n t i n g  V e c t o r
B y  u s i n g  t h e  b o u n d a r y  c o n d i t i o n  ( 1 . 2 )  w e  n e e d  c o n s i d e r  p r o p a ­
g a t i o n  i n  a  v a c u u m  o n l y ,  s o  t h a t  y  =  e  =  1 a n d  J  =  p  =  0 .  I f  w e  
f o r m  s c a l a r  p r o d u c t s  w i t h  t h e  t h i r d  a n d  f o u r t h  o f  t h e s e  e q u a t i o n s  
t h e n :
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S u b t r a c t i n g , - .. w e  o b t a i n
V - ( E - H )  =  -
a H aE'
9t  +  e c £ ’  a t
J L  1  
a t  2 yQHz + e0E2 (2.2)
W e  r e c o g n i s e  ( 2 . 2 )  a s  e x p r e s s i n g  a  c o n s e r v a t i o n  l a w  a n d  f r o m  d i m e n s ­
i o n a l  c o n s i d e r a t i o n s  w e  s e e  t h a t  t h e  c o n s e r v e d  q u a n t i t y  i s  e n e r g y .
W e  i d e n t i f y  £  =  E ^ H  a s  t h e  P o y n t i n g  v e c t o r  r e p r e s e n t i n g  e n e r g y  f l u x .
F o l l o w i n g  t h e  c u s t o m a r y  p r a c t i c e ,  w e  a s s u m e  t h a t  t h e  f i e l d s  
h a v e  a  f o r m :
§2.3 Time Harmonic Propagation
w h e r e  t h e  c o m p o n e n t s  o f  £  a n d  £  m a y  t a k e  c o m p l e x  v a l u e s .
T h e n  i t  i s  e a s i l y  s h o w n  t h a t  t h e  f i e l d s  s a t i s f y  t h e  H e l m h o l t z  
w a v e  e q u a t i o n :
W e  h a v e  i n t r o d u c e d  f i e l d s  w h o s e  c o m p o n e n t s  m a y  t a k e  c o m p l e x  v a l u e s .  
I n  i t s e l f  t h i s  i s  p h y s i c a l l y  u n r e a l i s t i c  a n d  w e  m u s t  m a k e  t h e
c o n v e n t i o n  t h a t  w e  w o r k  w i t h  e i t h e r  t h e  r e a l  o r  i m a g i n a r y  p a r t  o f
t h e  c o m p l e x  f i e l d  c o m p o n e n t .  A d a p t i n g  t h e  f o r m e r  l e t  e  a m d  j i  b e  t h e  
' p h y s i c a l '  r e a l  f i e l d s ,  t h e n :
e ( r , t )  =  | ( E e x p ( j a ) t )  +  £  e x p ( -  j © t ) )
j l ( j r , t )  =  | ( j j e x p ( j a ) t )  +  j j  e x p ( -  j w t ) )
S o  t h a t  t h e  r e a l  P o y n t i n g  v e c t o r  i s :
£  =  e / h  =  | ( £ ' ' H e x p ( 2 j © t )  +  £ * q H * e x p ( -  2 j w t )  +  £ 4 1 *  +  £ * 4 j )
£  =  £ ( £ ) e x p ( j a ) t ) ,  H =  H ( r ) e x p ( j u t ) . (2.3)
( v 2 +  k 2 ) £  =  £  w i t h  ©  =  c k
( v 2 +  k 2 ) H  =  0  a n d  k  =  f e  a n d  c  =  ( e n ]i'n ) r ^
1 A 0 0
( 2 . 4 )
( 2 . 5 )
I f  w e  t a k e  t h e  t i m e  a v e r a g e  o f  e q u a t i o n  ( 2 . 5 )  t h e n
£  =  | ( j £ H *  +  E * / H ) (2-6)
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C o n s i d e r  t h e  f i e l d  e q u a t i o n
( v 2 +  k 2 ) u  =  s ( j r )
w h e r e  u  i s  a  s c a l a r  f i e l d ,  a n d  s ( r _ )  i s  a  ' s o u r c e '  t e r m .  U s i n g  t h e  
D i r a c  d e l t a  f u n c t i o n  t h e  s o u r c e  d i s t r i b u t i o n  m a y  b e  w r i t t e n  a s
§2.4 Green's Theorem
s(r) = s(_r1)<5(jr - jr' )d3£'
w h e r e  t h e  v o l u m e  i n t e g r a l  i s  t a k e n  o v e r  a l l  s p a c e .  B e c a u s e  _r  a n d  r . '  
a r e  i n d e p e n d e n t ,  t h e  s o l u t i o n  f o r  u  m a y  b e  u n d e r t a k e n  i n  t w o  s t e p s .  
F i r s t ,  t h e  f i e l d  e q u a t i o n  i s  s o l v e d  f o r  a  d e l t a - f u n c t i o n  s o u r c e  
d i s t r i b u t i o n ,  a n d  t h e  f i e l d  d u e  t o  t h e  a c t u a l  s o u r c e  d i s t r i b u t i o n  i s  
o b t a i n e d  b y  s u p e r p o s i t i o n  o f  t h e  p o i n t  s o u r c e  f i e l d s  ( s i n c e  t h e  f i e l d  
e q u a t i o n  i s  l i n e a r ) .  T h i s  i s  t h e  m o t i v a t i o n  f o r  d e f i n i n g  t h e  G r e e n ' s  
f u n c t i o n s  f o r  t h e  s c a l a r  H e l m h o l t z  e q u a t i o n  i n  f r e e  s p a c e :
( v 2 +  k 2 ) g ( £ s J 2 ' )  =  -  <s( 9  -  r ' )
T h e  d i f f e r e n t i a t i o n  i s  w i t h  r e s p e c t  t o  t h e  u n p r i m e d  c o - o r d i n a t e s .
N o w  G r e e n ' s  s e c o n d  i d e n t i t y  f o r  t w o  g e n e r a l  s c a l a r  f i e l d s  <f> 
a n d  ij/ i s :
j ^ v 2 ^  -  i | >v2<f>d3_r  =  j . j  -  4i V 4>) - d S
w h e r e  V  i s  t h e  v o l u m e  c o n t a i n e d  b y  t h e  s u r f a c e  S .  F o r  a  s o u r c e  f r e e  
r e g i o n  s o  t h a t
( v 2 +  k 2 ) u  =  0
<j>= u  ( _ r )  a n d  > ' =  g ( r , r ' )  •
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Then
( u ( r ) v g ( r ,£ ' ) -  g ) vuCil)) d5_
S
u ( _ r ) [ -  < 5 ( r  -  _ r ‘ )  -  k 2g ( £ , r ' ) 3
V
-  g ( £ , J 2 ' ) [ ~  k 2u ( j r ) ] d 3j }
u  ( j q )  <s ( j q  ■  J l ' )  d 3j r
V
r r
( u ( _ r ) v g ( j r » J 2 ' )  -  g ( j % r ‘ ) v u ( r ) ) *dS>
=  0  i f  r '  i s  o u t s i d e  V
=  -  u ( _ r ' )  i f  J2* i s  i n s i d e  V ( 2 . 7 )
I t  i s  c u s t o m a r y  t o  b e  r i d  o f  t h e  m i n u s  s i g n  b y  w o r k i n g  w i t h  t h e  
i n w a r d  p o i n t i n g  s u r f a c e  v e c t o r  i n  t h e  i n t e g r a l .  T h i s  c o n v e n t i o n  
w i l l  b e  a d o p t e d  i n  w h a t  f o l l o w s .
E q u a t i o n  2 . 7  m a y  b e  r e g a r d e d  a s  t h e  m a t h e m a t i c a l  r e a l i s a t i o n  
o f  H u y g e n s  p r i n c i p l e .  I n  t h r e e  d i m e n s i o n s
I n  t h i s  c a s e ,  t h e  i n t e g r a l  i n  ( 2 . 7 )  b e c o m e s  a n  i n t e g r a l  r o u n d  a  c l o s e d  
c u r v e  i n  a  p l a n e  a n d  t h e  s u r f a c e  e l e m e n t  d S 1 b e c o m e s  a  l i n e  e l e m e n t  
d l 1 . W i t h  t h e  t i m e  c o n v e n t i o n  w h i c h  w e  h a v e  c h o s e n  ( e q .  2 . 3 ) ,  e q u a t i o n s  
( 2 . 8 )  a n d  ( 2 . 9 )  r e p r e s e n t  o u t g o i n g  s p h e r i c a l  a n d  c y l i n d r i c a l  c u r v e s  
r e s p e c t i v e l y .
g ( r , _ r ‘ )  =  ( e x p ( ~  j k | r  -  r '  | ) ) ( 4 t t |_t  -  r '  | ) ~ 1 (2.8)
a n d  i n  a  s p a c e  o f  t w o  d i m e n s i o n s
g ( r , r ' )  =  -  |  H ( 2 ) ( k | r  -  r '  | ) ( 2 . 9 )
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l i e  w i l l  o f t e n  u s e  t h e  c o n c e p t  o f  a  s c a t t e r e r  w h o s e  c r o s s -  
s e c t i o n  i n  a  z  =  c o n s t a n t  p l a n e  d o e s  n o t  d e p e n d  o n  t h e  v a l u e  o f  z ,  
a  c y l i n d r i c a l  s c a t t e r e r .  I f  t h e  e l e c t r o m a g n e t i c  f i e l d  i s  s u c h  t h a t  
i t  d o e s  n o t  c o n t a i n  a  z  d e p e n d e n c e ,  t h e n  ~  =  0  i n  M a x w e l l ' s  e q u a t ­
i o n s .  A  c y l i n d e r  s c a t t e r i n g  a  z  i n d e p e n d e n t  f i e l d  c o n s t i t u t e s  a  
t w o - d i m e n s i o n a l  p r o b l e m .  T h e  i m p o r t a n c e  o f  t h i s  c o n c e p t  l i e s  i n  t h e  
f a c t  t h a t  M a x w e l l ' s  e q u a t i o n s  a n d  t h e  b o u n d a r y  c o n d i t i o n s  a r e  s e p a r ­
a b l e  g i v i n g  t h e  t w o  s e t s :
§2.5 Two Dimensional Problems
H , H ,  E e q u a t i o n s  
x  y  l
E . . ,  W e q u a t i o n s  
x  y  z
3 H X  3 E Z  
y. -nr- = +0 a t a y
3EX 3HZ
o 3 t  a y
3 H y  _  _  a E z  
p o a t  “  a x
3Ey _ 3Hx 
s o a t  a x
+ e
3 E z  8Hy  3 H X
o a t  s x  a y -  y
3 H z  _  3 E y  .  8 E x  
o a t  a x  a y
a H x  a H
a x  a y
= 0
a E „  a Ey _
a x  a y
= 0
E z  =  0 a t  t h e  s c a t t e r e r E x  -  ( n x E x  +  n y E y ) n x  =  0
E y  ** ^ n x E x  * by E y ^ p y  -  9 
a t  t h e  s u r f a c e .
T h u s  w e  c a n  i d e n t i f y  t w o  s t a t e s  o f  p o l a r i s a t i o n  w h i c h  a r e  d e c o u p l e d .  
T h e  H x ,  H 9 E z  e q u a t i o n s  a r e  s a i d  t o  d e s c r i b e  T r a n s v e r s e  M a g n e t i c  
( T M )  w a v e s  a n d  t h e  E x ,  E 9 H z  e q u a t i o n s  a r e  s a i d  t o  d e s c r i b e  T r a n s ­
v e r s e  E l e c t r i c  ( T E )  w a v e s .  I t  w i l l  b e  s e e n  t h a t  t h e  t w o - d i m e n s i o n a l  
p r o b l e m  c a n  b e  c o m p l e t e l y  f r a m e d  i n  t e r m s  o f  E z  a n d  H z ,  b o t h  o f  w h i c h  
s a t i s f y  t h e  w a v e  e q u a t i o n ,  a l t h o u g h  w i t h  s o m e w h a t  d i f f e r e n t  b o u n d a r y  
c o n d i t i o n s .
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T h e  c o n c e p t  o f  t h e  t w o - d i m e n s i o n a l  p r o b l e m  i s  c a p a b l e  o f  s o m e  
e x t e n s i o n .  S u p p o s e  w e  h a v e  a  s c a l a r  f i e l d  E w h i c h  i s  d e e m e d  t o  
d e p e n d  o n  z ,  b u t  c a n  b e  w r i t t e n  i n  t h e  f o r m :
+CO
E ( x , y , z )  =  ~  |  e ( x , y , K ) e x p ( j K z ) d K
T h e n
9X2 ay2 az2
+  k 2 E ( x , y » z )
+00
_1_
2tt —  +  —  +  ( k 2 -  K 2 )  e x p ( j K z ) e ( x , y , K ) d K  =  0  9X2 9y2
o r
[ i L  +  l L  +  ( k 2 -  K 2 ) ] e ( x , y , K )  =  0 
x 9x 2 a y 2 J
(2.10)
E q u a t i o n  ( 2 . 1 0 )  e x p r e s s e s  a n  e s s e n t i a l l y  t w o - d i m e n s i o n a l  s i t u a t i o n  
w i t h  t h e  w a v e v e c t o r  k  r e p l a c e d  b y  / ( k 2 -  K 2 ) .  O f  c o u r s e ,  t w o  t y p e s  
o f  s o l u t i o n  w i l l  b e  r e q u i r e d  a c c o r d i n g  t o  w h e t h e r  K  i s  g r e a t e r  t h a n ,  
o r  l e s s  t h a n  k .  T h i s  t y p e  o f  a n a l y s i s  w a s  u s e d  b y  W a i t  i n  h i s  
i n v e s t i g a t i o n  o f  r a d i a t i o n  f r o m  c y l i n d e r s (  r e f e r e n c e  2 ) .  T h i s  s h o w s  
t h a t  p r o b l e m s  i n v o l v i n g  c y l i n d e r s  a n d  a n  o b l i q u e l y  i n c i d e n t  f i e l d  m a y  
b e  c o n s i d e r e d  a s  t w o  d i m e n s i o n a l  p r o b l e m s .
§ 2 . 6  U n i t s
I n  m o s t  o f  w h a t  f o l l o w s ,  w e  w i l l  u s e  u n i t s  o f  l e n g t h  s u c h  t h a t  
t h e  w a v e l e n g t h  i s  o n e .  F o r  e x a m p l e ,  t h e  w a v e n u m b e r ,  k ,  w i l l  u s u a l l y  
t a k e  t h e  v a l u e  2tt. I t  i s  f e l t  t h a t  t h i s  p r o c e d u r e  g i v e s  a  b e t t e r  
p h y s i c a l  i n s i g h t  t h a n  w o u l d  t h e  u s e  o f  ' r e a l '  u n i t s .  I n s o f a r  a s  
e l e c t r o m a g n e t i c  q u a n t i t i e s  a p p e a r ,  S I  u n i t s  a r e  u s e d .
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C R I T I Q U E  O F  T H E  R A Y  C O N C E P T
§ 3 . 1  A s  a l r e a d y  s t a t e d ,  a t t e n t i o n  w i l l  b e  r e s t r i c t e d  t o  s c a t t e r e r s  
w h i c h  a r e  p e r f e c t  c o n d u c t o r s .  T h e  f i e l d  i s  t h u s  d e e m e d  n o t  t o  
p e n e t r a t e  t h e  s c a t t e r e r  a t  a l l ,  t h a t  i s ,  w e  n e e d  c o n s i d e r  o n l y  t h e  
' e x t e r i o r '  p r o b l e m .  A l s o  w e  s h a l l  b e  i n t e r e s t e d  p r i n c i p a l l y  i n  
s c a t t e r e r s  w h o s e  c h a r a c t e r i s t i c  s i z e  i s  g r e a t e r  t h a n  a b o u t  o n e  
w a v e l e n g t h  a n d  l e s s  t h a n  a b o u t  t w e n t y .  T h e r e  a r e  n u m e r o u s  t e c h n i q u e s  
i n  e x i s t e n c e  t o  t a c k l e  p r o b l e m s  i n  e i t h e r  t h e  h i g h ,  o r  t h e  l o w  
f r e q u e n c y  r a n g e ,  b u t  t h e y  t e n d  t o  b e c o m e  c u m b e r s o m e  w h e n  a p p l i e d  t o  
t h i s  m i d d l e  g r o u n d .
T h e  c o n c e p t  o f  r e s o n a n c e  n e e d s  s o m e  c l a r i f i c a t i o n .  I n  t h i s  
c o n n e c t i o n  o n e  s h o u l d  b e  c a r e f u l  t o  d i s t i n g u i s h  b e t w e e n  i n t e r f e r e n c e  
e f f e c t s  a n d  t r u e  r e s o n a n c e  e f f e c t s .  A s  a n  e x a m p l e  o f  t h i s ,  c o n s i d e r  
t h e  p r o b l e m  o f  a  p l a n e  w a v e  i n c i d e n t  o n  a  s l i t  ( F i g u r e  3 . 1 ) .
C o n s i d e r  h o w  t h e  s o l u t i o n  w o u l d  p r o c e e d  u s i n g  t h e  G e o m e t r i c a l  
T h e o r y  o f  D i f f r a c t i o n  ( G T D )  f o r  a  f i e l d  p o i n t  w h i c h  l i e s  i n  t h e  
G e o m e t r i c a l  O p t i c s  s h a d o w  r e g i o n .  I f  t h e  s l i t  i s  w i d e  t h e n  a  g o o d  
s o l u t i o n  m a y  b e  o b t a i n e d  b y  c o n s i d e r i n g  t h e  f i e l d  a s  a  s u m  o f  t w o  
d i f f r a c t e d  r a y s  o n l y :  U A P  a n d  V B P .  T h e  s u m  o f  t h e s e  t w o  r a y s  w i l l  
e x h i b i t  i n t e r f e r e n c e  e f f e c t s  a s  P  i s  m o v e d ,  b u t  n o  r e s o n a n c e .  T h i s  
o n l y  h a p p e n s  w h e n  t h e  s l i t  b e c o m e s  n a r r o w e r ,  a n d  r a y s  w h i c h  a r e  
d i f f r a c t e d  m a n y  t i m e s  b a c k  a n d  f o r t h  f r o m  o n e  e d g e  t o  a n o t h e r  m u s t  
b e  c o u n t e d  i n  o r d e r  t o  m a i n t a i n  t h e  q u a l i t y  o f  t h e  s o l u t i o n :  U A ( B A ) P ,  
U A ( B A ) ( B A ) P  e t c . ,  V B ( A B ) P , V B ( A B ) ( A B ) P  e t c .  T h i s  i n t e r a c t i o n  b e t w e e n  
d i f f e r e n t  p o i n t s  o f  t h e  s c a t t e r i n g  s y s t e m  c o n s t i t u t e s  r e s o n a n c e .
CHAPTER 3: A CLASSIFICATION OF TECHNIQUES AND
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W i t h  t h i s  d i s t i n c t i o n  i n  m i n d ,  w e  m a y  c l a s s i f y  t e c h n i q u e s  f o r  
s o l v i n g  s c a t t e r i n g  p r o b l e m s  i n t o  t w o  c l a s s e s  w h i c h  c a n  b e  d e s i g n a t e d  
a s  ' G l o b a l '  a n d  ' L o c a l ' .  T h e  f o r m e r t o l a s s  i s  f o u n d  t o  b e  m o s t  u s e ­
f u l  a t  l o w  f r e q u e n c i e s ,  a n d  t h e  l a t t e r  a t  h i g h  f r e q u e n c i e s .
T h e  G l o b a l  a p p r o a c h  t r e a t s  t h e  s c a t t e r i n g  b o d y  a s  a  w h o l e .
A  s p e c i f i c  e x a m p l e  w o u l d  b e  t o  r e p r e s e n t  t h e  s c a t t e r e r  a s  a n  a s s e m b l y  
o f  c o n d u c t i n g  w i r e s .  T h e r e  i s  c o u p l i n g  b e t w e e n  c u r r e n t s  o n  d i f f e r ­
e n t  w i r e s .  T h i s  l e a d s  t o  a n  i n t e g r a l  e q u a t i o n  w h i c h  m a y  b e  s o l v e d  
n u m e r i c a l l y  b y  t h e  ' m e t h o d  o f  m o m e n t s '  ( i n  i t s e l f  o n l y  a  m a t h e m a t ­
i c a l  t e c h n i q u e ) .  A n o t h e r  e x a m p l e  w o u l d  b e  t h e  m o d a l  e x p a n s i o n  o f  
t h e  f i e l d  w h i c h  w i l l  b e  d i s c u s s e d  l a t e r . ( i . e .  t h e  r e p r e s e n t a t i o n  o f  
t h e  f i e l d  a s  a  l i n e a r  c o m b i n a t i o n  o f  m o d e s ) .  T h e  c h a r a c t e r i s t i c  o f  
t h e  G l o b a l  a p p r o a c h  i s  t h a t  i t  l e a d s  t o  l a r g e  s y s t e m s  o f  s i m u l t a ­
n e o u s  l i n e a r  e q u a t i o n s .  T h i s  i s  a  d i s t i n c t  d i s a d v a n t a g e  f r o m  t h e  
c o m p u t a t i o n a l  p o i n t  o f  v i e w .  A s  t h e  s i z e  o f  t h e  s c a t t e r e r  i n c r e a s e s ,  
m o r e  u n k n o w n s  a r e  r e q u i r e d .  H o w e v e r ,  G l o b a l  m e t h o d s  h a v e  t h e  g r e a t  
a d v a n t a g e  t h a t ,  s i n c e  t h e y  c o n s i d e r  a l l  t h e  s c a t t e r e r  a t  o n c e ,  t h e  
r e s o n a n c e  e f f e c t s  a r e  a u t o m a t i c a l l y  a c c o u n t e d  f o r .
L o c a l  m e t h o d s  t e n d  t o  d e p e n d  o n  t h e  ' p r i n c i p l e  o f  l o c a l  f i e l d ' .  
T h i s  w a s  f i r s t  d u e  t o  F o c k  i n  t h e  c o n t e x t  o f  t h e  ' P e n u m b r a !  f i e l d ' ,  
( r e f e r e n c e  3 ) .  A  g o o d  s t a t e m e n t  o f  t h e  p r i n c i p l e  i s  d u e  t o  B a c h  i n  
r e f e r e n c e  4 :
' . . .  i n  t h e  h i g h  f r e q u e n c y  l i m i t ,  p r o c e s s e s  s u c h  a s  r e f l e c t i o n  
a n d  d i f f r a c t i o n  d e p e n d  o n l y  o n  t h e  p r o p e r t i e s ,  e l e c t r i c a l  a n d  
g e o m e t r i c a l ,  o f  t h e  s c a t t e r e r  i n  t h e  i m m e d i a t e  n e i g h b o u r h o o d  
o f  t h e  p o i n t  o f  r e f l e c t i o n  a n d  d i f f r a c t i o n ' .
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I f  w e  a c c e p t  t h e  v a l i d i t y  o f  t h e  p r i n c i p l e ,  t h e n  i t  m e a n s  
t h a t  w e  c a n  d i v i d e  a  s c a t t e r e r  i n t o '  s e c t i o n s  a n d  c o n s i d e r  e a c h  
s e c t i o n  s e p a r a t e l y .  T h i s  h a s  t w o  f u r t h e r  i m p l i c a t i o n s :
a )  T h e  d i f f e r e n t  p a r t s  o f  t h e  s c a t t e r e r  c a n  b e  a s s u m e d  t o  i n t e r a c t  
w i t h  t h e  f i e l d  a s  i f  t h e y  w e r e  t h e  c o r r e s p o n d i n g  p a r t s  o f  
d i f f e r e n t  s c a t t e r e r s ,  f o r  w h i c h  t h e  e x a c t  s o l u t i o n s  a r e  k n o w n .  
T h e s e  a r e  s o l u t i o n s  o f  s o  c a l l e d  ‘ C a n o n i c a l  p r o b l e m s ' .  T h e  
c a n o n i c a l  e x a m p l e  o f  t h i s  i s  t h e  u s e  o f  t h e  e x a c t  s o l u t i o n  f o r  
t h e  p e r f e c t l y  c o n d u c t i n g  h a l f  p l a n e  t o  c a l c u l a t e  t h e  d i f f r a c t ­
i o n  d u e  t o  e d g e s  o n  f i n i t e  b o d i e s  ( r e f e r e n c e  5 ,  p . 1 1 5 ) .
b )  T h e  u s e  o f  r a y s  t o  k e e p  t r a c k  o f  t h e  c o n t r i b u t i o n s  t o  t h e  
s c a t t e r i n g  d u e  t o  t h e  v a r i o u s  ’ s u b  s c a t t e r e r s ’ . A n  e x a m p l e  o f  
t h i s  i s  t h e  p r e v i o u s l y  m e n t i o n e d  p r o b l e m  o f  t h e  s l i t ,  w h e r e  
o n e  u s e s  r a y s  t o  k e e p  t r a c k  o f  t h e  m u l t i p l e  d i f f r a c t i o n s  f r o m  
t h e  t w o  e d g e s .
T h e  c h i e f  d i s a d v a n t a g e  o f  t h e  l o c a l  a p p r o a c h  i s  t h a t  r e s o n a n c e  
e f f e c t s  m u s t  b e  e x p l i c i t l y  t a k e n  i n t o  a c c o u n t .  O n c e  a g a i n ,  a n  
e x a m p l e  i s  a f f o r d e d  b y  t h e  G T D  s o l u t i o n  o f  t h e  s l i t  p r o b l e m .  O n e  
m u s t  m a k e  a  c o n s c i o u s  d e c i s i o n  t o  i n c l u d e  r a y s  w h i c h  a r e  d i f f r a c t e d  
m o r e  t h a n  o n c e .
L o c a l  f i e l d  m e t h o d s  t e n d  t o  b e  r a y  t h e o r i e s .  ( T h e  c l a s s  o f  
r a y  t h e o r i e s  o f  d i f f r a c t i o n ) .
I t  i s  a p p r o p r i a t e  a t  t h i s  p o i n t  t o  d i s c u s s  t h e  r a y  c o n c e p t  i n  
m o r e  d e t a i l .  R a y s  p r o v i d e  a  g o o d  f r a m e w o r k  f o r  t h e  d i s c u s s i o n  o f  
s c a t t e r i n g  p r o c e s s e s .  T h e y  s i m p l i f y  c a l c u l a t i o n .  T h e i r  g r e a t  
s i g n i f i c a n c e  i s ,  t h a t  c o u p l e d  w i t h  t h e  l a w s  o f  g e o m e t r i c a l  o p t i c s
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t h e y  p r o v i d e  w h a t  i s  p r o b a b l y  t h e  o n l y  a  p r i o r i  d e s i g n  t e c h n i q u e  
f o r  o p t i c a l  s y s t e m s .  A  r a y  i s  d e f i p e d  a s  a  l o c a l  t r a j e c t o r y  o f  
e n e r g y  f l o w ,  s o  t h a t  i t s  t a n g e n t  i s  t h e  P o y n t i n g  v e c t o r .  S i n c e  t h e  
s i g n i f i c a n t  q u a n t i t y  i s  t h e  f l o w  o f  e n e r g y  t h i s  i s  a  ' b e t t e r '  
d e f i n i t i o n  t h a n  o n e  i n v o l v i n g  n o r m a l s  t o  p h a s e - f r o n t s ,  w h i c h  m a y  
d i s a g r e e  w i t h  t h e  f o r m e r  d e f i n i t i o n  f o r  p r o p a g a t i o n  i n  a n  a n i s o ­
t r o p i c  m e d i u m .  ( S e e  F e l s e n  i n  r e f e r e n c e  4 ) .
H o w e v e r ,  t h e r e  a r e  p r o b l e m s  w i t h  r a y  c a l c u l a t i o n s .  I f  t h e r e  
i s  a n  i n f i n i t y  o f  r a y s  p a s s i n g  t h r o u g h  a  p o i n t ,  o r  t r a v e l l i n g  i n  
t h e  s a m e  d i r e c t i o n ,  t h e n  r a y . o p t i c s  c a n n o t  g i v e  a  s e n s i b l e  a n s w e r .  
( T h i s  i s  n o t  t o  s a y  t h a t  s u c h  c a l c u l a t i o n s  a r e  i m p o s s i b l e :  s e e  
r e f e r e n c e  6 ) .  A l s o ,  i n  G T D ,  i s o l a t e d  r a y s  a r e  c o n s i d e r e d  t o  b e  
i n c i d e n t  o n  d i f f r a c t i n g  f e a t u r e s  o f  i n f i n i t e s i m a l  s i z e ,  w h i c h  a r e  
s u p p o s e d  t o  s c a t t e r  a  f i n i t e  a m o u n t  o f  e n e r g y .
A n o t h e r  e x a m p l e  o f  t h e  i n c o m p a t i b i l i t y  o f  t h e  r a y  c o n c e p t ,  
c o m p a r e d  w i t h  r i g o r o u s  f i e l d  t h e o r y  a r i s e s  i n  c o n n e c t i o n  w i t h  c r e e p ­
i n g  r a y s .  C o n s i d e r  a  p l a n e  w a v e  i n c i d e n t  c o n v e x  s c a t t e r e r .  F o r  
h i g h  f r e q u e n c i e s ,  t h e  l o w e s t  d e g r e e  o f  a p p r o x i m a t i o n  i s  a f f o r d e d  b y  
g e o m e t r i c a l  o p t i c s ,  w h i c h  s a y s  t h a t  t h e r e  i s  n o  f i e l d  a t  t h e  s u r f a c e  
o f  t h e  s c a t t e r e r  i n  t h e  s h a d o w  r e g i o n .  A c c o r d i n g  t o  G T D ,  t h e  n e x t  
a p p r o x i m a t i o n  g i v e s  s o m e  f i e l d  o n  t h e  s u r f a c e  i n  t h e  s h a d o w  r e g i o n  
d u e  t o  a  s u m  o f  c r e e p i n g  r a y s .  T h i s  v i o l a t e s  t h e  b o u n d a r y  c o n d i t i o n ,  
b u t  m a y  s t i l l  g i v e  a p p r o p r i a t e  r e s u l t s  i n  t h e  f a r  f i e l d .
T h e  p o i n t  t o  b e  m a d e  i s  t h a t  r a y s  a r e  e s s e n t i a l l y  s y m b o l i c .
T h e y  a r e  a  s h o r t h a n d  f o r  m o r e  c o m p l e x ,  b u t  m o r e  r i g o r o u s  f i e l d  
c a l c u l a t i o n s .  ( A  r e l a t e d  v i e w  w a s  e x p r e s s e d  b y  S h i  H e r  i n  r e f e r e n c e  
( 3 8 ) ) .  T h e  f a c t  t h a t  i n f i n i t e s i m a l  s c a t t e r i n g  f e a t u r e s  c a n  h a v e  a  
f i n i t e  s c a t t e r i n g  c r o s s - s e c t i o n ,  w h i c h  i s  a b s u r d  i n  a  s t r i c t l y  l o c a l  
s c a t t e r i n g  t h e o r y ,  i s  a c c o u n t e d  f o r  b y  t h e  d i f f r a c t i o n  c o e f f i c i e n t .
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A n o t h e r  c o n c e p t u a l  d i f f i c u l t y  m a n i f e s t s  i t s e l f  i n  t h e  c o n f u s i o n  
b e t w e e n  r a y s  a n d  ‘ p l a n e  w a v e s ' .  T h e s e  a r e  n o t  t h e  s a m e  t h i n g .  O n e  
m a y  c h o o s e  t o  r e p r e s e n t  a  p l a n e  w a v e  a s  a  r a y ,  o r  a  n u m b e r  o f  r a y s ,  
b u t  . t h e r e  i s  n o  u n i q u e  c h o i c e . ,  A  r a y  h a s  a  s p e c i f i c  l o c a t i o n  i n  
s p a c e .  A  p l a n e  w a v e  d o e s  n o t .
I t  h a s  b e e n  s u g g e s t e d  b y  C o r n b l e e t  ( i n  r e f e r e n c e  1 9 )  t h a t  f o r  
a  g i v e n  d i r e c t i o n  o f  s c a t t e r i n g ,  a l l  r a y s ,  i n c l u d i n g  t h o s e  n o t  
t r a v e l l i n g  i n  t h a t  d i r e c t i o n ,  m u s t  b e  t a k e n  i n t o  a c c o u n t .  ( T h i s  
i s  n o t  e x o t i c  a s  i t  s o u n d s .  I n  t h e  p r o b l e m  o f  t h e  p l a n e  w a v e  
a n d  s l i t ,  t h e  G e o m e t r i c a l  O p t i c s  r a y s  t r a n s m i t t e d  t r a v e l  i n  o n l y  
o n e  d i r e c t i o n ,  b u t  t h e y  c a n  b e  u s e d  t o  c a l c u l a t e  a  n o n - z e r o  d i f f r a ­
c t e d  f i e l d  i n  o t h e r  d i r e c t i o n s ) .  T h e  m e t h o d  o f  d o i n g  s o  i s  t o  u s e  
r a y  t h e o r y  t o  o b t a i n  t h e  f i e l d  o n  a  s p e c i f i e d  s u r f a c e .  T h i s  f i e l d  
i s  c o m b i n e d  w i t h  a  G r e e n ’ s  f u n c t i o n ,  a n d  t h e n  i n t e g r a t e d .  T h i s  i s  
t h e  b a s i s  o f  t h e  ‘ A p e r t u r e  F i e l d  M e t h o d 1 w h i c h  w i l l  b e  d i s c u s s e d  
i n  m o r e  d e t a i l  l a t e r .
§ 3 . 2  T h e  P h y s i c a l  I n t e r p r e t a t i o n  o f  M a t h e m a t i c s
T h e  p r o b l e m s  w i t h  t h e  r a y  c o n c e p t  r a i s e  t h e  q u e s t i o n  o f  h o w  
m u c h  f r e e d o m  w e  h a v e  i n  t h e  i n t e r p r e t a t i o n  o f  t h e  m a t h e m a t i c s  w h i c h  
a r i s e s  i n  p h y s i c a l  p r o b l e m s .  T h e  K i r c h o f f  d i f f r a c t i o n  i n t e g r a l  i s  
a  f i e l d  c o n c e p t ,  b u t  i t  i s  s h o w n  i n  A p p e n d i x  A  h o w  t h e  K i r c h o f f  
r e s u l t  f o r  a  p l a n e  w a v e  i n c i d e n t  o n  a  s l i t  m a y  b e  i n t e r p r e t e d  i n  
t e r m s  o f  e d g e  d i f f r a c t e d  r a y s  i n  t h e  s t y l e  o f  G T D .  T h e  a n s w e r  s e e m s  
t o  b e  t h a t  N a t u r e  d o e s  n o t  c a r e  w h a t  l a n g u a g e  w e  u s e  t o  d e s c r i b e  
h e r ,  b u t  s o m e  l a n g u a g e s  a r e  m o r e  a p p r o p r i a t e  t h a n  o t h e r s .
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§ 4 . 1  T h e  H e l m h o l t z  s c a l a r  w a v e  e q u a t i o n  i n  a  m e d i u m  w h i c h  i s  n o t  
n e c e s s a r i l y  v a c u u m ,  i s
( v 2 +  k 2 ) E  =  s o u r c e  t e r m  ( 4 . 1 )
■ =  0 i n  v a c u o
W e  n o w  c o n s i d e r  t h e  q u e s t i o n  w h e t h e r  s o l u t i o n s  o f  t h e  s o u r c e  f r e e  
e q u a t i o n  m a y  b e  u s e d  i f  t h e r e  a r e  s o u r c e s  p r e s e n t .  T h i s  i s  t h e  
c o n d i t i o n  r e q u i r e d  f o r  t h e  s o l u t i o n  o f  t h e  e x t e r i o r  p r o b l e m  f o r  
i s o l a t e d  s c a t t e r e r s .  I t  i s  w e l l  k n o w n  t h a t  s o l u t i o n s  m a y  b e  f o u n d  
f o r  t h e  s o u r c e  f r e e  e q u a t i o n  ( 4 . 1 )  o f  t h e  f o r m :
A m Hn( j 1 ) ( 2 ) ( k r ) e x p ( j m 0 )  ( 4 . 2 )
H e r e  m i s  a  c o n s t a n t  o f  s e p a r a t i o n . , T h e  g e n e r a l  s o l u t i o n  i s  a  s u m  
o f  s u c h  t e r m s  ( o r  a n  i n t e g r a l  w i t h  r e s p e c t  t o  m ,  i f  m  i s  c o n s i d e r e d  
t o  f o r m  a  c o n t i n u o u s  s p e c t r u m ) .  H o w e v e r  t h e r e  i s  n o t h i n g  i n  t h e  
m a t h e m a t i c s  t o  s a y  w h a t  v a l u e s  m m a y  t a k e .  T h e s e  a r e  g o v e r n e d  b y  
t h e  c h a r a c t e r  o f  t h e  p h y s i c a l  p r o b l e m  c o n c e r n e d .
W h a t  i s  u s u a l l y  d o n e  i s  t o  s a y  t h a t  i n  p h y s i c a l  s p a c e ,  p o i n t s  
w h o s e  a n g u l a r  c o - o r d i n a t e s  d i f f e r  b y  2 t t  a r e  i d e n t i c a l ,  s o  t h a t  m  
m u s t  b e  a n  i n t e g e r  f o r  t h e  f i e l d  t o  b e  s i n g l e  v a l u e d .  T h i s  i s  c l e a r l y  
w r o n g  a s  m a y  b e  s e e n  f r o m  t h e  e x a m p l e  o f  t h e  p e r f e c t l y  c o n d u c t i n g  
h a l f  p l a n e .  M a c D o n a l d  i n  r e f e r e n c e  8 f o u n d  t h a t ? h a I f - i n t e g r a l  v a l u e s  
o f  m  i n  e q .  ( 4 . 2 )  w e r e  a p p r o p r i a t e  f o r  t h e  h a l f - p l a n e  p r o b l e m .
A  s o l u t i o n  o f  t h e  h a l f  p l a n e  p r o b l e m  w a s  p r e s e n t e d  b y  S o m m e r -  
f e l d  i n  1 8 9 6 ,  b y  c o n s t r u c t i n g  s o l u t i o n s  t o  t h e  w a v e  e q u a t i o n  o n  a  
R i e m a n n  s u r f a c e .  ( S e e  f o r  e x a m p l e  r e f e r e n c e  9 ) .  I t  i s  i n t e r e s t i n g
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t o  n o t e  t h a t  a  m o r e  p h y s i c a l  a p p r o a c h  w a s  g i v e n  b y  L o r d  R a y l e i g h  i n  
h i s  ' T h e o r y  o f  S o u n d '  s e c t i o n  2 0 7 .  I f  t h e  f i e l d  h a s  n o  s i n g u l a r ­
i t i e s  t h e n  e q .  ( 4 . 2 )  m a y  b e  r e w r i t t e n  a s :
I m p o s e  t h e  b o u n d a r y  c o n d i t i o n s  t h a t  E =  0  e v e r y w h e r e  o n  t w o  f i x e d  
r a d i i  e  =  0  a n d  8 =  p . . T h i s  m a y  b e  a c c o m p l i s h e d  b y  c h o o s i n g  B m =  0
a n d  S i n  m  M  0  i . e .  m  =  n i r / p  w i t h  n  a n  i n t e g e r .  N o w  o p e n  o u t  t h e
r a d i i  s o  t h a t  p  =  2 tt ,  t h e n  e q .  ( 4 . 3 )  b e c o m e s : -
T h u s ,  h a l f  i n t e g r a l  ' q u a n t u m - n u m b e r s ' h a v e  b e e n  i n t r o d u c e d  i n  a  
p h y s i c a l  m a n n e r .  I t  w i l l  b e  o b j e c t e d - t h a t  i t  w o u l d  b e  u n r e a s o n a b l e  
t o  e x p e c t  e q .  ( 4 . 2 )  t o  b e  v a l i d  i n  t h e  a b o v e  c a s e ,  s i n c e  i t  i s  o n l y  
e v e r y w h e r e  v a l i d  i n  a  c o m p l e t e l y  s o u r c e  f r e e  s p a c e ,  b u t  f o r  s c a t t e r ­
i n g  p r o b l e m s  w e  a r e  i n t e r e s t e d  i n  s i t u a t i o n s  w h e r e  s o u r c e s  a r e  
c o n f i n e d  t o  q u i t e  s m a l l  a r e a s  a n d  i t  m a y  b e  t h a t  e q .  ( 4 . 2 )  i s  o f  
u s e  a w a y  f r o m  t h e s e  r e g i o n s .
T o  i l l u s t r a t e  t h i s  p o i n t ,  r e c o n s i d e r  e q .  ( 4 . 4 )  w h i c h  w a s  
d e r i v e d  w i t h  t h e  o r i g i n  o f  c o - o r d i n a t e s  a t  t h e  e d g e  o f  t h e  h a l f - p l a n e ,  
w h i c h  w a s  l y i n g  a l o n g  e  =  0 .  S u p p o s e  w e  t r a n s l a t e  t h e  o r i g i n  a  
d i s t a n c e  d  t o  t h e  l e f t ,  a s  i n  F i g u r e  4 . 1 .  U s i n g  t h e  G r a f  a d d i t i o n  
t h e o r e m  ( s e e  r e f e r e n c e  7  e q .  9 . 1 . 7 9 )  w e  c a n  e x p r e s s  t h e  g e n e r a l  
s o l u t i o n  i n  t e r m s  o f  t h e  n e w  c o - o r d i n a t e s  (p»<|>). W e  f i n d  t h a t  t h e r e  
a r e  t w o  d i s t i n c t  c a s e s :
m
( 4 . 3 )
00
( 4 . 4 )
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If p < d then
E =  I  V k p )  +  Qm c o s ( m < j > )
m=-<»
05 #
w i t h
a n d
P m =  I  -  /  n  < k d > c o s  
n - 0  m +
Qm = L  - °m+ n <kd>sinn=u m+
(4.5a)
n¥
X
Hit
~ T
a n d  i n  t h e  s e c o n d  c a s e  p  >  d  g i v i n g :
00 +00
E  =  n L  J  A " J m ( k d ) J m , n  ( k p ) e x p  n = u  m = - ° °  m +
m + ( 4 . 5 b )
E q u a t i o n  ( 4 . 5 b )  s t i l l  h a s  c y l i n d r i c a l  w a v e f u n c t i o n s  o f  h a l f - i n t e g r a l  
o r d e r .  E q u a t i o n  ( 4 . 5 a )  n o w  h a s  c y l i n d r i c a l  w a v e f u n c t i o n s  o f  i n t e g r a l  
o r d e r  o n l y .  T h e  p o i n t  t o  n o t i c e  i s  t h a t  t h i s  l a t t e r  e q u a t i o n  a p p l i e s  
t o  a  r e g i o n  w h i c h  i s  s o u r c e - f r e e  i n s i d e  a  c i r c l e  c e n t r e d  a t  t h e  
o r i g i n .
A  s i m i l a r  s i t u a t i o n  p r e v a i l s  w h e n  w e  c o n s i d e r  t h e  f i e l d  d u e  t o  
a  c y l i n d e r  a s  i n  F i g u r e  4 . 2 .  S i n c e  E =  0  a t  i t s  s u r f a c e  w e  m a y  u s e  
G r e e n ' s  t h e o r e m  i n  t h e  f o r m :
E ( P )
a E
a n
s u r f a c e
d l ( 4 . 5 )
with +eo
G = - i  HT ) ( kr) = - i  I HF 4 kR)Jra(kp)exp(j ra(e - *))m=-«
(4 .7 )
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w h e r e  w e  h a v e  a s s u m e d  h a r m o n i c  t i m e  d e p e n d e n c e .  T h e  j u s t i f i c a t i o n  
f o r  u s i n g  t h e  t h e o r e m  f o r  a  f i e l d  p o i n t  o u t s i d e  t h e  c l o s e d  s u r f a c e  
o f  i n t e g r a t i o n  i s  g i v e n  i n  a  l a t e r  c h a p t e r .
T h e  t r a n s f o r m a t i o n  o f  t h e  G r e e n ' s  f u n c t i o n  i n  e q .  ( 4 . 7 )  s h o w s  
t h a t  t h e  s c a t t e r e d  f i e l d  c o n s i s t s  e n t i r e l y  o f  o u t g o i n g  c y l i n d r i c a l  
w a v e s  o f  i n t e g e r  o r d e r .  T h i s  f o r m  i s  o n l y  v a l i d  i f  R >  p .  T h i s  
w i l l  o n l y  c e r t a i n l y  b e  t h e  c a s e  f o r  a l l  p o i n t s  o n  t h e  s c a t t e r e r  i f  
t h e  f i e l d  p o i n t  l i e s  o u t s i d e  t h e  s m a l l e s t  c i r c l e  e n c l o s i n g  t h e  
s c a t t e r e r  a n d  c e n t r e d  a t  t h e  o r i g i n .  O t h e r w i s e ,  t h e  s c a t t e r e d  f i e l d  
m a y  c o n t a i n  i n c o m i n g  c y l i n d r i c a l  w a v e s .  ( S e e  n e x t  s e c t i o n ) , I t  s h o u l d  
b e  n o t e d  t h a t  a l l  t h e  m o d e s  i n  e q .  ( 4 . 7 )  a r e  o f  i n t e g e r  o r d e r .
T h e r e f o r e ,  w e  c o n c l u d e  t h a t  t h e  r e p r e s e n t a t i o n  ( 4 . 2 )  o f  t h e  
g e n e r a l  s o l u t i o n  t o  e q .  ( 4 . 1 )  m a y  b e  u s e d  i n  s o u r c e - f r e e  r e g i o n s  
b o u n d e d  b y  c i r c l e s ,  e v e n  w h e n  t h e r e ’ a r e  s o u r c e s  p r e s e n t  e l s e w h e r e .
§ 4 . 2  T h e  R a y l e i g h  H y p o t h e s i s
I n  e q u a t i o n  ( 4 . 6 )  t h e  n o r m a l  d e r i v a t i v e  o f  t h e  f i e l d  d e p e n d s  
o n  t h e  s u r f a c e  c u r r e n t  o n  t h e  s c a t t e r e r .  E q u a t i o n  ( 4 . 7 )  i n d i c a t e s  
t h a t  o u t s i d e  t h e  e n c l o s i n g  c i r c l e ,  t h e  f i e l d  w h i c h  t h e  c u r r e n t  
p r o d u c e s  m a y  b e  r e p r e s e n t e d  a s  a  s u m  o f  p u r e l y  o u t g o i n g  c y l i n d r i c a l  
w a v e s .  I f  o n e  w i s h e s  t o  s o l v e  t h e  b o u n d a r y  c o n d i t i o n  p r o b l e m ,  t h e n  
o n e  r e q u i r e s  a n  e x p r e s s i o n  f o r  t h e  s c a t t e r e d  f i e l d  a t  t h e  s u r f a c e  
o f  t h e  b o d y .  T h e  s u p p o s i t i o n  t h a t  t h e  f o r m :
E S C a t  =  + I  B n H g ) ( k r ) e x p ( j  n  e )  ( 4 . 8 )
n=-eo
i s  v a l i d  n o t  o n l y  o u t s i d e  t h e  e n c l o s i n g  c i r c l e ,  b u t  a l s o  r i g h t  u p  
t o  t h e  s u r f a c e  o f  t h e  s c a t t e r e r  i s  k n o w n  a s  t h e  R a y l e i g h  h y p o t h e s i s .
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I n  f a c t  i t  i s  n o t  a l w a y s  v a l i d .  T h e  c o n d i t i o n s  u n d e r  w h i c h  i t  i s  
v a l i d  h a v e  b e e n  g i v e n  b y  V a n  d e n  B e r g  a n d  F o k k e m a  i n  r e f e r e n c e  1 0 .  
w h o  a l s o  g i v e  a n  e x t e n s i v e  b i b l i o g r a p h y  o f  w o r k  o n  t h e  R a y l e i g h  
h y p o t h e s i s .
T h o s e  c o n d i t i o n s  m a y  u s e f u l l y  b e  s u m m a r i s e d .  I n  c y l i n d r i c a l  
p o l a r  c o - o r d i n a t e s  t h e  c r o s s - s e c t i o n  o f  t h e  s c a t t e r e r  i s  g i v e n  b y  
p  =  p ( 0 )  w i t h  b o t h  e  a n d  p  r e a l .  T h e  r a d i u s  o f  t h e  l a r g e s t  i n s c r i b e d  
c i r c l e  ( i . e .  t h e  m i n i m u m  v a l u e  o f  p  f o r  6 i n  t h e  r a n g e  0 - 2 i r )  i s  r f f l £ .
V a n  d e n  B e r g  a n d  F o k k e m a  a l l o w  e  t o  t a k e  c o m p l e x !  v a l u e s  a n d  
b y  a n  a r g u m e n t  c o n c e r n i n g  t h e  c o n v e r g e n c e  o f  s e r i e s  t h e y  f i n d  t h a t  
t h e  R a y l e i g h  h y p o t h e s i s  h o l d s  i f  a n d  o n l y  i f
l ( r min/ p ( V > e x p ( j 0 p) l  > 1 
w h e r e  0 =  i f  • * -
( i )  - g f  =  j p  w i t h  l m ( 0 )  <  0 
o r  ( i i )  0 i s  a  n o n - a n a l y t i c  p o i n t  o f  p ( e )
r
o r  ( i i i )  0 i s  a  z e r o  o f  p ( 0 )
r
T h e r e  i s  n o  i m m e d i a t e l y  o b v i o u s  p h y s i c a l  i n t e r p r e t a t i o n  o f  
t h i s  c o n d i t i o n .
I t  i s  e a s y  t o  s e e  p h y s i c a l l y  w h y  t h e  R a y l e i g h  h y p o t h e s i s  i s  
n o t  v a l i d .  R e f e r  t o  F i g u r e  4 . 3 .  I f  t h e  f i e l d  p o i n t  i s  a t  P t h e n
t h e r e  a r e  p a r t s  o f  t h e  s c a t t e r e r  s u c h  a s  S  w h i c h  a r e  ' o u t s i d e  o f '  P  -
i . e .  f u r t h e r  f r o m  t h e  o r i g i n .  A n y  r a d i a t i o n  a t  P d u e  t o  c u r r e n t  a t  
S  w i l l  b e  i n c o m i n g  a n d  n o t  r e p r e s e n t a b l e  i n  t h e  f o r m  o f  e q .  ( 4 . 8 ) .
I t  h a s  b e e n  s h o w n  b y  M i l l a r  ( r e f e r e n c e  4 2  a n d  i t s  b i b l i o g r a p h y )  t h a t  
t h e  R a y l e i g h  h y p o t h e s i s  i s  v a l i d  i f  t h e  s i n g u l a r i t i e s  o f  t h e  s c a t t e r e r  
f i e l d  l i e  w i t h i n  t h e  l a r g e s t  c i r c l e  e n c l o s e d  b y  t h e  s c a t t e r i n g  c o n t o u r
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a n d  c e n t r e d  u p o n  t h e  o r i g i n  ( s h a d e d  i n  F i g u r e  4 . 3 ) .  S i n c e  i n  
g e n e r a l  w e  k n o w  o n l y  t h a t  t h e  s i n g u l a r i t i e s  a r e  c o n t a i n e d  w i t h i n  t h e  
s c a t t e r i n g  c o n t o u r ,  w e  c a n  o n l y b e ^ . s u r e  t h a t  e q . ( 4 . 8 )  i s  a  v a l i d  f o r m  
o u t s i d e  t h e  l a r g e s t  e n c l o s i n g  c i r c l e .
F u r t h e r m o r e ,  a c c o r d i n g  t o  V a n  D e n  B e r g  a n d  F o k k e m a ,  t h e  
R a y l e i g h  h y p o t h e s i s  i s  n e v e r  v a l i d  f o r  a  b o d y  w i t h  e d g e s .  A g a i n ,  
t h i s  i s  e a s i l y  s e e n  p h y s i c a l l y ,  a t  l e a s t  a t  h i g h  f r e q u e n c i e s .  
A c c o r d i n g  t o  t h e  G T D  c o n c e p t  t h e  e d g e  w i l l  r a d i a t e  a  d i f f r a c t e d  
f i e l d .  T o p o l o g i c a l l y  t h e r e  w i l l  b e  p o i n t s  f o r  w h i c h  t h e  e d g e  
d i f f r a c t e d  r a y s  w i l l  p o i n t  i n w a r d ,  f r o m  w h i c h  t h e  c o n c l u s i o n  
f o l l o w s .
T h u s ,  w e  h a v e  t o  c o n s i d e r  t h e  p r o b l e m  t h a t  w e  m a y  w i s h  t o  
d e a l  w i t h  s c a t t e r i n g  c r o s s - s e c t i o n s  f o r  w h i c h  t h e  R a y l e i g h  h y p o ­
t h e s i s  d o e s  n o t  h o l d .  O n e - w a y  o f  o v e r c o m i n g  t h i s  p r o b l e m  i s  t o  u s e  
t h e  a n a l y t i c  c o n t i n u a t i o n  m e t h o d  o f  W i l t o n  a n d  M i t t r a  ( r e f e r e n c e
(i d ).
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W I L T O N  A N D  M I T T R A
§ 5 . 1  T h e  m e t h o d  w a s  f i r s t  o u t l i n e d  i n  a  p a p e r  ( r e f e r e n c e  1 1 )  
p u b l i s h e d  i n  1 9 7 2 .  T h e  w o r k  h a d  i t s  r o o t s  i n  a  p a p e r  p u b l i s h e d  o n  
t h e  i n v e r s e - s c a t t e r i n g  p r o b l e m  i n  1 9 7 0  ( r e f e r e n c e  1 2 ) .  I t  t a k e s  a s  
i t s  u n k n o w n s  t h e  c o e f f i c i e n t s  d e s c r i b i n g  t h e  f i e l d s ,  w h i c h  i s  a  m o r e  
d i r e c t  a p p r o a c h  t h a n  c a l c u l a t i n g  s u r f a c e  c u r r e n t s  a s  i s  d o n e  i n ,  
f o r  e x a m p l e ,  w i r e  m o d e l l i n g  t e c h n i q u e s .
T h e  i n c i d e n t  a n d  s c a t t e r e d  f i e l d s  a r e  e x p r e s s e d  a s  a  s u m  o f  
t h e  f u n d a m e n t a l  m o d e s  ( e q .  4 . 2 ) .  T h e  c o e f f i c i e n t s  o f  t h e  s c a t t e r e d  
f i e l d  a r e  t h e  u n k n o w n s .  T h e  s e r i e s ,  w h i c h  c o n t a i n  a n  i n f i n i t e  
n u m b e r  o f  t e r m s ,  a r e  t r u n c a t e d  s o  t h a t  o n l y  t h e  f i n i t e  n u m b e r  o f  
s i g n i f i c a n t  f i e l d  c o e f f i c i e n t s  r e m a i n .  A  s y s t e m  o f  s i m u l t a n e o u s  
l i n e a r  e q u a t i o n s  i s  o b t a i n e d  b y  a p p l y i n g  t h e  b o u n d a r y  c o n d i t i o n s  a t  
a  n u m b e r  o f  p o i n t s  o n  t h e  s u r f a c e  o f  t h e  s c a t t e r i n g  b o d y .  H o w e v e r ,  
a s  w a s  i n d i c a t e d  i n  t h e  p r e v i o u s  c h a p t e r ,  t h e  s e r i e s  o f  m o d e s  m a y  
n o t  c o n v e r g e  n e a r  o r  a t  t h e  s u r f a c e  o f  t h e  s c a t t e r e r .  T h e  m e t h o d  
d e s c r i b e d  a b o v e  c a n  o n l y  b e  u s e d  f o r  a  s c a t t e r e r  w h o s e  c r o s s -  
s e c t i o n  d o e s  n o t  d e p a r t  s i g n i f i c a n t l y  f r o m  b e i n g  c i r c u l a r .  ( S e e  
r e f e r e n c e  1 1  o n  ' M o d e  M a t c h i n g  o f  f i e l d s ' ) .
F o l l o w i n g  W i l t o n  a n d  M i t t r a ,  w e  w i l l  n o w  s h o w  h o w  a  B e s s e l  
f u n c t i o n  a d d i t i o n  t h e o r e m  m a y  b e  u s e d  t o  d e s c r i b e  t h e  f i e l d  r e l a t i v e  
t o  a  n e w  o r i g i n  i n  a  f o r m  w h i c h  w i l l  b e  v a l i d  a t  t h e  s u r f a c e  o f  t h e  
s c a t t e r e r .  T h i s  h a v i n g  b e e n  d o n e ,  t h e  b o u n d a r y  c o n d i t i o n s  m a y  b e  
u s e d .  W i l t o n  a n d  M i t t r a  g a v e  t w o  v e r s i o n s  o f  t h e  p r o c e d u r e .  W h a t  
f o l l o w s  i s  t h e  s e c o n d  v e r s i o n  w h i c h  t h e y  c a l l  t h e  ' i n s i d e  e x p a n s i o n ' .
CHAPTER 5: ANALYTICAL CONTINUATION METHOD OF
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F o r  t h e  t r a n s v e r s e  m a g n e t i c  c a s e  w e  c a n  w o r k  w i t h  t h e  z -  
c o m p o n e n t  o f  t h e  e l e c t r i c  f i e l d  o n l y ,  w h i c h  m u s t  b e  z e r o  a t  t h e  
s u r f a c e  o f  t h e  s c a t t e r e r .  W e  w r i t e :
E =  I  ( A m H i P H k P )  +  B m H i , 2 R k P ) ) e x P U  m  * )  ( 5 . 1 )m=-oo
W i t h  t h e  t i m e  d e p e n d e n c e  o f  e x p ( j  m t ) t h e  B c o e f f i c i e n t s  d e s c r i b e  
t h e  o u t g o i n g  p a r t  o f  t h e  f i e l d ,  a n d  t h e  A  c o e f f i c i e n t s  t h e  i n c o m i n g  
p a r t .  I t  s h o u l d  b e  n o t e d  t h a t  t h e s e  c a n n o t  b e  d i r e c t l y  i d e n t i f i e d  
w i t h  t h e  s c a t t e r e d  a n d  i n c i d e n t  f i e l d s .  I t  i s  t r u e  t h a t  t h e  
s c a t t e r e d  f i e l d  o u t s i d e  t h e  e n c l o s i n g  c i r c l e  i s  e n t i r e l y  o u t g o i n g ,  
b u t  t h e  i n c i d e n t  f i e l d  w i l l  u s u a l l y  c o n s i s t  o f  e q u a l  i n c o m i n g  a n d  
o u t g o i n g  p a r t s .  F o r  t h e  m o m e n t  h o w e v e r ,  w e  w i l l  r e g a r d  t h e  B 
c o e f f i c i e n t s  a s  e n t i r e l y  u n k n o w n .
U s i n g  t h e  G r a f  a d d i t i o n  t h e o r e m  w e  m a y  t r a n s f e r  t h e  o r i g i n  o f  
c o - o r d i n a t e s  f r o m  0  t o  0 :  s e e  F i g u r e  5 . 1 .  I f  0  l i e s  o u t s i d e  t h e  
e n c l o s i n g  c i r c l e  t h e n  R i s  a l w a y s  g r e a t e r  t h a n  p ,  a n d  t h e  f o r m  o f
t h e  a d d i t i o n  t h e o r e m  w h i c h  i s  a p p r o p r i a t e  i s :
H | R ) ( 2 ) ( k p ) e x p ( j  m U  -  e ) )  =  I  H ^ ( 2 ) ( k R ) J n ( k p ) e x p ( j  n ( e  +  i r  -  $ ) )
n = - o o
( 5 . 2 )
+00
H ( / ) ( 2 ) ( k p ) e x p ( j  m  4, )  =  £  H ( 1 ) ( 2 ) ( k R ) J  ( k p ) e x p ( j ( m  +  n ) e )  *
m n=_03 m + n  n
§5.2 Transverse Magnetic Polarisation
• e x p ( j  n ( i r  -  D ) ( 5 . 3 )
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S u b s t i t u t i n g  e q .  ( 5 . 3 )  i n t o  e q .  ( 5 . 1 )  t h e  b o u n d a r y  c o n d i t i o n  a t  t h e  
1 t h  b o u n d a r y  p o i n t  m a y  b e  w r i t t e n :
°(Jn(l<Pi)exp(j(m + n)e.)exp(j n(ir - fa))) = 0
T h e  e q u a t i o n s  ( 5 . 4 )  a r e  s e t  u p  f o r  a  s u f f i c i e n t  n u m b e r  o f  b o u n d a r y  
p o i n t s  t o  d e t e r m i n e  o r  o v e r d e t e r m i n e  t h e  u n k n o w n  B s  ( i n  a  l e a s t  
s q u a r e s  s e n s e ) .
N o t e  t h a t  t h e  r a d i a l  p a r t  o f  t h e  f i e l d  i n  t h e  n e w  c o - o r d i n a t e  
s y s t e m  i s
J n ( k p p  = 4  +
w h i c h  c o n s i s t s  o f  a n  e q u a l  m i x t u r e  o f  i n c o m i n g  a n d  o u t g o i n g  p a r t s .  
T h i s  i s  b e c a u s e  t h e  f i e l d  c a n  h a v e  n o  s i n g u l a r i t i e s  i n  f r e e  s p a c e  
a n d  t h e  H ( 1 ) ( k p 1- )  a n d  t h e  H ( 2 ) ( k f a )  m u s t  o c c u r  i n  t h e  c o m b i n a t i o n  
w h i c h  p r e v e n t s  t h i s .  T h i s  w i l l  b e  e x p r e s s e d  l a t e r  b y  s a y i n g  t h a t  
t h e  s c a t t e r i n g  m a t r i x  o f  f r e e  s p a c e  i s  t h e  i d e n t i t y  m a t r i x .
C o n s i d e r  t h e  l a r g e s t  c i r c l e  c e n t r e d  o n  t h e  n e w  o r i g i n  a n d  
e x c l u d i n g  t h e  s c a t t e r e r .  I f  t h e  c i r c l e  j u s t  t o u c h e s  t h e  s c a t t e r e r  
a t  t h e  i t h  b o u n d a r y  p o i n t ,  t h e n  t h e  c i r c l e  m u s t  b e  t a n g e n t i a l -  t o  t h e  
s c a t t e r i n g  s u r f a c e  a t  t h a t  p o i n t ,  i . e .  t h e  t r a n s l a t e d  o r i g i n  m u s t  
l i e  o n  a  n o r m a l  t o  t h e  s c a t t e r i n g  s u r f a c e .  T h e  v a l u e  o f  R m u s t  b e  
s u f f i c i e n t l y  l a r g e  t h a t  s o m e  p a r t  o f  t h e  ' e x c l u d i n g '  c i r c l e  l i e s  
o u t s i d e  t h e  e n c l o s i n g  c i r c l e .  A g a i n  R m u s t  n o t  b e  s o  l a r g e  t h a t  
t h e  c o n v e r g e n c e  o f  t h e  s e r i e s  i s  p o o r .  W i t h i n  t h e s e  c o n s t r a i n t s ,  
t h e  p o s i t i o n  o f  t h e  t r a n s l a t e d  o r i g i n  i s  a r b i t r a r y .
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§5.3 Transverse Electric Polarisation
T h i s  w a s  n o t  e x p l i c i t l y  c o n s i d e r e d  i n  r e f e r e n c e  ( 1 1 )  n o r  i n  
M u n r o ' s  w o r k  ( r e f e r e n c e s  ( 1 3 )  a n d  ( 1 4 ) ) .  A  m e n t i o n  w a s  m a d e  i n  
r e f e r e n c e  1 5 .  A s  b e f o r e ,  w e  n e e d  w o r k  w i t h  a  s c a l a r  f i e l d  o n l y ,  
b u t  t h e  a p p l i c a t i o n  o f  t h e  b o u n d a r y  c o n d i t i o n  i s  m u c h  m o r e  c o m p l i c ­
a t e d  t h a n  i n  t h e  T M  c a s e ;  W e  w r i t e  f o r  t h e  z  c o m p o n e n t  o f  t h e  
m a g n e t i c  f i e l d :
S i n c e  w e  h a v e  f r a m e d  t h e  b o u n d a r y  c o n d i t i o n s  i n  t e r m s  o f  t h e  
e l e c t r i c  f i e l d  w e  m u s t  o b t a i n  £  b y  d i f f e r e n t i a t i n g  e q .  ( 5 . 5 )  i . e .
( T h e  d o t  * i m p l i e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  a r g u m e n t ) .
F o r  a  p e r f e c t  c o n d u c t o r ,  t h e  b o u n d a r y  c o n d i t i o n  1 . 1  c a n  b e  
w r i t t e n  E > t  =  0  w h e r e  t  i s  t h e  u n i t  t a n g e n t  v e c t o r .  T h a t  i s ,  t h e  
t a n g e n t i a l  c o m p o n e n t  o f  t h e  f i e l d  z e r o  a t  t h e  s c a t t e r e r ,  n o t  t h e
b e  s e e n  i n  t h e  e x t e n s i o n  o f  t h e  m e t h o d  i n t o  t h r e e  d i m e n s i o n s .  N o w :
H " I (AmHm 4 kp) + BmHm2)(ke))exP(J 1,1 *) (5-5)
m = - « >
w i t h  £  =  H k
i . e .
s o  t h a t
a n d
E* = ' f e  J  k(AnA!l)(kp) +  V f e f e p H e x p f j  m  + )  ( 5 . 7 )
t r a n s v e r s e  c o m p o n e n t  ( i . e .  E f e .  T h i s  i s  n o t  a  t r i v i a l  p o i n t i . a s - w i l l
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1  1 d p  ^ 2
t “ 4 p + *
S o  t h e  b o u n d a r y  c o n d i t i o n  b e c o m e s
^■3?Ep + E* = ° ' (5-8>
I f  t h e  s c a t t e r e r  w e r e  ' l a r g e '  i n  t e r m s  o f  w a v e l e n g t h s ,  a n d  w i t h  a
s u r f a c e  w i t h  a  l o w  c u r v a t u r e ,  t h e n  -  4 r  «  1 a n d  w e  w o u l d  b e  a b l e
p
t o  u s e  t h e  s i m p l e r  b o u n d a r y  c o n d i t i o n  =  0 .  H o w e v e r , - - i n  g e n e r a l :
—j“ 00 t
I  < A m H m 1 ) f k p )  +  B m H m 2 ) ( k p ) ) e x p ( j  m  * )m=-oo p r
" \  ( V Hm-l(kp) ' Hm+l(kp)) + Bm(Hil-](kp) ' Hm+1 (kp))exP(J m 4)
=  0 '  '  ‘  ( 5 . 9 )
w h e r e  w e  h a v e  u s e d :
H,< 1 ) ( 2 ) ( k p )  =  {  ( H r i | ( 2 ) ( k p )  -  H P j ( 2 ) ( k p ) )
E q u a t i o n  ( 5 . 9 )  c a n  n o w  b e  p u t  i n t o  a  c o n v e r g e n t  f o r m  b y  t h e  u s e  o f  
e q .  ( 5 . 3 )  a n d  a p p l i e d  a t  a  n u m b e r  o f  p o i n t s  o n  t h e  s c a t t e r e r .  T w o  
p o i n t s  a b o u t  t h e  n u m e r i c a l  i m p l e m e n t i o n  s h o u l d  b e  n o t e d  h e r e :
1 .  I n  t h e  a l g e b r a  t h e  i n f i n i t e  l i m i t s  h a v e  b e e n  l e f t  o n  t h e  
s u m m a t i o n  s i g n s .  I n  p r a c t i c e  t h e  s u m s  m u s t  b e  t r u n c a t e d .
W i l t o n  a n d  M i t t r a  s t a t e  t h a t  t e r m s  u p  t o  a b o u t  o r d e r  k ( R  +  P c j r c i e ) 
s h o u l d  b e  i n c l u d e d .  T h i s  i s  e a s y  t o  u n d e r s t a n d  p h y s i c a l l y  i f  w e  
c o n s i d e r  s c a t t e r i n g  b y  a n  o b j e c t  w h o s e  l a r g e s t  d i m e n s i o n  i s  D .  
E l e m e n t a r y  d i f f r a c t i o n  t h e o r y  t e l l s  u s  t h a t  t h e  s m a l l e s t  d e t a i l
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o n  t h e  r e s u l t i n g  p a t t e r n  w i l l  b e  o f  o r d e r  ( w a v e l e n g t h / D )  =  1 / D
r a d i a n s .  A  m o d e  o f  o r d e r  N c a n  r e g i s t e r  d e t a i l ,  o f  o r d e r  ( 2 n / N )
f r o m  w h i c h  N m a x  £  2 ttD ,  w i t h  R  +  P c j r c - | e  a s  a  m e a s u r e  o f  t h e  
m a x i m u m  e x t e n t  o f  t h e  s y s t e m  i n  t h e  t r a n s l a t e d  c o - o r d i n a t e  
s y s t e m .
2 .  T h e  t h e o r y  g i v e s  n o  i n d i c a t i o n  o f  h o w  t o  c h o o s e  t h e  ' b e s t '
l o c a t i o n s  o f  t h e  b o u n d a r y  p o i n t s .
H e u r i s t i c a l l y ,  a n  e v e n  s p a c i n g  o f  p o i n t s  w i t h  a  h i g h e r  c o n c e n ­
t r a t i o n  o n  r e g i o n s  o f  t h e  s c a t t e r e r  w h e r e  • p - 1  i s  n o t  s m a l l ,  
w o u l d  s e e m  r e a s o n a b l e .  A  f i r s t  s t e p  t o  a  r i g o r o u s  s o l u t i o n  w o u l d  b e  
t h e  f o r m u l a t i o n  o f  a  c r i t e r i o n  t o  d e c i d e  w h a t  i s  i m p l i e d  b y  ' b e s t '  
i n  t h i s  c o n t e x t .
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A N D  I N T R O D U C T I O N  J O  T H E  T H R E E  D I M E N S I O N A L  
P R O B L E M
§ 6 . 1  T h e  H i g h  F r e q u e n c y  L i m i t
I n  t h i s  l i m i t ,  t h e  s c a t t e r e r  b e c o m e s  e x t r e m e l y  l a r g e  ( i n  
t e r m s  o f  w a v e l e n g t h s )  a n d  i n  t h e  l i m i t  a n  i n f i n i t e  n u m b e r  o f  
b o u n d a r y  p o i n t s  w i l l  b e  r e q u i r e d  t o  s p e c i f y  a  s c a t t e r e r  o f  f i x e d  
p h y s i c a l  s i z e .  C l e m m o w  a n d  W e s t o n  ( r e f e r e n c e s  1 7  a n d  1 8 )  c o n s i d e r e d  
t h e  d i f f r a c t i o n  o f  a  p l a n e  w a v e  b y  c i r c u l a r  a n d  a l m o s t - c i r c u l a r  
c y l i n d e r s .  I n  r e f e r e n c e  ( 1 8 )  i t  i s  s h o w n  h o w  f o r  a  s c a t t e r e r  w h o s e  
s u r f a c e  w a s  s p e c i f i e d  i n  t e r m s  o f  a  c o n t i n u o u s  f u n c t i o n  i t  w a s  
p o s s i b l e  t o  i d e n t i f y  s h a d o w  z o n e s ,  c r e e p i n g  r a y s  e t c .  a s  l e a d i n g  
t e r m s  i n  t h e  a s y m p t o t i c  e x p a n s i o n  o f  t h e  s o l u t i o n .  T h u s ,  i n  t h i s  
s e n s e , t h e  h i g h  f r e q u e n c y  l i m i t  o f  t h e ' m o d a l  e x p a n s i o n  m e t h o d  i s  
G e o m e t r i c a l  O p t i c s / G D T .
I t  i s  f a l l a c i o u s  t o  b e l i e v e  t h a t :  ( C h i g n e l l  r e f e r e n c e  ( 1 6 )  
1 9 7 6 )  ' . . .  a t  h i g h  f r e q u e n c i e s  t h e  p l a n e  w a v e  s p e c t r u m  a p p r o a c h  
n a t u r a l l y  b e c o m e s  t h e  a s y m p t o t i c  m e t h o d  g e n e r a l l y  k n o w n  a s  t h e  
G e o m e t r i c a l  T h e o r y  o f  D i f f r a c t i o n .  I n  t h i s  m a n n e r  t h e  m o d a l  
s c a t t e r i n g  d e s c r i p t i o n  o f  t h e  r e s o n a n t  f r e q u e n c y  r a n g e  n a t u r a l l y  
t u r n s  i n t o  t h e  h i g h  f r e q u e n c y  o p t i c a l  t e c h n i q u e ' .
f o r  t h e  r e a s o n s  g i v e n - . i n  ^ . C h a p t e r  T h r e e ;  ' - A  . p l a n e  w a v e  i s  n o t  
t h e  s a m e  a s  a  r a y .  A  p l a n e  w a v e  h a s  n o  s p e c i f i c  l o c a t i o n  i n  s p a c e ,  
o n l y  a  s p e c i f i c  d i r e c t i o n ,  w h e r e a s  a  r a y  h a s  b o t h .  W h i l e  a  p l a n e  
w a v e  s p e c t r u m  t h e o r y  w i l l  g i v e  t h e  s a m e  r e s u l t s  a s  G T D  i n  r e g i o n s  
w h e r e  b o t h  t h e o r i e s  a r e  v a l i d ,  i t  i s  b e l i e v e d  t h a t  t h e  c o r r e s p o n d ­
e n c e  i s  b y  n o  m e a n s  a s  d i r e c t  a s  t h e  a b o v e  r e m a r k  w o u l d  s u g g e s t .
CHAPTER 6: COMMENTS ON THE MODAL EXPANSION METHOD
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A  c o m m o n l y  u s e d  t e c h n i q u e  f o r  s o l v i n g  a n t e n n a  p r o b l e m s  i s  t h e  
w i r e  g r i d  m o d e l l i n g  t e c h n i q u e ,  w h e r e  t h e  s t r u c t u r e  i s  r e p l a c e d  b y  
a  m e s h  o f  w i r e s  a n d  t h e  u n k n o w n s  a r e  t h e  c u r r e n t s  c a r r i e d  b y  t h e  
w i r e s .  T h e  c u s t o m a r y  a s s u m p t i o n  i s  t h a t  t h e  c i r c u m f e r e n t i a l  v a r i a t ­
i o n  o f  t h e  l o n g i t u d i n a l  c u r r e n t  c a n  b e  i g n o r e d  ( r e f e r e n c e  2 0 ) .  T h e  
. i m p l i c a t i o n  o f  t h i s  f o r  a  m o d e l  o f  a  c y l i n d r i c a l  T M  s c a t t e r e r  i s  
t h a t  i f  t h e  l o n g i t u d i n a l  c u r r e n t  i s  c o n s t a n t  a r o u n d  t h e  c i r c u m ­
f e r e n c e ,  t h e n  t h e  r a d i a t i o n  o f  a  s i n g l e  w i r e  i s  i s o t r o p i c  a n d  
d e p e n d s  o n  a  s i n g l e  ( c o m p l e x )  c o n s t a n t .  T h e  f i e l d  d u e  t o  a  c o l l e c t ­
i o n  o f  N s u c h  w i r e s  f o r  t h e  T r a n s v e r s e  M a g n e t i c  P o l a r i s a t i o n  i s
§6.2 The Low Frequency Limit
w h e r e  ( r n > Q n )  a r e  T h e  c o - o r d i n a t e s  o f  t h e  c e n t r e  o f  t h e  n t h  w i r e .  
U s i n g  t h e  G r a f  a d d i t i o n  t h e o r e m  t h i s  c a n  b e  w r i t t e n  a s :
t i +03 . . ^  N '
E b c a  _  £  H U ) ( k r ) e x p ( j  m  g )  £  A  0 ( k r  ) e x p ( -  j  m  e  )
m=-°° kn=l
(6.2)
w h i c h  i s  o f  t h e  f o r m  o f  e q .  ( 4 . 8 ) .  T h e  a d d i t i o n  t h e o r e m  i s  v a l i d  
i f  r  >  r  f o r  a l l  n .  T h u s  i n  t h i s  s i m p l e  i n s t a n c e  t h e  w i r e  g r i d  
m o d e l  i s  c o n s i s t e n t  w i t h  t h e  c o n c e p t  o f  a  s c a t t e r e d  f i e l d  w h i c h  c a n  
b e  w r i t t e n  a s  a  s u m  o f  o u t g o i n g  c y l i n d r i c a l  w a v e s  f o r  f i e l d  p o i n t s  
o u t s i d e  t h e  s m a l l e s t  e n c l o s i n g  c i r c l e .
§ 6 . 3  T h e  T h r e e  D i m e n s i o n a l  P r o b l e m
S c a t t e r i n g  f r o m  a  g e n e r a l  t h r e e  d i m e n s i o n a l  b o d y  i s  a n  e x t r e m ­
e l y  c o m p l i c a t e d  p r o b l e m .  G e n e r a l  s o l u t i o n s  t o  M a x w e l l ' s  e q u a t i o n s
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i n  s p h e r i c a l  p o l a r  c o - o r d i n a t e s  c a n  b e  f o u n d  i n  t e r m s  o f  S p h e r i c a l  
H a n k e l  f u n c t i o n s  a n d  s p h e r i c a l  h a r m o n i c s ,  a n d  m o d a l  s o l u t i o n s  c a n  
b e  s e t  u p .  I t  c a n  b e  p o s t u l a t e d  t h a t  a  t h r e e  d i m e n s i o n a l  a n a l o g y  t o  
t h e  i n v a l i d i t y  o f  t h e  R a y l e i g h  h y p o t h e s i s  e x i s t s ,  w h i c h  c o u l d  i n  
p r i n c i p l e  b e  t r e a t e d  b y  t h e  a n a l y t i c  c o n t i n u a t i o n  p r o c e d u r e ,  a s  
s u g g e s t e d  b y  C h i g n e l l  i n  1 9 7 6 .  T h i s  h a s  n o t  b e e n  c o n s i d e r e d  h e r e .
A  f u r t h e r  c o m p l i c a t i o n  w i t h  t h e  t h r e e  d i m e n s i o n a l  p r o b l e m  i s  t h a t  
t h e - n u m b e r  o f  m o d e s  n e e d e d  i n c r e a s e s  q u a d r a t i c a l l y  w i t h  t h e  m a x i m u m  
o r d e r  o f  H a n k e l  f u n c t i o n  u s e d ,  r a t h e r  t h a n  l i n e a r l y .  T h u s  f o r  a  
f i x e d  c o m p u t i n g  c a p a c i t y  t h e  l a r g e s t  t h r e e  d i m e n s i o n a l  p r o b l e m  w i l l  
b e  m u c h  s m a l l e r  t h a n  t h e  l a r g e s t  t w o  d i m e n s i o n a l  p r o b l e m .  F o r  t h i s  
r e a s o n ,  C h i g n e l l ,  M u n r o  a n d  G r i b b l e  r e s t r i c t  t h e i r  a t t e n t i o n  t o  
s c a t t e r i n g  f r o m  ( p e r f e c t l y  c o n d u c t i n g )  b o d i e s  o f  r e v o l u t i o n .  I t  
c o u l d  b e  a n t i c i p a t e d  t h a t  a s  o n e  d i m e n s i o n  i s  ' r e d u n d a n t '  i n  d e t e r m ­
i n i n g  t h e  s h a p e  o f  s u c h  a  b o d y ,  t h e n  t h e  p r o b l e m  c o u l d  b e  r e d u c e d  
t o  a  q u a s i - t w o  d i m e n s i o n a l  o n e .
C h i g n e l l  b a s e d  h i s  w o r k  o n  t h e  f o l l o w i n g  h y p o t h e s i s  ( q u o t e d  
f r o m  r e f e r e n c e  1 6 ( c ) ) :
' H e r e  t h e  a s s u m p t i o n  o f  a  c y l i n d r i c a l  s c a t t e r e r  o r  q u a s i -  
c y l i n d r i c a l  s c a t t e r e r  i s  m o s t  i m p o r t a n t .  T h e  p o i n t  i s  t h a t  i f  a  
m o d e  i s . . i n c i d e n t  u p o n  t h e  o r i g i n ,  t h e n  t h e  e n e r g y  i n c i d e n t  o n  a  
p a r t i c u l a r  <j> p l a n e  i s  s c a t t e r e d  i n  t h a t  p l a n e .  T h i s  m e a n s  t h a t  t h e  
p r o b l e m  c a n  e s s e n t i a l l y  b e  r e d u c e d  t o  t w o  d i m e n s i o n s . . . . '
T h e  j u s t i f i c a t i o n  f o r  t h i s  s t a t e m e n t  s e e m s  t o  l i e  i n  t h e  w o r k  
o f  G a r b a c z  a n d  T u r p i n ,  a n d  H a r r i n g t o n  a n d  M a u t z  ( r e f e r e n c e s  2 1  a n d  2 2 ) .  
T h e r e  i t  i s  s h o w n  t h a t  t h e r e  e x i s t s  a  s e t  o f  c h a r a c t e r i s t i c  c u r r e n t s  
a n d  c o r r e s p o n d i n g  r a d i a t e d  f i e l d s  f o r  a  g i v e n  p e r f e c t l y  c o n d u c t i n g
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s c a t t e r e r .  T o  e a c h  i n c o m i n g  c h a r a c t e r i s t i c  m o d e  c o r r e s p o n d s  a n  
o u t g o i n g  c h a r a c t e r i s t i c  m o d e  w h i c h  i s  s i m p l y  i t s  c o m p l e x  c o n j u g a t e .  
A n  i n c o m i n g  m o d e  w i l l  b e  s c a t t e r e d  i n t o  i t s  o u t g o i n g  m o d e  o n l y ,  
s u f f e r i n g  a  p h a s e - s h i f t  i n  t h e  p r o c e s s .  A s  a n  e x a m p l e ,  t h e  
c h a r a c t e r i s t i c  m o d e s  f o r  t h e  c i r c u l a r  c y l i n d e r  a r e  j u s t  t h e  t e r m s  
H j f a ( 2 ) ( k r ) e x p ( j  m  c j ) ) .  I t  i s  e a s i l y  s e e n  ( f r o m  A p p e n d i x  B )  t h a t  t h e  
' s c a t t e r i n g  c o e f f i c i e n t s '  a r e  p h a s e  s h i f t s  s i n c e :
H^Pka) ^ ( k a )
= 1
S i n c e  t h e  i n c o m i n g  a n d  o u t g o i n g  m o d e s  a r e  c o m p l e x  c o n j u g a t e s ,  t h e i r  
v a r i a t i o n  w i t h  a n g l e  w i l l  b e  t h e  s a m e ,  g i v i n g  r i s e  t o  C h i g n e l l ' s  
h y p o t h e s i s .  H o w e v e r ,  i t  w i l l  b e  t r u e  o n l y  i f  t h e  f i e l d  i s  e x p r e s s e d  
i n  t e r m s  o f  t h e  c h a r a c t e r i s t i c  m o d e s  a n d  n o t  i n  g e n e r a l  i f  o r d i n a r y  
v e c t o r  m o d e  f u n c t i o n s  a r e  u s e d .
T h e  p r o c e d u r e  w a s  c o n t i n u e d  b y  M u n r o  i n  t h e  f o l l o w i n g  m a n n e r :
I n  r e f e r e n c e  ( 1 4 )  i t  i s  s t a t e d :  ‘ A s  t h e  s c a t t e r e r  i s  a  b o d y ,  o f  r e v o l u t ­
i o n ,  t h e  s c a t t e r i n g  i n  e a c h  p l a n e  c o n t a i n i n g  t h e  a x i s  o f  r e v o l u t i o n  
w i l l  b e  i d e n t i c a l ,  a n d  o n l y  t h e  s c a t t e r i n g  m a t r i x  i n  o n e  o f  t h o s e  
p l a n e s  n e e d  b e  c o n s i d e r e d '  -  a n d  a g a i n  -
' A s  t h e  s c a t t e r e r  h a s  a n  a x i s  o f  r e v o l u t i o n  o n  t h e  X - a x i s ,  
o n l y  t h e  e n e r g y  i n c i d e n t  i n  t h e  X Y  p l a n e  w i l l  b e  s c a t t e r e d  i n t o  t h e  
X Y  p l a n e ,  a n d  i n t o  n o  o t h e r  p l a n e  1
T h e  p r e v i o u s  t w o  s t a t e m e n t s  a r e  r a t h e r  v a g u e .  T h e  s e c o n d  
w i l l  b e  t r u e  o n  t h e  G e o m e t r i c a l  O p t i c s  l i m i t ,  b u t  a t  a n y  f i n i t e  
f r e q u e n c y ,  e a c h  s u r f a c e  e l e m e n t  w i l l  i n  g e n e r a l  r a d i a t e  i n  a l l  
d i r e c t i o n s  e x t e r i o r  t o  t h e  s c a t t e r e r .  H i s  a c t u a l  p r o c e d u r e  i s  t o  
a p p l y  t h e  b o u n d a r y  c o n d i t i o n s  o n l y  f o r  p o i n t s  l y i n g  i n  t h e  X Y  p l a n e  
( s e t t i n g  e  =  - J  i n  p o l a r  c o - o r d i n a t e s ) .
I n  f a c t ,  i t  t u r n s  o u t  t h a t  t h i s  i s  c o r r e c t ,  b u t  i n  o r d e r  t o  
j u s t i f y - t h e  p r o c e d u r e  . w e  w i l l  h a v e  t o  c o n s i d e r -  t h e ' . p r o b l e n f  w i t h  ■ 
t h e ’ a x i s - o f  r o t a t i o n  d y i n g  a l o n g  t h e '  z - a x i s ,  b e f o r e h a n d .
§ 6 . 4  T r a n s v e r s e  a n d  T a n g e n t i a l  B o u n d a r y  C o n d i t i o n s
A  m o r e  s e r i o u s  o b j e c t i o n  t o  t h e  p r o c e d u r e  i s  t h e  m i s a p p l i c a t i o n  
o f  t h e  b o u n d a r y  c o n d i t i o n s .  F o r  c o n v e n i e n c e  M u n r o  h a s  f o l l o w e d  K a h n  
a n d  W a s y l k i w s k y j  ( r e f e r e n c e  2 3 )  i n  e x p a n d i n g  i n  S p h e r i c a l  m o d e s
a s  t h e  r a d i a i — c o m p o n e n t  o f  t h e  f i e l d  c a n  b e  e a s i l y  o b t a i n e d  b y  a p p l y ­
i n g  M a x w e l l ’ s  e q u a t i o n s .  H o w e v e r ,  i n  r e f e r e n c e  1 4 ,  t h e  r a d i a l  
c o m p o n e n t  i s  n e v e r  m e n t i o n e d .  A l o n g  t h e  c o n t o u r  o f  t h e  s c a t t e r e r  
i n  t h e  X Y  p l a n e  h e  a p p l i e s  t h e  b o u n d a r y  c o n d i t i o n s :
t r a n s v e r s e  e l e c t r i c  f i e l d s  ( i . e .  t h e  v e c t o r  s u m  o f  e a n d  $  c o m p o n ­
e n t s )  b u t  t h e  c o r r e c t  b o u n d a r y  c o n d i t i o n  i s  t h a t  t h e  t o t a l  t a n g e n t i a l  
f i e l d  i s  z e r o  a t  t h e  s u r f a c e ,  i . e .
o m i s s i o n  m e a n s  t h a t  h i s  e q u a t i o n s  p r o v i d e  n o  w a y  o f  m i x i n g  E Q a n d
n o  m e c h a n i s m  f o r  c r o s s - p o l a r i s a t i o n .
A  p r i o r i ,  i t  m i g h t  b e  t h a t  t h e  i n a c c u r a c y  i n t r o d u c e d  b y  t h i s  
e r r o r  i s  n e g l i g i b l e .  A f t e r  a l l ,  t h e  d i s c r e p a n c y  v a n i s h e s  f o r  g e n e r a t ­
o r s  w h i c h  a r e  ( n e a r l y )  c i r c u l a r .  W e  t a k e  a s  a  m e a s u r e  o f  t h e  e r r o r  
t h e  q u a n t i t y
o n l y  t h e  T r a n s v e r s e  e l e c t r i c  f i e l d .  T h i s  i s  p e r f e c t l y  p e r m i s s i b l e
r  E s c a t  =  _  r  £ i n c
w h e r e  E s c a t  a n d  E i n c  a r e  t h e
r t o t a l
E0 =  0 a n d  —
1 d p  r t o t a l  , r t o t a l  n  
 ~r~ t +  L , =  U
P P $
1 d 0
M u n r o  o m i t s  t h e  >—  t e r m .  S i n r e  E d e n e n r k  n n  h n + h  F  a n d  F  t h i s  
E ^ .  H e  f i n d s  t h a t  t h e  e  a n d  $  e q u a t i o n s  d e c o u p l e  s o  t h a t  t h e r e  i s
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w h e r e  t h e  i n t e g r a l  i s  t a k e n  a r o u n d  a  c r o s s - s e c t i o n  w h i c h  i n c l u d e s  t h e  
a x i s  o f  s y m m e t r y .  /  I f  t h i s  q u a n t i t y  i s  m u c h  l e s s  t h e n  o n e ,  t h e n  
t h e  ‘ t r a n s v e r s e 1 b o u n d a r y  c o n d i t i o n s  a r e  a p p l i c a b l e .  I n  t h e  p r o b l e m  
c o n s i d e r e d  b y  M u n r o  t h e  c r o s s - s e c t i o n  w a s  r e c t a n g u l a r .  I n  r e f e r e n c e  
( 1 5 )  i t  w a s  s h o w n  t h a t  i f  t h e  r a t i o  o f  t h e  l e n g t h s  o f  t h e  s i d e s  w a s  x
t h e n  t h e  v a l u e  o f  e q .  ( 6 . 3 )  i s :
Cn r n i \ 1 /2
1 X + i - ill
IT X d\ V J J
T h e  v a l u e  o f  x  w a s  5  g i v i n g  a  f r a c t i o n a l  e r r o r  o f  a b o u t  1 . 5 ,  s o  i n
t h i s  c a s e  w e  w o u l d  n o t  e x p e c t  t h e  e f f e c t  o f  t h e  e r r o r  t o  b e
n e g l i g i b l e .
I n  C h a p t e r  7  a  d e r i v a t i o n  o f  t h e  c o r r e c t  m e t h o d  f o r  e x t e n d i n g  
t h e  t w o  d i m e n s i o n a l  t h e o r y  t o  b o d i e s  o f  r e v o l u t i o n  w i l l  b e  g i v e n .
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§ 7 . 1  T h e  p r o b l e m s  t h a t  w e  a r e  m a i n l y  c o n c e r n e d  w i t h  a r e  l i n e a r .
T h e  M a x w e l l  v a c u u m  e q u a t i o n s  a r e  l i n e a r ,  a n d  d e a l i n g  w i t h  p e r f e c t  
c o n d u c t o r s ,  t h e  s c a t t e r i n g  m a t e r i a l  d o e s  n o t  d i r e c t l y  e n t e r  t h e  
p r o b l e m  a t  a l l .  T h i s  i s  b e c a u s e  t h e  c u r r e n t  i n d u c e d  b y  t h e  i n c i d e n t  
f i e l d  i s  c o n f i n e d  t o  a  l i m i t i n g l y  t h i n  s u r f a c e  l a y e r .  S i n c e  t h e  
s u p e r p o s i t i o n  o f  t w o  f i e l d s  w h i c h  h a v e  z e r o  t a n g e n t i a l  c o m p o n e n t s  
a t  t h e  s u r f a c e ,  i t s e l f  h a s  a  z e r o  t a n g e n t i a l  c o m p o n e n t ,  t h e  b o u n d ­
a r y  c o n d i t i o n  i s  i n  t h i s  s e n s e  l i n e a r .  I f  w e  e x p a n d  t h e  t o t a l  f i e l d  
i n  t e r m s  o f  i n c o m i n g  a n d  o u t g o i n g  f i e l d s  t h e n  f o r  a  g i v e n  s c a t t e r i n g  
g e o m e t r y  i t  i s  o b v i o u s  t h a t  t h e r e  i s  a  l i n e a r  t r a n s f o r m a t i o n  b e t w e e n  
t h e m .  T h i s  w a s  s h o w n  i n  m o r e  f o r m a l  t e r m s  i n  r e f e r e n c e  2 3 .  I f  w e  
w r i t e  t h e  f i e l d s  i n  t e r m s  o f  t h e  c o e f f i c i e n t s  i n  t h e  m o d a l  e x p a n s ­
i o n ,  t h e n  t h e s e  c o e f f i c i e n t s  m a y  b e  c o n v e n i e n t l y  w r i t t e n  a s  c o l u m n  
v e c t o r s .  I t  f o l l o w s  t h a t  t h e s e  c o l u m n  v e c t o r s  a r e  r e l a t e d  b y  a  
S c a t t e r i n g  M a t r i x .
T h i s  i d e a  i s  n o t  n e w .  A n  e a r l y ,  w e l l  k n o w n  r e f e r e n c e  i s  d u e  
t o  M o n t g o m e r y  a n d  D i c k e  ( r e f e r e n c e  2 4 ) .  S o m e  o f  w h a t  f o l l o w s  m a y  
b e  f o u n d  t h e r e .  S c a t t e r i n g  m a t r i c e s  s e e m  t o  b e  m o r e  f a m i l i a r  i n  
t h e  c o n t e x t  o f  N e t w o r k  a n d  W a v e g u i d e  t h e o r y  r a t h e r  t h a n  i s o l a t e d  
s c a t t e r e r s .  T h i s  l a s t  a p p l i c a t i o n  i s  m o r e  f a m i l i a r  i n  Q u a n t u m  
s c a t t e r i n g  p r o b l e m s .  S e e ( f o r  e x a m p l e )  r e f e r e n c e  2 5 .
A  m o r e  r e c e n t  p i e c e  o f  w o r k  w h i c h  d o e s  a p p l y  t h e  s c a t t e r i n g  
m a t r i x  c o n c e p t  t o  i s o l a t e d  s c a t t e r e r s  i s  t h a t  o f  W a t e r m a n  i n  r e f e ­
r e n c e  3 9 .  H e  c o n s i d e r s  b o t h  t h e  i n t e r i o r  a n d  e x t e r i o r  p r o b l e m s  
u s i n g  a  p r o c e d u r e  w h i c h  h e  s a y s  i s  e q u i v a l e n t  t o  t h e  m o m e n t  m e t h o d .  
H e  a p p l i e s  t h e  c o n s t r a i n t  o f  a  z e r o  f i e l d  w i t h i n  t h e  ' i n s c r i b e d
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s p h e r e 1 i n s i d e  a  s o l i d  s c a t t e r e r ,  a n d  b y  t h e  c o n t i n u a t i o n  p r o p e r t i e s  
o f  t h e  f u n c t i o n s  i n v o l v e d ,  t h e  i n t e r i o r  f i e l d  i s  m a d e  z e r o  e v e r y ­
w h e r e .
W e  w i l l  d i s c u s s  f i r s t  t h e  s c a t t e r i n g  o f  s c a l a r  w a v e s  i n  t w o  
d i m e n s i o n s ,  t h e n  s c a l a r  w a v e s  i n  t h r e e  d i m e n s i o n s ,  a n d  t h e n  t h e  
f u l l  p r o b l e m  o f  e l e c t r o m a g n e t i c  s c a t t t e r i n g  f r o m  a  t h r e e  d i m e n s i o n a l  
b o d y  o f  r e v o l u t i o n .  H e r e  w e  w i l l  p r e s e n t  t h e  s o l u t i o n  t o  t h e  
p r o b l e m  o f  t h e  r e d u c t i o n  o f  t h e  t h r e e - d i m e n s i o n a l  p r o b l e m  t o  t w o  
d i m e n s i o n s .
§ 7 . 2  O n  t h e  T w o  D e f i n i t i o n s  o f  t h e  S c a t t e r i n g  M a t r i x
A  p o s s i b l e  s o u r c e  o f  c o n f u s i o n  c a n  a r i s e  f r o m  t h e r e  b e i n g  t w o  
r e a s o n a b l e  d e f i n i t i o n s  o f  t h e  s c a t t e r i n g  m a t r i x ,  n e i t h e r  o f  w h i c h  
i s  m o r e  f u n d a m e n t a l  t h a n  t h e  o t h e r .  C o n f u s i o n  i s  a v o i d e d  b y  
c o n s i s t e n c y  o f  u s e .  I n  t w o  d i m e n s i o n s  w e  a l r e a d y  k n o w  t h a t  t h e  
t o t a l  f i e l d  o u t s i d e  t h e  m i n i m u m  c i r c l e  e n c l o s i n g  a  s c a t t e r e r  m a y  b e  
w r i t t e n :
E  =  R a m H m X ^ k r )  +  b m H m 4 k r ) } e x p ( j  m  * )  ( 7 . 1 )m
o r ,  i n  v e c t o r  n o t a t i o n
a  =
j ■
a  , b  ,
- l - . 1
a b  = b
0 — _ 0
a . , b
+ i + i
f * •
^ t  <u
( 7 . 2 )  a n d
( 7 . 3 )
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N o w  a_ i s  u n i q u e l y  d e t e r m i n e d  b y  t h e  g i v e n  i n c i d e n t  f i e l d ,  s i n c e  b y  
h y p o t h e s i s ,  t h e  s c a t t e r e d  f i e l d  i s  e n t i r e l y  o u t g o i n g .  T h i s  i m p l i e s  
t h a t  w e  c a n  w r i t e :
• b  =  ^ i n c i d e n t  +  b s c a t t e r e d  ^  4 *
H e r e  J b1' n c i * d e n t  - j s . o u t g o i n g  p a r t  o f  t h e  i n c i d e n t  f i e l d ,  
s c a t t e r e d
i s  a  c o m p l e t e  d e s c r i p t i o n  o f  t h e  p u r e l y  s c a t t e r e d  f i e l d  
w h i c h  c o n s i s t s  o f  o u t g o i n g  w a v e s  o n l y .  W e  d e f i n e  t h e  S  m a t r i x :
. s c a t t e r e d  , . i n c i d e n t  c  „  c \
_  +  £  =  S  a  ( 7 . 5 )
a n d  t h e  1D ' m a t r i x :
^ s c a t t e r e d  =  D  £  ( 7 > e )
T h i s  p o i n t  h a s  b e e n  s t r e s s e d  i n  o r d e r  t o  p r e v e n t  i d e n t i f i c a t i o n  o f  
_a w i t h  t h e  c o m p l e t e  i n c i d e n t  f i e l d  a n d t o  w i t h  t h e  c o m p l e t e  s c a t t e r e d  
f i e l d .  I n  a n  e x t e r i o r  s c a - t t e r i n g V p r o b l e m  t h e r e  c a n  
b e  n o  s o u r c e s  o f  t h e  i n c i d e n t  f i e l d  i n s i d e  t h e  s c a t t e r e r .  T h i s  
b e i n g  s o ,  t h e  i n c i d e n t  f i e l d  i n  t h e  r e g i o n  o f  t h e  o r i g i n  m u s t  
c o n s i s t  e q u a l l y  o f  i n c o m i n g  a n d  o u t g o i n g  p a r t s ,  i . e .
a m =  b / c i d e n t  f o r  a l l  m ( 7 . 7 )
e q u i v a l e n t l y :
[.incident = I a (7.8)
w h e r e  I  i s  t h e  i d e n t i t y  m a t r i x .  I n  f r e e  s p a c e ,  ^ s c a 't 't e r e d  3 s  
n e c e s s a r i l y  z e r o .  W e  s e e  f r o m  e q .  ( 7 . 5 )  t h e n  t h a t  t h e  s c a t t e r i n g  
m a t r i x  o f  f r e e  s p a c e  i s  t h e  i d e n t i t y .  W e  s e e  a l s o  t h a t :
S = I + D (7.9)
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T h e  m a t r i x  D r e p r e s e n t s  t h e  d i f f e r e n c e  i n  s c a t t e r i n g  p o w e r  b e t w e e n  
' f r e e  s p a c e 1 a n d ' f r e e  s p a c e  p l u s  s c q t t e r e r ' .  W h e t h e r  o n e  w o r k s  
w i t h  S  o r  D i s  p u r e l y  a  m a t t e r  o f  c h o i c e  a n d  w e  w i l l  n o r m a l l y  u s e
S .  . L e t  u s  g i v e  a  s p e c i f i c  e x a m p l e .  F r o m  A p p e n d i x  B ,  f o r  T M  s c a t t e r ­
i n g  f r o m  t h e  c i r c u l a r  c y l i n d e r
T h e s e  a r e  t o t a l  f i e l d  c o e f f i c i e n t s  s o  t h a t :
i . e .  t h e  S m a t r i x  i s  i n  t h i s  c a s e  d i a g o n a l .  U s i n g  e q .  ( 7 . 9 )  w e  
o b t a i  n
T h e  f i e l d s  d e r i v e d  u s i n g  t h e  S  m a t r i x  a r e  c o m p l e t e  a n d  w i l l  s a t i s f y  
t h e  b o u n d a r y  c o n d i t i o n s  w h e n  a n a l y t i c a l l y  c o n t i n u e d .  T h e  f i e l d s  
d e r i v e d  u s i n g  t h e  D m a t r i x  w i l l  n o t .
§ 7 . 3  R e f o r m a t i o n  o f  t h e  W i l t o n  a n d  M i t t r a  M e t h o d
F o l l o w i n g  M u n r o  ( r e f e r e n c e  1 3 )  w e  m a y  u s e  t h e  a n a l y t i c  c o n t i ­
n u a t i o n  m e t h o d  t o  c a l c u l a t e  t h e  s c a t t e r i n g  m a t r i x  o f  a  t w o  d i m e n s ­
i o n a l  b o d y .  R e f e r  t o  e q u a t i o n  ( 5 . 4 )  a n d  d e f i n e  m a t r i c e s
X i m  =  I  H m i n ( k R i ) - ( J n ( k P i ) e x P J’ ( m +  n ) V x p J n U  ' / ) )
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Y i m  =  i  B m + + k R i ) ‘ ( 8 J k P p e x P  J ( m  +  n ) 6 i e x p  "  4 ) )n = - « >
( 2)
t h e n ,  t h e  b o u n d a r y  c o n d i t i o n  m a y  b e  w r i t t e n
X a  +  Y b  =  0 - + b  =  -  Y - 1 X a ( 7 . 1 0 )
I n  p r a c t i c e ,  a_ a n d  b w i l l  b e  t r u n c a t e d  a s  i n d i c a t e d  e a r l i e r .  I t  
m a y  h a p p e n  t h a t  t h e  s y s t e m  o f  e q u a t i o n s  i s  1 o v e r d e t e r m i n e d 1 i n  t h e  
s e n s e  t h a t  t h e r e  a r e  m o r e  b o u n d a r y  p o i n t s  t h a n  t h e r e  a r e  u n k n o w n s .
I f  t h i s  h a p p e n s  t h e  s o l u t i o n s  m a y  b e  f o u n d  i n  a  l e a s t  s q u a r e s  s e n s e .  
S e e  W i l t o n  a n d  M i t t r a  r e f e r e n c e  ( 1 1 ) .  F o r  t h e  c a s e  o f  t h e  t r a n s ­
v e r s e  e l e c t r i c  p o l a r i s a t i o n
w i t h  a  s i m i l a r  e x p r e s s i o n  f o r  t h e  YL . I n  t h e  i n t e r e s t s  o f  c l a r i t y ,  
e q .  ( 7 . 1 1 ) h a s  n o t  b e e n  a n a l y t i c a l l y  c o n t i n u e d .  T h e  e x p r e s s i o n s  
f o r  t h e  m a t r i c e s  X a n d  Y d e p e n d  o n l y  o n  t h e  p o s i t i o n s  o f  t h e  b o u n d ­
a r y  p o i n t s .  B y  t h e  d e f i n i t i o n  o f  t h e  S  m a t r i x :
I f  e q .  ( 7 . 1 2 ) h o l d s  f o r  a r b i t r a r y  _ a ,  t h e n  S = - l  Y “  J X f o r  a l l  a ,  a n d  
t h e  s c a t t e r i n g  m a t r i x  d e p e n d s  o n l y  o n  t h e  s c a t t e r e r  a n d  n o t  o n  t h e  
d e t a i l s  o f  t h e  f i e l d .
Hm  ( k p i  ) e x p {  j  m  * i )
- |(Hm-](kPp - Hm+] (kpi) )exP(J m +P ( 7 . 1 1 )
b  =  S a  =  -  Y _ 1 X a ( 7 . 1 2 )
I f  t h e  s c a t t e r e r  i s  i n v a r i a n t  u n d e r  s o m e  t r a n s f o r m a t i o n  o f  t h e  
s c a t t e r i n g  p r o b l e m ,  t h e n  t h e  s c a t t e r i n g  m a t r i x  w i l l  n o t  c h a n g e .
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T h i s  w i l l  p l a c e  c o n s t r a i n t s  o n  t h e  f o r m  o f  t h e  s c a t t e r i n g  m a t r i x ,  
I n  w h a t  f o l l o w s ,  w e  w i l l  d e r i v e  s p m e  o f  t h e s e  c o n s t r a i n t s .
§ 7 . 4  R o t a t i o n  o f  C o - o r d i n a t e  A x e s
S u p p o s e  t h e  s a m e  f i e l d  m a y  b e  r e p r e s e n t e d  i n  t w o  d i f f e r e n t  
c o - o r d i n a t e  s y s t e m s :
E = I (Vfefkr) + bmHtj|24 kf))exp(j m $)
=  I  ( S m Hm X 1 < k f : ) +  U d f e k r ) ) e x p ( j  m  $ )
I f  t h e  t w o  s y s t e m s  a r e  r e l a t e d  b y  a  r o t a t i o n  a b o u t  a  m u t u a l  z - a x i s
t h e n  r  =  r  a n d  4 = 4  + ~ x  w i t h  x  a s  t h e  a n g l e  o f  r o t a t i o n .  H e n c e
am = *mexP(j m x)
b m =  5 m e x p ( j  m x )
D e f i n e  a  m a t r i x  R  s u c h  t h a t  R = <$ e x p f j  v y), t h e n :yv yv A/
a =  R a  a n d  £  =  R B  .
B y  d e f i n i t i o n :  h  =  Sa a n d  £  =  s £  ^ r o m  w b l c ^
S  =  R ^ S  R  =  R * S  R
♦
T h e  a s t e r i s k  i n d i c a t e s  t h e  c o m p l e x  c o n j u g a t e .  L e t  u s  s u p p o s e  t h a t  
t h e  s c a t t e r e r  p o s s e s s e s  n - f o l d  r o t a t i o n a l  s y m m e t r y .  T h e n  t h e  R 
m a t r i x  b e c o m e s :
R . .  =  s  e x p  yv yv r ■ 2Tr 0 v -fp
T h e  g e o m e t r i c a l  i n v a r i a n c e  o f  t h e  s c a t t e r e r  u n d e r  t h i s  r o t a t i o n
•k
g i v e s  t h a t :  S  =  R S  R  f o r  t h e  S  m a t r i x .  E x p l i c i t l y :
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=  S  e x p  j  ~  ( p  -  a )  
a p  r  n  ' ( 7 . 1 3 )
I f  p =  a  t h e n  e q .  ( 7 . 1 3 ) i s  a u t o m a t i c a l l y  s a t i s f i e d ,  s o  t h i s  c o n ­
s t r a i n t  s a y s  n o t h i n g  a b o u t  t h e  l e a d i n g  d i a g o n a l  o f  t h e  s c a t t e r i n g  
m a t r i x .  I f  a  / p ,  t h e n  e q .  ( 7 . 1 3 )  c a n  o n l y  b e  s a t i s f i e d  i f  ( p  -  a )
=  n  x  i n t e g e r .  O t h e r w i s e  S a p  =  0 . T h u s  f o r  a  b o d y  w i t h  n - f o l d  
r o t a t i o n a l  s y m m e t r y  o n l y  t h e  l e a d i n g  d i a g o n a l  a n d  e v e r y  n t h  d i a g o n a l  
a b o v e  a n d  b e l o w  i t  m a y  b e  n o n  z e r o .  I n  t h e  l i m i t i n g  c a s e  o f  t h e  
c i r c u l a r  c y l i n d e r ,  n  =  » ,  a n d  o n l y  t h e  l e a d i n g  d i a g o n a l  m a y  b e  n o n ­
z e r o .  A n o t h e r  p a r t i c u l a r  c a s e  i s  t h e  s q u a r e  c y l i n d e r .  C h i g n e l l  o n  
p . 3 0  o f  h i s  1 9 7 6  r e p o r t  n o t e d  t h i s  e f f e c t  o f  t h e  f o u r - f o l d  s y m m e t r y .
§ 7 . 5  R e f l e c t i o n  o f  C o - o r d i n a t e  S y s t e m
A s  b e f o r e  l e t  t h e  f i e l d  b e  r e p r e s e n t e d  i n  t w o  d i f f e r e n t  c o ­
o r d i n a t e  s y s t e m s :
L e t  t h e  t w o  s e t s  o f  c o - o r d i n a t e s  b e  r e l a t e d  b y :  =  -  <f>, r  =  r .
T h i s  i s  a  r e f l e c t i o n  i n  t h e  <f> =  0  a x i s .  S u b s t i t u t e  f o r  r  a n d  $  i n  
e q .  ( 7 . 1 4 )  t o  o b t a i n :
E  =  I  t o / 4 k l " )  +  t> H ( 2 ) ( k r ) ) e x p ( j  m  4>) m
=  I  t o / t o )  +  6 n H j j 2 ) ( k r ) e x p ( j  n  $ ) ( 7 . 1 4 )
E  «  I  ( a n ( “  l ) n J 4 k r ) +  B n < r  l ) y 4 k r » e x p ( -  j  n  ♦ >
( 7 . 1 5 )
w h e r e  w e  h a v e  u s e d  t h e  w e l l - k n o w n  r e s u l t  c o n n e c t i n g  B e s s e l  f u n c t i o n s  
o f  e q u a l  b u t  o p p o s i t e  o r d e r .  I f  n o w  w e  p u t  m =  -  n  i n  e q .  ( 7 . 1 5 ) ,  
w e  o b t a i n
E  =  I(a _ m ( -  l ) " y i } ( k r )  +  E _ m ( -  l ) ' raH, i 2 ) ( k r ) ) e x p ( j  m  4 )
T h u s :
- n r  ' m  v ' - n r  ' m
am = y - U  a"d =
D e f i n e  a  m a t r i x  M s u c h  t h a t :
« - „ * ( -  ’ ) "  -  « v , . v ( -  l ) v  .  ( 7 . 1 6 )
T h e n :
a. =  M a  a n d  b =  Mlb
I t  i s  e a s i l y  s h o w n  t h a t  t h e  t r a n s f o r m a t i o n  o f  t h e  s c a t t e r i n g  m a t r i x  
i s :
S  =  H - 1  S  M ( 7 . 1 7 )
I n  a  s i m i l a r  m a n n e r  w e  c a n  c o n s i d e r  r e f l e c t i o n s  i n  t h e  $ = ±  t t / 2  
a x i s .  T h e  c o - o r d i n a t e s  t r a n s f o r m  a s r  =  r i >  =  7 r - < { > .  T h e n  t h e  
m o d a l  c o e f f i c i e n t s  b e c o m e
a m =  a  a n d  bm =  5  „m - m  m - n
D e f i n e  a  m a t r i x  W s u c h  t h a t :
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A  s i m p l i f i c a t i o n  c a n  b e  a c h i e v e d  b e c a u s e  M a n d  W a r e  s e l f  i n v e r s e .  
F o r  e x a m p l e :  <
• W a r  ■ | L bP P
S u p p o s e  t h a t  t h e  s c a t t e r e r  i s  s y m m e t r i c a l  a b o u t  t h e  =  0  a x i s .  
T h e n :
S  =  M- 1 S  M =  MS M ( 7 . 2 0 )
( A n  a l t e r n a t i v e  e x p r e s s i o n  o f  t h i s  i s  t h a t  S  a n d  M c o m m u t e ) .  I f  
e q .  ( 7 . 2 0 )  i s  w r i t t e n  i n  f u l l ,  t h e n
s a p  ■  I IV A  ■  I IU -  D V r . - p t -  U P
I f  t h e  s c a t t e r e r  h a s  a  s y m m e t r y  u n d e r  r e f l e c t i o n  i n  t h e  o t h e r  a x i s  
t h e n
S a p  jjj £  5 - a 3 S B r f e s - p  "  S - a , - p
A s  a  c h e c k  o f  c o n s i s t e n c y ,  i f  t h e  s c a t t e r e r  p o s s e s s e s  b o t h  k i n d s  o f  
r e f l e c t i o n  s y m m e t r y ,  t h e n  t h e  m a t r i x  e l e m e n t s  a r e  n e c e s s a r i l y  z e r o  
u n l e s s  ( p  -  a )  i s  e v e n .  T h i s  i s .  t h e  s a m e  c o n d i t i o n  a s  w o u l d  b e  
d e r i v e d  f r o m  r o t a t i o n a l  i n v a r i a n c e  w i t h  n  =  2 . T h i s  i s  b e c a u s e  t h e  
p r o d u c t  o f  t h e  t w o  r e f l e c t i o n s  i s  a  r o t a t i o n  o f  1 8 0 ° .
§ 7 . 6  C o m p l e x  C o n j u g a t i o n ,  o r  T i m e  R e v e r s a l
T h i s  s e c t i o n  c o r r e s p o n d s  t o  r e f e r e n c e  ( 2 4 ) s e c t i o n  ( 9 . 1 9 ) .  
H o w e v e r  w e  d e a l  w i t h  t h e  s i m p l e r  t w o  d i m e n s i o n a l  c a s e .  I t  h a s
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a l r e a d y  b e e n  n o t e d  t h a t  , w i t h  a n  a s s u m e ' d  t i m e  d e p e n d e n c e  e x p ' + . j w t  
t h a t  o u t g o i n g  w a v e s  c o n t a i n  H ^ 2 ) f u n c t i o n s  a n d  i n c o m i n g  ■ ' w a v e s  c o n t ­
a i n  f u n c t i o n s .  S i n c e  t h e s e  a r e  v e r y  n e a r l y  t h e  s a m e ,  b e i n g  
c o m p l e x  c o n j u g a t e s  o f  e a c h  o t h e r ,  i t  i s  p o s s i b l e  t o  r e g a r d  t h e  f o r m e r  
a s  i n c o m i n g  a n d  t h e  l a t t e r  a s  o u t g o i n g .  T h i s  i s  j u s t  t i m e  r e v e r s a l .  
M a t h e m a t i c a l l y  s i n c e  t h e  o p e r a t o r  ( v 2  +  k 2 ) i s  r e a l ,  t h e n  t h e  
c o m p l e x  c o n j u g a t e  o f  a  s o l u t i o n  t o  t h e  H e l m h o l t z  w a v e  e q u a t i o n  i s  
a l s o  a  s o l u t i o n  i . e .  ( v 2  +  k 2 ) E  =  0  i m p l i e s  t h a t  ( v 2  +  k 2 ) E  =  0 .
I f  t h e  b o u n d a r y  c o n d i t i o n s  d o  n o t  m i x  u p  t h e  r e a l  a n d  i m a g i n -
o if
a r y  p a r t s  o f  t h e  f i e l d  t h e n  b o t h  E  a n d * E  w i l l  s o l v e  t h e  s a m e  
b o u n d a r y  c o n d i t i o n  ( s u b j e c t  o f  c o u r s e  t o  t h e  n e e d  f o r  a n a l y t i c a l  
c o n t i n u a t i o n ) .  T a k i n g  t h e  c o m p l e x  c o n j u g a t e  o f  t h e  u s u a l  m o d a l  
s o l u t i o n :
E *  =  l  t o / t o )  +  b * H ( U ( k r ) ) e x p ( -  j  m  4 )  m
R e p l a c e  m  b y  -  n  i n  t h e  s u m m a t i o n :
E *  =  I  ( b ! n n f y ( k r )  +  a * n H ^ 2 % k r ) ) ( -  l ) n e x p ( j  n  * )
D e f i n e  a  n e w  s e t  o f  m o d a l  c o e f f i c i e n t s :
a  =  b  ( -  l ) n  a n d  5  =  a  ( -  l ) n
n  - n '  1 n  - n '  ’
o r
i f  i c
a_ =  Mb^ a n d  _B =  M_a
H e r e  w e  h a v e  u s e d  t h e  r e f l e c t i o n  m a t r i x  M d e f i n e d  i n  e q .  ( 7 . 1 6 ) .
T h e  e f f e c t  o f  t h e  c o m p l e x  c o n j u g a t e  h a s  b e e n  t o  e x c h a n g e  t h e  r o l e s  
o f  t h e  i n c o m i n g  a n d  o u t g o i n g  m o d a l  c o e f f i c i e n t s .  We  w i l l  a s s u m e  
t h a t  t h e  n e w  c o l u m n  v e c t o r s  a r e  c o n n e c t e d  b y  t h e  s a m e  s c a t t e r i n g
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m a t r i x  a s  b e f o r e .  T h i s  i s  i n v a r i a n c e  u n d e r  t i m e  r e v e r s a l .  T h e n  
b y  d e f i n i t i o n  o f  t h e  S  m a t r i x :  »
£  =  S  a. 
g i v i n g
•k k  k  k
M a  =  S  M £  =  S  M S  a  i . e .
M S  M S *  =  I  ( 7 . 1 7 ) .
§ 7 . 7  T h e  Q u e s t i o n  o f  E n e r g y  C o n s e r v a t i o n
I f  t h e  s c a t t e r e r  i s  p e r f e c t l y  c o n d u c t i n g  t h e n  i t  w i l l  a b s o r b  
n o  e n e r g y .  T h a t  i s ,  i n  t h e  s t e a d y  s t a t e  t h e  t i m e  a v e r a g e  P o y n t i n g  
v e c t o r  a s s o c i a t e d  w i t h  t h e  i n c o m i n g  f i e l d  m u s t  b e  e q u a l  a n d  o p p o s i t e  
t o  t h e  P o y n t i n g  V e c t o r  a s s o c i a t e d  w i t h  t h e  o u t g o i n g  f i e l d .  A  l e s s  
d i r e c t  a p p r o a c h  w i l l  b e  u s e d  h e r e .  C o m p u t e  f o r  t h e  T  M c a s e  t h e
k  . . .
v e c t o r  ( £ " £ ) •  I n  p o l a r  c o - o r d i n a t e s  l e t  IE *  Ek .  T h e n  F a r a d a y ' s  
L a w  o f  i n d u c t i o n  g i v e s :
H =  — v  A E- ©yo
W r i t t e n  i n  t e r m s  o f  c o m p o n e n t s  t h i s  g i v e s
H *  =  -  /  - f e  a n d  H =  - J -
r  w y Q r  Dcj> 4 ©vf e
T h e r e f o r e
E  -  H *  =  E k  -  ( H * r  +  H * $ )    ± -  J  E  $  ± -  "'E ?—  —  —  v r  <j)Y /  w y 0 r  9<j> w y 0 3 r
I n t e g r a t e  t h e  P o y n t i n g  V e c t o r  o v e r  a  c i r c u l a r  s u r f a c e  c e n t r e d  a t  t h e  
o r i g i n .  T h i s  m e a n s  w e  c a n  i g n o r e  t h e  <j> c o m p o n e n t  o f  t h e  P o y n t i n g  
v e c t o r .  N o w  f o r m  t h e  i n t e g r a l :
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2tt *
F *  a E  r  a E  
E  sr ' E dlf>
W r i t t e n  o u t  i n  f u l l ,  t h i s  i s :
2tt
I  I  ( a m Hm 2 4 k r )  +  b m Hm 1 4 k i ~ ) ) ( a n H 4 ( k r )  +  b n H ( 2 ) ( k r ) ) e x p ( j ( n - m ) $ )
o m  n
"  ( a m Hm 1 ^ k r ) +  b m Hm 2 4 k r ) ) ( a * H ( | 2 4 k r )  +  b * H ^ 1 ^ ( k r ) ) e x p { j ( m - n ) ^ )  
* d<f>
O n l y  t h e  t e r m s  f o r  w h i c h  m =  n  w i l l  s u r v i v e  t h e  i n t e g r a t i o n ,  a n d  t h e  
t e r m  w h i c h  r e m a i n s  i s  p r o p o r t i o n a l  t o :
| + aA , Hi2>(kr4 2V )
+  +  b ^ H * 1 V ) H < 2 > ( k r )
-  - an,bm 4 1)(kr)H1f1)(kr)
-  b raa 4 2 V ) H , i 2 ) ( k r )  -  ( k r )
■ I  f a V f a f y k r )  - H/>(kr)H(2V r ) ) ( a 4  - b ^ )
B y  w o r k i n g  w i t h  t h e  c o m p l e t e  f i e l d  t h e  c r o s s  t e r m s  i n  t h e  f i e l d  
h a v e  c a n c e l l e d  i . e .  t e r m s  l i k e  E 1' n c o r n i ' n g  *  ^ o u t g o i n g  ^  n Q t  C Q n _  
t r i b u t e  t o  t h e  P o y n t i n g  V e c t o r .  T h i s  i s  a s  w e l l  s i n c e  i t  i s  n o t  
o b v i o u s  w h a t  t h e y  m e a n  p h y s i c a l l y .  W e  c a n  d i r e c t l y  a n d  s e p a r a t e l y  
e q u a t e  t h e  P o y n t i n g  V e c t o r s  a s s o c i a t e d  w i t h  t h e  i n c o m i n g  a n d  o u t -
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g o i n g  p a r t s  o f  t h e  f i e l d ,  a n d  t h i s  w i l l  b e  d o n e  a u t o m a t i c a l l y  
s u b s e q u e n t l y .  T h i s  h a p p e n s  b e c a u s e r e n l y  t h e  r e a l  p a r t  o f  t h e  
P o y n t i n g  V e c t o r  i s  s i g n i f i c a n t ,  a n d  t h e  c o m p l e x  P o y n t i n g  V e c t o r  
c o n t a i n s  a n  i m a g i n a r y  f a c t o r  w h i c h  i n t r o d u c e s  a  m i n u s  s i g n  w h e n  t h e  
c o m p l e x  c o n j u g a t e  i s  a d d e d .
W e  n o w  d e m a n d  t h a t  t h e  l a s t  e x p r e s s i o n  i s  z e r o  f o r  a l l  v a l u e s
■k k
o f  r .  T h e n  a ^ a m =  b m b m f o r  a r b i t r a r y  a  ,  i . e .
a * T a. =  b T * b  =  ( S a , ) T * S a  =  a T * ( S T * S ) a  
t h e r e f o r e
S T * S  =  I  ( 7 . 2 1 )
a n d  e n e r g y  i s  c o n s e r v e d  i f  t h e  s c a t t e r i n g  m a t r i x  i s  u n i t a r y .
§ 7 . 8  T r a n s l a t i o n  M a t r i c e s
S o  f a r ,  t h e  o n l y  g e o m e t r i c a l  t r a n s f o r m a t i o n s  o f  c o - o r d i n a t e s  
t h a t  h a v e  b e e n  c o n s i d e r e d  a r e  r o t a t i o n s  a n d  r e f l e c t i o n s .  I n  o r d e r  
t o  c o m p l e t e  t h e  s e t  o f  t r a n s f o r m a t i o n s  i n  t h e  p l a n e  w h i c h  l e a v e  t h e  
s c a t t e r i n g  c o n t o u r  b a s i c a l l y  u n c h a n g e d  w e  m u s t  c o n s i d e r  t h e  e f f e c t  
o f  t r a n s l a t i o n s .  T h i s  c a n  e a s i l y  b e  d o n e  u s i n g  t h e  G r a f  a d d i t i o n  
t h e o r e m .  H o w e v e r ,  c a r e  m u s t  b e  t a k e n  t o  d i s t i n g u i s h  b e t w e e n  t w o  
d i s t i n c t  c a s e s .
1 .  T h e  f i e l d  p o i n t  i s  d i s t a n t  f r o m  o r i g i n s  s o  t h a t  i n c o m i n g  a n d  
o u t g o i n g  w a v e s  r e t a i n  t h e i r  r e s p e c t i v e  c h a r a c t e r s  u n d e r  t h e  
t r a n s f o r m a t i o n .
2 . T h e  f i e l d  p o i n t  i s  n e a r  t o  o n e  o f  t h e  o r i g i n s .  T h i s  w i l l  c a u s e  
a  m i x i n g  o f  w a v e  c h a r a c t e r s  s o  t h a t  f o r  e x a m p l e ,  a  w a v e  w h i c h
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i s  o u t g o i n g  w i t h  r e s p e c t  t o  t h e  f i r s t  o r i g i n  w i l l  b e  s e e n  a s  
a  m i x t u r e  o f  i n c o m i n g  a n d  o u t g o i n g  w a v e s  a t  t h e  s e c o n d  o r i g i n .
C a s e  N o .  1
R e f e r  n o w  t o  F i g .  7 . 1 . T h i s  c a s e  c o r r e s p o n d s  t o  r >  R .
T h e  a d d i t i o n  t h e o r e m  g i v e s :
f e ^ W p e x P t o ' n X j )  =  I  H ^ f e k r  ) J  ( k R ) e x p ( j m x  )
m=-“
H f e ^ 2 f e r 1 ) e x p ( j n ( 4 , 2  -  < / )  =  I  H ^ . ^ 2 l ( k r  ) J  ( k R ) e x p ( j m ( i r  -  *  +  a ) )
m
• • •  ( - l ) n H t e > < 2 ) { k r l ) e x p ( -  j n *  ) =  I  H ^ f e 2 ) ( k r 2 ) J m ( k R ) ( - l ) m
m
• e x p ( -  j ( m  +  n) <j >2 ) e x p ( j m a )
f e )(2)(ki"1)exp(+ jn^) = I H ^ n (2)(kr2)Ora(kR)(-l)m'n
• e x p ( -  j ( m  -  n) <j >2 ) e x p ( j m a )
I n  t h e  l a s t  e q u a t i o n  n  h a s  b e e n  c h a n g e d  t o  -  n .  P u t t i n g  r  =  m -  n .
H ^ 1 A 2 1  ( k r j ) e x p ( jrt=f> 1 )  =  I  H f e ^ 2 f e > ' 2 ) d n . r ( k R ) e x p  j r ^ e x p f j ( n - r ) a )
( 7 . 2 2 )
W e  n o t e  i n  e q .  ( 7 . 2 2 )  t h a t  s i n c e  ( k r  ) s t a y s  a s  t h e  a r g u m e n t  o f  a  
s i n g l e  H a n k e l  f u n c t i o n  o n  t h e  r i g h t  h a n d  s i d e ,  t h a t  t h e  t r a n s f o r m e d  
f i e l d  r e t a i n s  i t s  c h a r a c t e r .  D e f i n i n g  a  T  m a t r i x  e l e m e n t
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T r n  =  J n - r ( k R ) e x p 0 ( n  '  r ^ a )  ( 7 > 2 3 )
t h e  t r a n s f o r m a t i o n  o f  t h e  f i e l d  c o e f f i c i e n t s  c a n  b e  o b t a i n e d .  
C o n s i d e r  f o r  e x a m p l e  a  p u r e l y  i n c o m i n g  f i e l d :
l  ) e x p ( j n *  )  =  I a * /  I  T r n H f y ( k r  ) e x p ( j r +  )
n n r
= K I  T naA h H A 4kr2)exp(jr*2) 
r  n
T h u s
a ( 2 )  -  r  T  
r  ^  r n  nn=-oo
I n  m a t r i x  n o t a t i o n :  a _ ( 2 ^ =  T a / 1 ) a n d  _ b ^ 2 ^ =  T b / 1 )
C a s e  N o .  2
T h i s  c o r r e s p o n d s  t o  r 2  <  R .  T h u s :
H n  ( k r i ) e x p U n ( +  i - “ ) )  =  !  H i + / 2 ’ ( k R ) J m ( k f '2 ) e x p ( j m ( i T  -  4, +  a ) )m
H ^ ^ h k r p . e x p U n + p  =  J  ( 2 } ( k R ) J m ( k r £ ) ( -  l ) m
• e x p ( -  jm<f>2 ) e x p ( j ( m  +  n ) a )
R e p l a c i n g  m b y  -  m i n  t h e  l a s t  e q u a t i o n :
H ( 1 ^ 2 ^ ( k r 1 ) e x p ( j n < | . 1 )  =  I  H ^ ( 2  ^ R ) J J k r 2 ) e x p (  jm<j>2 ) e x p (  ( j  ( n  -  m ) a )
m
B y  s u b s t i t u t i n g  t h i s  l a s t  r e s u l t  i n t o  t h e  s t a n d a r d  r e p r e s e n t a t i o n  
o f  t h e  f i e l d ,  t h e  t r a n s f o r m a t i o n  f o r  t h e  m o d a l  c o e f f i c i e n t s  i s  o b t a i n e d .  
T h e  i n c o m i n g  a n d  o u t g o i n g  w a v e s  c a n n o t  b e  t r e a t e d  s e p a r a t e l y  ( a s  b e f o r e )  
b e c a u s e  ( k r 2 )  a p p e a r s  a s  t h e  a r g u m e n t  o f  a  B e s s e l  f u n c t i o n  o f  t h e  f i r s t  
k i n d ,  a n d  n o t  a s  t h e  a r g u m e n t  o f  a  H a n k e l  f u n c t i o n .  A s  b e f o r e
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E = I (■S1>Hi1>{kri> + / 1)H / )(kr1))exp(jnq)
■ J (I f a f a f a )  W  V 2) + f a c k>"2»
+  f a H n - m ( k R )  1  ( f a ( k r 2 )  +  H ^ 2 l ( k r 2 ) ) ) e x p ( j m 4>a ) e x p ( j ( rt -  r a ) a )
( 7 . 2 4 )
T o  o b t a i n  e q .  ( 7 . 2 4 ) ,  t h e  w e l l  k n o w n  r e s u l t
V k r 2 >  4 X X)(kr2) + H ( 2 > ( k r 2 ) )
h a s  b e e n  u s e d .  T h u s  t h e  m o d a l  c o e f f i c i e n t s  i n  t h e  s e c o n d  c o - o r d i n a t e  
s y s t e m  a r e :
f a  =  f a  =  I  f a H n - i n ( k R ) 7  e x P ( J ( n  "  m ) a )  
n
+  f a H n - m ( k R ) 7  e x P ( J ( n  "  m ) ° 0  ( 7 . 2 5 )
W e  c a n  d e f i n e  m a t r i c e s  Q ^ 1 )  a n d  q ( 2 ) s u c h  t h a t :
Qi n ) ( 2 )  =  7  f a > ( 2 ) ( k R ) e x p ( j ( n  -  ■ » ) « )  ( 7 . 2 6 )
T h e n
b ( 2 )  =  J 2 > =  q f a O )  +  q ( 2 V 2 > ( 7 . 2 7 )
S i n c e ,  i n  e q .  ( 7 . 2 7 ) t h e  a. a n d  lb c o l u m n  v e c t o r s  i n  t h e  t r a n s f o r m e d  
c o - o r d i n a t e  s y s t e m  a r e  t h e  s a m e ,  t h e  t r a n s f o r m e d  f i e l d  c o n s i s t s  
e q u a l l y  o f  i n c o m i n g  a n d  o u t g o i n g  p a r t s .  T h i s  c a n  b e  s e e n  a s  a n  
e x p r e s s i o n  o f  t h e  s c a t t e r i n g  m a t r i x  o f  f r e e  s p a c e  b e i n g  t h e  i d e n t i t y .
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A t t e n t i o n  w i l l  n o w  b e  g i v e n  t o  c o n s i d e r  t h e  s i m p l e s t  p o s s i b l e  
e x a m p l e  o f  a  m u l t i p l e  s c a t t e r i n g  p r o b l e m :  t h e  t w o  b o d y  p r o b l e m .
I n  p r i n c i p l e ,  n o  g e n e r a l i t y  w i l l  b e  l o s t  b y  c o n s i d e r i n g  o n l y  t w o  
b o d i e s ,  a s  o n e  c a n  t r e a t  t h e  N +  1 b o d y  p r o b l e m  a s  a  t w o  b o d y  
p r o b l e m  i f  t h e  s o l u t i o n  f o r  N b o d i e s  i s  k n o w n .  T h u s  o n e  c a n  a s c e n d  
t h e  l a d d e r  o f  p h y s i c a l  c o m p l e x i t y  b y  a  p r o c e s s  o f  i n d u c t i o n .
W i l t o n  a n d  M i t t r a  d i d  c o n s i d e r  t h e  t w o  b o d y  p r o b l e m  i n  
r e f e r e n c e  ( 1 1 ) ,  b u t ,  w h a t  f o l l o w s  i s  a  m o r e  c o m p l e t e  t r e a t m e n t .  I t  
w i l l  b e  a s s u m e d  t h a t  t h e  s c a t t e r i n g  m a t r i x  o f  e a c h  b o d y  i s  k n o w n  
w i t h  r e s p e c t  t o  a n  a s s o c i a t e d  c o - o r d i n a t e  s y s t e m ,  a n c h .  t h a t  t h e  
c o - o r d i n a t e  a x e s  o f  t h e  t w o  b o d i e s ,  a n d  t h e  a x e s  f o r  t h e  p r o b l e m  a s  
a  w h o l e  a r e  p a r a l l e l ,  a s  s h o w n  i n  F i g .  7 . 2 .
L e t :
$ ( * ) ,  g O )  b e  t h e  s c a t t e r i n g  m a t r i c e s  o f  t h e  s c a t t e r e r  w i t h  r e s p e c t  
t o  i t s  a s s o c i a t e d  . c o - o r d i n a t e  s y s t e m .  S i m i l a r l y  f o r  a n d  D ^ 2 ^ .
L e t  S  a n d  D b e  t h e  s c a t t e r i n g  m a t r i c e s  o f  t h e  c o m p o s i t e  s y s t e m  w i t h  
r e s p e c t  t o  t h e  o r i g i n  0 .  L e t  a_ a n d  J} d e n o t e  t o t a l  i n c o m i n g  a n d
o u t g o i n g  f i e l d s ,  a n d  l e t  j 3  r e p r e s e n t  t h e  s c a t t e r e d  f i e l d  o n l y .  F o r
t h e  s y s t e m  a s  a  w h o l e :
B =  S  A ( 7 . 2 8 )
T h e  t o t a l  o u t g o i n g  f i e l d  B_ i s  m a d e  u p  o f  t h r e e  c o n t r i b u t i o n s :
( i )  T h e  o u t w a r d g o i n g  p a r t  o f  t h e  i n c i d e n t  f i e l d .
( i i )  T h e  o u t w a r d  p a r t  o f  t h e  s c a t t e r e d  f i e l d  f r o m  t h e  f i r s t  b o d y
( i i i )  T h e  c o r r e s p o n d i n g  c o n t r i b u t i o n  f r o m  t h e  s e c o n d  b o d y .
§7.9 The Two Body Scattering Problem
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T h e r e f o r e :
B  =  I  A  +  T ( I O ) / 1 )  +  T ( 2 0 ) / 2 )  ( 7 . 2 9 )
W e  u s e  T - m a t r i c e s  b e c a u s e  t h e  f i e l d  p o i n t  m u s t  l i e  o u t s i d e  t h e  
m i n i m u m  c i r c l e  e n c l o s i n g  t h e  c o m p o s i t e  s y s t e m .  N o w  c o n s i d e r  t h e  
s c a t t e r i n g  p r o c e s s  f r o m  t h e  l o c a l i t y  o f  b o d y  N o .  1 . T h e  s c a t t e r e d  
f i e l d  i s  r e l a t e d  t o  t h e  n e t  i n c o m i n g  f i e l d  i n  i t s  v i c i n i t y  b y  i t s  
D m a t r i x .  T h e r e  a r e  c o n t r i b u t i o n s  t o  t h i s  i n c o m i n g  f i e l d  f r o m
( i )  T h e  i n c o m i n g  p a r t  o f  t h e  i n c i d e n t  f i e l d  ( A )
( i i )  T h e  o u t g o i n g  p a r t  o f  t h e  i n c i d e n t  f i e l d  ( I A )
( i i i )  T h e  s c a t t e r e d  f i e l d  o f  b o d y  N o .  2 .
T h e r e f o r e :
j / 1 ) =  D P 4 q ^ 4 o 1 ) A  +  q ( 2 ) ( 0 1 ) I A  +  q ( 2 ) ( 2 1 ) j / 2 b  ( 7 . 3 0 )
T h e  s a m e  r e a s o n i n g  m a y  b e  a p p l i e d  t o  t h e  s c a t t e r i n g  p r o c e s s  i n  t h e  
v i c i n i t y  o f  t h e  s e c o n d  s c a t t e r e r  a n d  t h e  e q u a t i o n  c o r r e s p o n d i n g  t o  
E q .  ( 7 . 3 0 ) m a y  b e  w r i t t e n :  i t  i s :
/ 2 )  =  J 2 ) ( q U ) ( 0 2 ) A  +  q ( 2 ) ( 0 2 ) I A  +  q ( 2 4 i 2 ) B ^ 4  ( 7 . 3 1 )
E q u a t i o n s  ( 7 . 2 8 ) a n d  ( 7 . 2 9 ) m a y  b e  c o m b i n e d  t o  g i v e :
DA =  T O O ) / 1 )  +  T  ( 2 0 ) /  2 )  ( 7 . 3 2 )
T h e  c o u p l e d  m a t r i x  e q u a t i o n s  ( 7 . 3 0 ) a n d  ( 7 . 3 1 ) h a v e  t o  b e  s o l v e d  
t o  o b t a i n  t h e  s c a t t e r e d  f i e l d  v e c t o r s  w h i c h  a r e  t o  b e  s u b s t i t u t e d  
i n  e q .  ( 7 . 3 2 ) .  S o m e  s i m p l i f i c a t i o n  m a y  b e  a c h i e v e d  b y  u s i n g  t h e .  
r e s u l t  =  T .  ( T h i s  i s  p o s s i b l e  b e c a u s e  t h e  i n c i d e n t  f i e l d
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i s  b y  d e f i n i t i o n  t h e  f i e l d  p r e s e n t ' . b e f o r e  a n y  s c a t t e r e r s  a r e  i n t r o ­
d u c e d .  T h a t  i s ,  i t  i . s a  f i e l d  i n  f r e e \  s p a c e  w h i c h  c o n s i s t s  e q u a l l y  
o f  i n c o m i n g  a n d  o u t g o i n g  p a r t s .  T h i s  r e m a i n s  t r u e  e v e n  w h e n  t h e  
o r i g i n  o f  c o - o r d i n a t e s  i s  m o v e d ) .  T h i s  m a y  b e  s e e n  f r o m  t h e  d e f i n i t ­
i o n s  ( 7 . 2 3 ) a n d  ( 7 . 2 6 ) .  R e w r i t e  e q .  ( 7 . 3 0 ) a n d  e q .  ( 7 . 3 1 )  a s :
j 1 )_  J 1 V 2 ) ( 2 1 ) j 4  =  D ^ T ( 0 1 ) A  ( 7 . 3 3 )
-  J 2 V 2 T l 2 ) j f a  +  j f a  =  4 Y ( 0 2 ) A  ( 7 . 3 4 )
M u l t i p l y  e q u a t i o n  ( 7 . 3 3 ) b y  J 2 4 2 ^ ( 1 2 )  a n d  a d d :
(I - D ^ V y ^ D ^ y 2^!)..)/2^  (d (2V 2T i2)D?4(01)
+  J 2 4 ( 0 2 ) ) A
t h a t  i s :
A 2 '* = (i - Y(oi)
+  D ( 2 ) T ( 0 2 ) ) A  ( 7 . 3 5 )
S i m i l a r l y ,  m u l t i p l y  e q .  ( 7 . 3 4 )  b y  D ^ V ^ ^ l )  a n d  a d d :
( I  -  D ( i y 2 ) ( 2 1 ) D ( 2 V 2 > ( 1 2 ) ) g ( ! > =  ( D ( l ) T ( 0 1 )
+ D^1^Q^2^(21)d ’24(02))
t h a t  i s :
j/1) = (I - d (1)q (2)(21)0^2^Q^2^(12))_ (0^4(01)
+ D^1 ) q ( 2 ) ( 2 1 )D^2 ^ T ( 0 2 ) ) ( 7 . 3 6 )
I f  e q u a t i o n s  ( 7 . 3 5 )  a n d  ( 7 . 3 6 ) a r e  w r i t t e n  a s
- 67 -
/ 2> = E<2>A and B(1> = EU) A
t h e n
. D =  T ( 1 0 ) E ( 1 )  +  T ( 2 0 ) e ( 2 1 .  ( 7 . 3 7 )
I n  t h e  p r o c e s s  o f  b u i l d i n g  a s s e m b l i e s  o f  s c a t t e r e r s  b y  a d d i n g  o n e  
s u b - s c a t t e r e r  a t  a  t i m e ,  o n e  w o u l d  t a k e  o r i g i n s  0  a n d  1 t o  b e  t h e  
s a m e .  T h i s  w o u l d  r e s u l t  i n  s o m e  s i m p l i f i c a t i o n  o f  t h e  a l g e b r a .
F o r  e x a m p l e  T ( 0 1 )  w o u l d  b e c o m e  t h e  i d e n t i t y  m a t r i x .
§ 7 . 1 0  C o v a r i a n c e  o f  F i e l d  C o n d i t i o n s  U n d e r  T r a n s l a t i o n  a n d
R o t a t i o n
T h e  p r o p e r t i e s  o f  t h e  s c a t t e r i n g  m a t r i x  w h i c h  r e s u l t  f r o m  
a p p l y i n g  c o n s e r v a t i o n  o f  e n e r g y  a n d  i n v a r i a n c e  u n d e r  t i m e  r e v e r s a l  
a r e  p r o p e r t i e s  o f  t h e  f i e l d  r a t h e r  t h a n  o f  t h e  s c a t t e r e r .  T h e s e  
p r o p e r t i e s  s h o u l d  n o t  c h a n g e  w h e n  t h e  s c a t t e r e r  i s  d e s c r i b e d  b y  a  
d i f f e r e n t  c o - o r d i n a t e  s y s t e m , ( c o v a r i a n c e  o f  t h e  s c a t t e r i n g  m a t r i x  
p r o p e r t i e s ) .  T h e  m o s t  g e n e r a l  s u c h  c o - o r d i n a t e  t r a n s f o r m a t i o n  i s  
a  c o m b i n a t i o n  o f  a  r o t a t i o n  a n d  a  t r a n s l a t i o n .
C o n s e r v a t i o n  o f  E n e r g y : T h e  p r o p e r t y  o f  t h e  s c a t t e r i n g  m a t r i x  w h i c h
T  *
t h i s  i m p l i e s  i s  ( 7 . 2 1 )  S  S  =  I  .  U n d e r  a  r o t a t i o n  o f  c o - o r d i n a t e s ,  
t h e  S - m a t r i x  t r a n s f o r m s  a s :
S  =  R * S  R
. - .  S t  =  r t s t r * t
-k k
S  =  R  S  R
F r o m  w h i c h  S  S 7  =  R  S  R R S 7  R = 1  w h e r e  w e  h a v e  u s e d  R =  R 7 ,
T  ^
R =  R " 1 ,  a n d  S  S  =  I  b y  h y p o t h e s i s .
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U n d e r  a  t r a n s l a t i o n  
S  =  T  S  T ' 1
. s T  =  r l T  s T  t t
,  X .
S  =  T  S  T " 1
F r o m  w h i c h  S  S T  =  T *  S *  T - 1 *  S T  T T  =  I  a s  b e f o r e .  W e  
c o n c l u d e  t h a t  t h e  c o n s e r v a t i o n  o f  e n e r g y  i s  a u t o m a t i c a l l y  c o v a r i a n t  
u n d e r  t r a n s l a t i o n s  a n d  r o t a t i o n s .
T i m e  r e v e r s a l : T h e  p r o p e r t y  o f  t h e  s c a t t e r i n g  m a t r i x  w h i c h  t h i s
i m p l i e s  i s  ( 7 . 1 7 ) :  M S ( M  S ) *  =  I .
U n d e r  a  r o t a t i o n  o f  c o - o r d i n a t e s  t h e  S - m a t r i x  t r a n s f o r m s  a s
S  =  R *  S  R
( M  5 ) ( M  5 ) *  =  M R * S ( R  M * ) R  S *  R *  =  M R * S ( M  R * ) R  S *  R *
=  H R *  S  M S *  R *
=  T  M S  M S *  R *  =  I
F o r  a  t r a n s l a t i o n :
S  =  T  S  T " 1
( M 3 ) ( M S )  =  M T  S  T - ! ( M  T * ) S *  T " 1 *  =  M T ( T _ 1 T ) M  S *  T - 1 *
k  k  . j .
=  T  M S M S  T " 1 *
=  I  .
I t  i s  c o n c l u d e d  t h a t  i f  t h e  s c a t t e r i n g  m a t r i x  i s  i n v a r i a n t  u n d e r  
t i m e  r e v e r s a l  i n  o n e  c o - o r d i n a t e  s y s t e m ,  i t  i s  i n v a r i a n t  i n  a l l .
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A l t h o u g h  m a n y  o f  t h e  r e s u l t s  w h i c h  h a v e  b e e n  p r e s e n t e d  f o r  t h e  
p r o p o r t i o n  o f  t h e  s c a t t e r i n g  m a t r i x  o f  a  t w o  d i m e n s i o n a l  b o d y  a r e  
s t a n d a r d ,  i t  i s  f e l t  t h a t  t h e y  a r e  u s e f u l  a s  a n  i n t r o d u c t i o n  t o  t h e  
c o r r e s p o n d i n g  r e s u l t s  i n  t h r e e  d i m e n s i o n s  o r  a t  l e a s t  t o  t h e  s i m p l i ­
f i e d  v e r s i o n s  o f  t h e  t h r e e  d i m e n s i o n a l  p r o b l e m  w h i c h  a r e  p r e s e n t e d  
h e r e .
A n o t h e r  r e a s o n  w h y  t h e  t w o  d i m e n s i o n a l  s o l u t i o n  r e m a i n s  u s e ­
f u l  i s  b e c a u s e  t h e  f u l l  t h r e e - d i m e n s i o n a l  d e v e l o p m e n t  i s  n o t  k n o w n .
I t  m a y  b e  p o s s i b l e  t o  r e p r e s e n t  a  c r o s s  s e c t i o n  o f  a  t h r e e - d i m e n s i o n a l  
p r o b l e m  f a i r l y  r e a l i s t i c a l l y  i n  t w o  d i m e n s i o n s ,  w h e r e a s  i t  i s  h a r d  
t o  t h i n k  o f  m a n y  r e a l i s t i c  t h r e e  d i m e n s i o n a l  s c a t t e r e r s  w h i c h  a r e  
b o d i e s  o f  r e v o l u t i o n .
W e  w i l l  e x a m i n e  t h e  p r o b l e m  o f  t h e  b o d y  o f  r e v o l u t i o n  f r o m  
f i r s t  p r i n c i p l e s ,  f i r s t  s c a t t e r i n g  o f  a  s c a l a r  w a v e  w h i c h  i s  t h e  
a c o u s t i c  p r o b l e m  a n d  t h e n  t h e  f u l l  e l e c t r o m a g n e t i c  p r o b l e m .
§ 7 . 1 2  S c a l a r  W a v e  S c a t t e r i n g
A s s u m i n g  a  t i m e  d e p e n d e n c e  o f  e x p  +  j  c o t  t h e  g e n e r a l  s o l u t i o n  
o f  t h e  s c a l a r  w a v e  e q u a t i o n  i n  f r e e  s p a c e  m a y  b e  w r i t t e n  a s :
§7.11 The Three Dimensional Scattering Problem
( w e  w i l l  s o m e t i m e s  o m i t  t h e  l i m i t s  o n  s u m m a t i o n  s i g n s ,  w h e n  t h i s  c a n
b e  d o n e  u n a m b i g u o u s l y ) .  H e r e ,  t h e  h t 1 ) a n d  t h e  h ( 2 )  a r e  s p h e r i c a l&
H a n k e l  f u n c t i o n s  a n d  t h e  a r e  S p h e r i c a l  H a r m o n i c s :
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y  =  f ( 2 t + n U - m ) ! ) 1 / 2
P ^ ( c o s  e ) e x p ( j  m <}>)
I n  t h e  w o r k  o n  s c a l a r  w a v e s ,  w e  w i l l  u s e  t h e  f u n c t i o n s  a s  d e f i n e d  i n  
J a c k s o n  ( r e f e r e n c e  2 6 ) .  I t  w i l l  b e  a s s u m e d  t h a t  t h e  f o r m  o f  e q .
( 7 . 3 8 ) i s  v a l i d  e v e n  w h e n  a n  i s o l a t e d  s c a t t e r e r  i s  p r e s e n t ,  a n d  t h a t  
t h e  c o e f f i c i e n t s  o f  t h e  i n c o m i n g  a n d  o u t g o i n g  m o d e s ,  t h e  A s  a n d  B s  
r e s p e c t i v e l y  a r e  c o n n e c t e d  b y  a  l i n e a r  r e l a t i o n s h i p :
§ 7 . 1 3  R o t a t i o n  o f  t h e  C o - o r d i n a t e  S y s t e m
I t  w i l l  b e  p o s t u l a t e d  t h a t  t h e r e  e x i s t s  a  s y s t e m  o f  ' b a r r e d '  
c o - o r d i n a t e s  i n  w h i c h
s = 0  t = - s
( 7 . 3 9 )
( 7 . 4 0 )
w h i c h  i s  c o n n e c t e d  w i t h  t h e  f i r s t  s e t  o f  c o - o r d i n a t e s  b y :
r  =  r 0 0 cj) = <j) + X .
R e w r i t e  e q .  ( 7 . 4 0 )  a s :
U  -  n  ( ( e x P ( j  m  x ^ f e f e k r ) (7.41)
+  ( e x p ( j  m  x ) B i m ) h | 2 ) ( k r ) ) Y J, m ( 0 , * )
B y  c o m p a r i n g  e q u a t i o n s  ( 7 . 4 0 ) a n d  ( 7 . 4 1 ) :
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\ m  =  e x p (J'm x )  V  a " d  %  => e x p ( j m x ) B , , m
w e  a s s u m e  t h a t  B i s  c o n n e c t e d  t o  A ^ .  b y  a  r e l a t i o n  o f  t h e  f o r m
( 7 . 3 9 ) s o
I Rim exP(Jmx) ‘ s*m ^PfJtx)
S 5 t
S s t  =  0
I f  t h e  s c a t t e r e r  i s  a  b o d y  o f  r e v o l u t i o n  t h e n  S  =  S  a n d  t h e  
a n g l e  o f  r o t a t i o n  i s  a r b i t r a r y .  S i n c e  t h e  i n c o m i n g  f i e l d  A  i s  
a r b i t r a r y  t h e n
S ! m  =  0  f o r  t  /  m s f o r  a l l  s  a n d  JC\
T h i s  r e s u l t  m a y  b e  m a d e  m o r e  e x p l i c i t  i n  t h e  n o t a t i o n  b y  
d e f i n i n g  a  t h r e e  i n d e x  s c a t t e r i n g  m a t r i x :
Sm - S m SL  • (7-42)
T h e  p h y s i c a l  i n t e r p r e t a t i o n  o f  t h i s  r e s u l t  i s  t h a t  t h e r e  i s  n o  
c o u p l i n g  b e t w e e n  m o d e s  w h i c h  h a v e  a  d i f f e r e n t  a z i m u t h a l  v a r i a t i o n .
§ 7 . 1 4  R e f l e c t i o n  o f  t h e  S c a t t e r e r  i n  t h e  <j> =  0  p l a n e
A  b o d y  o f  r o t a t i o n  i s  l e f t  u n c h a n g e d  b y  r e f l e c t i o n  i n  a  
p l a n e  c o n t a i n i n g  t h e  a x i s  o f  s y m m e t r y .  W i t h o u t  l o s s  o f  g e n e r a l i t y  
w e  m a y  r e s t r i c t  a t t e n t i o n  t o  t h e  <j> =  0  p l a n e  o f  r e f l e c t i o n .  L e t  
|  =  -  <f>, t h e n
=  I  I  ( V f y ( k r )  +  B j m h ( 2 ? k r ) ) Y j m ( e ,  -  * )  
i  m
=  I  I  ( V f a t k r )  +  B a m h ( 2 > ( k r ) ) ( -  D \ . m ( e ^ )
36 HI
w h e r e  t h e  r e l a t i o n s  Y f t m ( e ,  -  4 )  =  Y g m ( e . < f > )  =  ( -  1 ) m Y a _ m ( e ,<{.) h a v e  
b e e n  u s e d .  T h e  s u m m a t i o n  i n d e x  m c a n  b e  r e p l a c e d  b y  -  n  a n d  s i n c e  
t h e  a z i m u t h a l  m o d e  s u m m a t i o n  g o e s  o v e r  e q u a l  r a n g e s  o f  p o s i t i v e  a n d  
n e g a t i v e  v a l u e s :
u = 1 1  ( A . - n f a ^ )  + ^ . - n f a C k r m -  ' ) \ ( M )A/ * ■
f r o m  w h i c h  b y  c o m p a r i s o n  w i t h  t h e  s t a n d a r d  f o r m  ( 7 . 3 8 ) i s  o b t a i n e d :  
V  -  ( -  U ’ V n  a n d  =  ( -  i f a ^
S u b t i t u t i o n  o f  t h e s e  r e s u l t s  i n t o  e q .  ( 7 . 3 9 ) g i v e s  
( -  1 ) _ V n  4 4  < -  ’ > ' V t  ( 7 . 4 3 )
b u t
8 t , - n  =  I  I  S “ ! - n  V  ( 7 - 4 4 )
T h e  r e l a t i o n s  ( 7 . 4 3 )  a n d  ( 7 . 4 4 ) m u s t  h o l d  f o r  a n  a r b i t r a r y  c h o i c e  o f  
t h e  i n c o m i n g  f i e l d .  A s  a n  a i d  t o  m a n i p u l a t i o n  c h o o s e  t h e  p a r t i c u l a r  
v a l u e s
Auv 6uw5vx
i . e .  t h e i n c o m i n g  f i e l d  c o n s i s t s  o f  a  s i n g l e  m o d e  o n l y .  T h e n  f r o m  
e q .  ( 7 . 4 4 )
p  -  Y Y < u v  *  x  c WX  
£ , - n  £  ^  £ , - n  u w  v x  “  f e , ~ n
S u b s t i t u t e  t h i s  l a s t  r e s u l t  i n t o  e q .  ( 7 . 4 3 )  t h e n :  
- n c w x  0 w - x
S ^ . n  =  ( -  D X + n s ” /  ( 7 . 4 ? )
b u t  w e  h a v e  a l r e a d y  s h o w n  t h a t  b o t h  s i d e s  o f  t h e  e q u a t i o n  a r e - z e r o  
u n l e s s  ( x  +  n )  =  0 . T h i s  g i v e s :
ST-n - S”)+n , <7-4s)
T h a t  i s ,  t h e  s c a t t e r i n g  m a t r i x  e l e m e n t s  d e p e n d  o n l y  o n  t h e  a b s o l u t e  
v a l u e  o f  t h e  a x i m u t h a l  o r d e r ,  a n d  n o t  u p o n  i t s  s i g n .
§ 7 . 1 5  T h e  C o n s e r v a t i o n  o f  E n e r g y
O n c e  a g a i n  i t  i s  a s s u m e d  t h a t  t h e  s c a t t e r e r  d o e s  n o t  a b s o r b  
e n e r g y  s o  t h a t  i n  t h e  s t e a d y  s t a t e  t h e  p o w e r  a s s o c i a t e d  w i t h  t h e  
i n c o m i n g  f i e l d  m u s t  e q u a l  t h a t  a s s o c i a t e d  w i t h  t h e  o u t g o i n g  f i e l d .  
F o r  a  s t r i c t l y  s c a l a r  f i e l d  t h e  i d e a  o f - a -  P o y n t i . n g  ^ V e c t o r  i s  n o t  
a p p l i c a b l e ,  a n d  i t  w i l l  b e  a s s u m e d  t h a t  t h e  p o w e r  f l u x  d e n s i t y  i s  
g i v e n  b y  t h e  m o d u l u s  s q u a r e d  o f  t h e  c o m p l e x  f i e l d .
T h e  i n c o m i n g  f l u x  d e n s i t y  i s  g i v e n  b y
- 74 -
N o w  i n t e g r a t e  t h i s  f l u x  d e n s i t y  o v e r  t h e  s u r f a c e  o f  a  s p h e r e  c e n t r e d  
a t  t h e  o r i g i n .  T h e  s u r f a c e  e l e m e n t  i s :  r 2 s i n  0  d 0 d < j > .
T h e n  t h e  i n c o m i n g  p o w e r  i s
I ,  I  H  \ m V ra' t o t o > hi ' V ) r >r  m £ m
to*
d<j>
0 sin 8 + ( 0 ’ 4,)d00
T h e r e  i s  a n  o r t h o g o n a l i t y  r e l a t i o n  f o r  t h e  s p h e r i c a l  h a r m o n i c s  
( s e e  r e f e r e n c e  2 6 ,  e q .  3 . 5 5 ) w h i c h  g i v e s  t h e  v a l u e  o f  t h e  d o u b l e  
i n t e g r a l  a s :  <s£ £ , 6 m m , .  P e r f o r m i n g  t h e  e q u i v a l e n t  c a l c u l a t i o n  f o r  t h e  
o u t g o i n g  e n e r g y :
| | W  I l  BpqBpq
o r
i  v c = i q i t  l  #  ss r  a a v <™>
B y  r e v e r s i n g  t h e  o r d e r  o f  t h e  s u m m a t i o n  s i g n s  i n  ( 7 . 4 7 )  w e  o b t a i n
I  l* £  S-* = ,ru 5tv
U s i n g  e q .  ( 7 . 4 2 ) t o  r e d u c e  4 - i n d e x  m a t r i c e s  t o  3 - i n d e x  m a t r i c e s
I  S p t  S £  =  * r u ( 7 . 4 8 )
§7.16 Invariance of the Scattering Matrix Under Time Reversal
F o l l o w i n g  t h e  n o w  f a m i l i a r  r e a s o n i n g  i f
U -  1 1  ( U ! ) ( k r )  +  B J unh ( 2 ) { k r ) ) Y J u n { e . * )
X » I I I
i s  a  s o l u t i o n  o f  a  s c a t t e r i n g  p r o b l e m ,  t h e n  s o  i s
A s  u s u a l  w e  m a y  r e p l a c e  m  b y  -  m i n  t h e  s u m m a t i o n  a n d  c o m p a r i n g  
c o e f f i c i e n t s  o b t a i n :
U'"1
and: % =  (-
B y  t h e  d e f i n i t i o n  o f  t h e  s c a t t e r i n g  m a t r i x ,  a n d  a s s u m i n g  i t s  
i n v a r i a n c e  u n d e r  t h e  t r a n s f o r m a t i o n :
p =  V c F t  s
£ m  f e  f e r n  r t
o r
< - 1 >'m / = H ^ C t  p -49)
b u t
B u v  =  L  C  \ t  
r t
A s  b e f o r e ,  s i n c e  t h e  i n c o m i n g  f i e l d  i s  a r b i t r a r y  t h e  f o l l o w i n g  
p a r t i c u l a r  c a s e  m a y  b e  c h o s e n :
\ t  fewfex
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B *  =  S WX*  
u v  u v
<- ^ " V - m x  = j t  <- ’>'* f a t
R e c a l l  t h a t  t h e  4 - i n d e x  s c a t t e r i n g  m a t r i x  e l e m e n t  i s  o n l y  n o n - z e r o  
w h e n  t h e  a z i m u t h a l  i n d i c e s  a r e  e q u a l  a n d  p e r f o r m  t h e  s u m  o v e r  t h e  
i n d e x  t .
Then
Substitute these results for the As and Bs into eq. (7.49):
(- 1 = I  Sfm (- 1)j i w  - m x
-m
J i m
c - w x *  
r x  6 m , - x
L e t  x  =  -  m t h e n
/  i r y  _  y  ( -  c W , - m *
( 6 £ w ■“  I  Sm  f a  f a  r , - m ‘
R e v e r t i n g  t o  3 - i n d e x  m a t r i x  e l e m e n t s  w e  h a v e
I SL  s m  - 4.w
r
C o m p a r i n g  e q .  ( 7 . 5 0 )  w i t h  e q .  ( 7 . 4 8 )
I  Srm£  r m  r m  £ w
W e  f i n d  t h a t
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I n  t h e  t w o  d i m e n s i o n a l  c a s e  w e  f o u n d  t h a t  t h i s  w a s  t h e  i d e n t i t y
m a t r i x .  C o n s i d e r i n g  t h e  t h r e e  d i m e n s i o n a l  s c a l a r  c a s e ,  w e  e x a m i n e  
t h e  s t a n d a r d  f o r m  ( 7 . 3 8 ) .  I n  f r e e  s p a c e  t h e r e  c a n  b e  n o  s i n g u l a r i t y
a t  t h e  o r i g i n  a n d  t h i s  w i l l  b e  t h e  c a s e  i f :  B „ =  A n .£m £m
F r o m  t h i s  i t  i s  e a s y  t o  s e e  t h a t :
S ( f r e e  s p a c e )  :  S p y  =
I n  t e n s o r  a n a l y s i s  t h i s  w o u l d  b e  k n o w n  a s  t h e  o u t e r  p r o d u c t  o f  t h e  
t w o  K r o n e c k e r  d e l t a s .  O f t e n ,  s c a t t e r i n g  m a t r i c e s  a r e  m a d e  ' t w o  
d i m e n s i o n a l '  b y  d e s i g n a t i n g  e a c h  c o m b i n a t i o n  o f  m o d a l  i n d i c e s  a s  a  
s i n g l e  i n d e x .  W e  h a v e  n o t  d o n e  t h i s  b e c a u s e  i t  i s  f e l t  t h a t  i t  
o b s c u r e s  u n d e r s t a n d i n g  a t  a  d e t a i l e d  l e v e l .
§ 7 . 1 8  T h e  B o u n d a r y  C o n d i t i o n  P r o b l e m  f o r  t h e  S c a l a r  W a v e  E q u a t i o n
T o  e v a l u a t e  t h e  s c a t t e r i n g  m a t r i x  i n  d e t a i l ,  o n e  m u s t  s o l v e  
t h e  b o u n d a r y  c o n d i t i o n  p r o b l e m .  T h e  b o u n d a r y  c o n d i t i o n  i s  t h a t  t h e  
t o t a l  f i e l d  a t  t h e  s u r f a c e  o f  t h e  s c a t t e r e r  m u s t  b e  z e r o .
B e c a u s e  i t  h a s  b e e n  s h o w n  t h a t  t h e r e  i s  n o  c o u p l i n g  b e t w e e n  
d i f f e r e n t  o r d e r s  o f  a z i m u t h a l  m o d e ,  w i t h o u t  l o s s  o f  g e n e r a l i t y ,  
a t t e n t i o n  m a y  b e  r e s t r i c t e d  t o  a  f i e l d  w h i c h  h a s  o n l y  a  s i n g l e  
a z i m u t h a l  o r d e r .  T h e n  e q .  ( 7 . 5 2 )  h a s  t o  b e  s o l v e d :
j 0 ( v f t t o ) + ■ ° <7-52>
f o r  a l l  p o i n t s  o n  t h e  s u r f a c e  o f  t h e  s c a t t e r e r .  H o w e v e r ,  t h e  $  
d e p e n d e n c e  o f  a l l  t h e  t e r m s  i n  e q .  ( 7 . 5 2 ) i s  t h e  s a m e ,  a n d  m a y  b e  
c a n c e l l e d .  T h i s  l e a v e s  a n  e q u a t i o n  w h i c h  m u s t  b e  s a t i s f i e d  f o r
§7.17 The Scattering Matrix of Free Space
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b o u n d a r y  p o i n t s  a l o n g  a  p a r t i c u l a r  g e n e r a t o r  o f  t h e  s c a t t e r e r .  T h i s  
i s  e f f e c t i v e l y  a  t w o  d i m e n s i o n a l  p r o b l e m .  U n f o r t u n a t e l y ,  t h e r e  w i l l  
b e  t h e  s a m e  c o n v e r g e n c e  p r o b l e m  a s  t h e r e  w a s  i n  t h e  s t r i c t l y  t w o -  
d i m e n s i o n a l  c a s e .  T h a t  i s  a l t h o u g h  o u t s i d e  t h e  s m a l l e s t  s p h e r e  
c e n t r e d  u p o n  t h e  o r i g i n  w h i c h  e n c l o s e s  t h e  s c a t t e r e r ,  w e  e x p e c t  t h e  
s c a t t e r e d  f i e l d  t o  c o n s i s t  e n e t i r e l y  o f  o u t g o i n g  w a v e s ,  i n s i d e  t h e  
s p h e r e ,  t h e  s c a t t e r e d  f i e l d  m a y  c o n t a i n  a n  i n c o m i n g  p a r t .  I t  s h o u l d  
b e  p o s s i b l e  t o  a n a l y t i c a l l y  c o n t i n u e  t h e  s o l u t i o n  ( e q .  7 . 5 2 ) t o  t h e  
s u r f a c e  o f  t h e  s c a t t e r e r  a s  i n  t h e  t w o  d i m e n s i o n a l  c a s e ,  e x c e p t  t h a t  
t h e  a d d i t i o n  t h e o r e m s  f o r  t h e  w a v e  f u n c t i o n s  a r e  m o r e  c o m p l i c a t e d .
A  v e r y  b r i e f  d i s c u s s i o n  o f  t h i s  p o i n t  i s  g i v e n  i n  A p p e n d i x  E .
§ 7 . 1 9  T h e  R e l a t i o n  o f  t h i s  P r o c e d u r e  t o  t h a t  o f  M u n r o
M u n r o ' s  p r o c e d u r e  m a y  b e  j u s t i f i e d  b y  t h e  f o l l o w i n g  a r g u m e n t :
1 . I f  B i s  a  b o d y  o f  r e v o l u t i o n  t h e n  i n  t h e  c o - o r d i n a t e  s y s t e m  C 
w h i c h  h a s  t h e  s y m m e t r y  a x i s  o f  B a s  t h e  z - a x i s ,  t h e n  w e  h a v e  s h o w n  
t h a t  t h e r e  i s  n o  c o u p l i n g  b e t w e e n  s p h e r i c a l  m o d e s  o f  d i f f e r e n t  
a z i m u t h a l  o r d e r .  W e  m i g h t  e x p r e s s  t h i s  b y  s a y i n g  t h a t  t h e  s c a t t e r ­
i n g  m a t r i x  i s  ' a z i m u t h a l l y  d i a g o n a l 1 .
2 .  I f  s u c h  i s  t h e  c a s e ,  t h e n  t h e  b o u n d a r y  c o n d i t i o n  p r o b l e m  m a y  b e  
s o l v e d  f o r  e a c h  i n d i v i d u a l  v a l u e  o f  m i n  t u r n .
3 .  F o r  e a c h  s u c h  s u b - p r o b l e m  a l l  t h e  f u n c t i o n s  c o n c e r n e d  h a v e  t h e  
s a m e  d e p e n d e n c e  o n  t h e  a n g l e  <j>.
4 .  T h e r e f o r e  f o r  e a c h  s u b - p r o b l e m ,  i f  t h e  b o u n d a r y  c o n d i t i o n  i s  
s a t i s f i e d  f o r  o n e  g e n e r a t o r  o f  B ,  t h e n  i t  i s  a u t o m a t i c a l l y  s a t i s f i e d  
e v e r y w h e r e  e l s e  o n  B .
C o n s i d e r  a  c o - o r d i n a t e  s y s t e m  . C 1 w h i c h  i s  o b t a i n e d  f r o m  C b y  a n  
o t h e r w i s e  a r b i t r a r y  r o t a t i o n  a b o u t  a n  a x i s  t h r o u g h  t h e  o r i g i n .
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5 .  T h e n  t h e r e  m u s t  e x i s t  l i n e a r  c o m b i n a t i o n s  o f  t h e  m o d e s  i n  C ' 
w h i c h  c o r r e s p o n d  t o  m o d e s  o f  a  s i n g l e  a z i m u t h a l  o r d e r  i n  C .  F o r  
e x a m p l e ,  w e  m i g h t  e x p r e s s
Etm " I  stm + fa(kr)Ytm(e,*)
a s  a  l i n e a r  c o m b i n a t i o n  o f  t h e  ( k r 1 ) Y £ .n ( e ' ,  <j>‘ )
6 . I t  m u s t  b e  p o s s i b l e  t o  w r i t e  t h e  t o t a l  f i e l d  i n  C '  a s
E<C'> = U atmEtm 
t  m
7 . I t  i s  k n o w n  t h a t  e a c h  i n d i v i d u a l  h a s  t h e  p r o p e r t y  t h a t  i f
i t  i s  z e r o  o n  o n e  g e n e r a t o r  o f  B ,  t h e n  i t  i s  z e r o  a l l  o v e r  B .
8 . S o  E ( C ' )  m u s t  h a v e  t h e  s a m e  p r o p e r t y .
9 . T h e r e f o r e  i n  C '  i t  i s  s u f f i c i e n t  t o  a p p l y  t h e  b o u n d a r y  c o n d i t i o n  
a l o n g  o n e  g e n e r a t o r  o f  B .  H o w e v e r  t h e  s c a t t e r i n g  m a t r i x  o b t a i n e d  
n o w  w i l l  n o t  n e c e s s a r i l y  b e .  ' a z i m u t h a l l y  d i a g o n a l ' .
I f  t h i s  a r g u m e n t  i s  a c c e p t e d ,  t h e n  i t  l e a d s  t o  g r e a t  s i m p l i ­
f i c a t i o n  i n  t h e  a n a l y t i c a l  c o n t i n u a t i o n  p r o c e d u r e .  F o r  f u r t h e r  
d e t a i l s  s e e  A p p e n d i x  E .
§ 7 . 2 0  S c a t t e r i n g  o f  a n  E l e c t r o m a g n e t i c  F i e l d  b y  a  P e r f e c t l y
C o n d u c t i n g  B o d y  o f  R o t a t i o n
I n  o r d e r  t o  f a c i l i t a t e  c o m p a r i s o n  w i t h  r e f e r e n c e s  ( 1 4 ) a n d  ( 2 3 ) 
s p h e r i c a l  v e c t o r  h a r m o n i c  f u n c t i o n s  w i l l  b e  u s e d  w i t h  r e a l  a z i m u t h a l  
v a r i a t i o n  ( i . e .  s i n  m<j> a n d  c o s  m<j> r a t h e r  t h a n  e x p ( j  m  </ > ) ) .  I t  s h o u l d  
a l s o  b e  n o t e d  t h a t  t h e  d e f i n i t i o n  o f  t h e  s p h e r i c a l  H a n k e l  f u n c t i o n
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u s e d  i n  r e f e r e n c e  ( 2 3 ) i s  s l i g h t l y  n o n - s t a n d a r d .  T h i s  w i l l  n o t  
m a t t e r  a s  w e  a r e  n o t  g r e a t l y  c o n c e r n e d  h e r e  w i t h  t h e  d e t a i l e d  r a d i a l  
v a r i a t i o n  o f  t h e  f i e l d s .  W h a t  i s  m o r e  s i g n i f i c a n t  i s  t h a t  i n  
r e f e r e n c e  ( 1 4 )  M u n r o  h a s  t a k e n  t h e  e  =  t t / 2  <f> =  0  a x i s  a s  t h e  a x i s  
o f  r o t a t i o n  o f  t h e  s c a t t e r e r .  ( T h i s  g r e a t l y  s i m p l i f i e s  t h e  a p p l i c a t ­
i o n  o f  t h e  a d d i t i o n  t h e o r e m  o f  t h e  w a v e  f u n c t i o n s ) .  T h i s  c o n v e n t i o n  
w i l l  n o t  b e  a d o p t e d  h e r e  b e c a u s e  i t  c o m p l i c a t e s  t h e  m a t h e m a t i c s  w h e n  
t h e  r o t a t i o n  o f  t h e  c o - o r d i n a t e  s y s t e m  i s  c o n s i d e r e d .  I f  w e  w e r e  t o  
f o l l o w  M u n r o ' s  p r o c e d u r e  w e  w o u l d  h a v e  t o  s a y
s i n  e  c o s  <f> =  s i n  e  c o s  <j>
a n d ' j
sin 0 sin (j)
f
cos X “ sin X
f  s
sin e sin <j>
. COS 0
V
sin X cos X
r 
-
o o </> CD 1
\_ 
. ..
T h i s  l e a d s  t o  ' m i x i n g '  o f  t h e  a n g u l a r  c o - o r d i n a t e s  a n d  t h e  t r a n s f o r m ­
a t i o n  o f  t h e  a n g u l a r  p a r t  o f  t h e  w a v e  f u n c t i o n  w o u l d  b e  v e r y  c o m p l i ­
c a t e d ,  ( s e e  f o r  e x a m p l e  r e f e r e n c e  2 8 ,  A p p e n d i x  1 ) .
F o l o w i n g  K a h n  a n d  W a s y l k i w s k y i . i n  r e f e r e n c e - ' ( 2 3 .) w e  w r i t e  f o r  t h e  
t r a n s v e r s e  e l e c t r i c  f i e l d :
n = l  m = o  p = e
n m p
w h e r e
a n d
+ Fnmp(Ys6)®nmp A F
f e m p ( Y , ( S ) Y n m p b n  +  5 n m p b n  ^ ( k r )
f e m p ( a ’ ^  “  a n m p b n  ^ ( k r )  +  f e m p ^ n  \ k r )
( 7 . 5 3 )
T h e  d o t  i n d i c a t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  a r g u m e n t  a n d  t h e
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s u m m a t i o n  i n d e x  p  ( f o r  p a r i t y )  c a n  t a k e  t h e  v a l u e s  e  o r  0  ( e v e n  
o r  o d d ) .  T h e  c i r c u m f l e x  i n d i c a t e s  a  u n i t  v e c t o r  a n d :
' n m p  N
 ^ ( -  r ^ v P ™  ( c o s  0 ) c o s  m<f>)
n m
s i n  m<f>
H e r e  ^.v i s  t h e  t r a n s v e r s e  p a r t  o f  t h e  g r a d i e n t  o p e r a t o r .  N n m  i s  a
n o r m a l i s i n g  f a c t o r .  F u r t h e r  d e t a i l s  o n  t h e  e  „  a r e  g i v e n  i n
n m p  3
A p p e n d i x  F .  I t  i s  s u p p o s e d  t h a t  t h e r e  i s  a  l i n e a r  r e l a t i o n  b e t w e e n  
t h e  i n c o m i n g  a n d  o u t g o i n g  f i e l d  c o e f f i c i e n t s ,  w h i c h  s h a l l  b e  w r i t t e n  
a s : .
Q _  V C U V W  to \ a. C U V W  to \
^ n m p  “  n m p  ( B a ^ a u v w  n m p  ( ^ Y ^ Y u v w
5 nmn =  I S nmn ( 6 a ) a u v w  +  S n m p™»P u <fw u v w
o r ,  m o r e  c o m p a c t l y :
[1] S(3a) S(3y)
r \
a
t o S(6a) S(6y$ X
W e  c o m b i n e  e q .  ( 7 . 5 3 )  w r i t t e n  o u t  i n  f u l l  w i t h  t h e  t r a n s f o r m a t i o n  
r u l e s  ( F 5 ) a n d  ( F 6 )  f o r  t h e  v e c t o r  m o d e s  w h i c h  a r e  d e r i v e d  i n  
A p p e n d i x  F ,  t o  f i n d  t h e  r e l a t i o n s h i p s  b e t w e e n  t h e  f i e l d  c o e f f i c i e n t s  
i n  t h e  t w o  c o - o r d i n a t e  s y s t e m s :
r k  =  I  i  +  ‘W ’ t o ( k r ) ) ( c o s  m x e n m e  -  s i n  m x e n m 0 )
n m
h(*)
+  3  +  i n m o h < 2 ) ( k r ) ) ( s i n x m i n m e  +  c o s  mx e m Q )
+  a  s i m i l a r  e x p r e s s i o n  i n v o l v i n g  t h e  y  a n d  < 5 .
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■ L  j + 6nmebn2)(kr))®
n m
n m e
+ j ? “^nmobn1)(kr) + 6nmofa<kr» anmo
+  a  s i m i l a r  e x p r e s s i o n  i n v o l v i n g  t h e  y  a n d  6 ,
B y  c o m p a r i n g  t h e  c o e f f i c i e n t s  o f  t h e  v e c t o r  m o d e  f u n c t i o n s  w e
o b t a i n :
a r
n m e n
*a n m o - \
c o s  m x  s i n  m y  
( - s i n m x  c o s  m x
' n m e
' nmo'
( 7 . 5 4 )
C o r r e s p o n d i n g  r e l a t i o n s h i p s  h o l d  f o r  t h e  g ,  y  a n d  6  c o e f f i c i e n t s .  
D e f i n i n g
r , c o s  m x  s i n  m x '
- s i n  m x  c o s  m x .
M
P P
( 7 . 5 5 )
T h e  s u f f i c e s  o n  t h i s  m a t r i x  e l e m e n t  a r e  p a r i t y  s u f f i c e s .  N o w ,  b y  
d e f i n i t i o n :
=  lSU W  ( B a ) a  +  S U V W  ( B y ) YL n m n  '  1 m / w  n m n  '  1 > '
n m p  u v w  n m p
u v w  n m p u v w
( 7 . 5 6 )
A s s u m i n g  t h e  i n v a r i a n c e  o f  t h e  S  m a t r i c e s  w e  m a y  r e w r i t e  e q .  ( 7 . 5 6 )  
i n  t e r m s  o f  t h e  t r a n s f o r m e d  c o e f f i c i e n t s :
\  M p p  8  n m p  =  J  \  < S n m p  ( S a > V w  * u v S  +  S n m p
p w
= I M - I  (S^ fa[ (8a)a., - + (By)y -)
_  P P  _  n m p  v ’  u v w  n m p  Y 1 / 1 u v w 1
p  u v w
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N o w ,  t h e  a  a n d  y  c o e f f i c i e n t s  d e s c r i b e  t h e  i n c o m i n g  f i e l d .  
T h e y  a r e  i n d e p e n d e n t  a n d  a r b i t r a r y ,  h e n c e :
I Snmp Vw w  ■ I %  Sn ^  (CV)
W h e r e  e q .  ( 7 . 5 7 )  h o l d s  f o r  S ( £ a ) ,  S ( $ y ) ,  S ( f i a )  a n d  S ( S y )  a l l  i n d e ­
p e n d e n t l y .  C h a n g i n g  p  t o  w  o n  t h e  r i g h t  h a n d  s i d e  o f  e q .  ( 7 . 5 7 ) :
I (Snmn M„w) = 0 (7.58)c K n m p  w w  n m w  p w ‘ K '
E q u a t i o n  ( 7 . 5 8 )  i s  v a l i d . f o r  a l l  u ,  v ,  n  a n d  m .  W e  c a n  i d e n t i f y  
f o u r  d i s t i n c t  c a s e s  w h i c h  d e p e n d  o n  t h e  v a l u e s  o f  t h e  ' f r e e '  p a r i t y  
i n d i c e s  w  a n d  p .  T h e s e  a r e :
( i )  p  =  w  =  e
(V is a matrix of the same form as in equation (7.55)).
$ u v e  v  _  $ u v e  M s u v o  y  _  $ u v e  M =
n m e  e e  n m e  e e  n m e  o e  n m o  e o
( i i ) p  =  w  =  o
S u v e  V -  S u v o  M +  S U V 0  V -• S u v o  M =  o
n m o  e o  n m e  o e  n m o  o o  n m o  o o
( i i i )  p  =  e  w  =  o
s u v e  „  =  u v o  „  s u v o  v  _  s u v  H
n m e  e o  n m e  e e  n m e  o o  n m  e o
( i v )  p  =  o  • w  =  e
S u v e  V -  S u v e  M +  S u v o  V -  S u v e  H  =  0
r a t i o  e e  n m e  o e  n m o  o e  n m o  o o
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N o w ,  t h e  t w o  d i a g o n a l s  o f  t h e  M a n d  V m a t r i c e s  a r e  l i n e a r l y  i n d e p ­
e n d e n t .  F u r t h e r m o r e  i f  v  /  i n t h e n  t h e  M a n d  V m a t r i c e s  w i l l  b e  
i n d e p e n d e n t  o f  e a c h  o t h e r .  I n  t h i s  c a s e  t h e n ,  a l l  t h e  m a t r i x  
e l e m e n t s  w i l l  b e  z e r o .
I f  v  =  m t h e n  M  =  M  =  V  =  V  
e e  o o  e e  o o
a n d  M =  v  =  -  M =  -  V 
e o  e o  o e  o e
C a s e  ( i )  g i v e s :
qumo _ _ qUme 
n m e  ”  n m o
C a s e  ( i i )  g i v e s :
s u m e  _  _  s u m o  
n m o  ”  n m e
C a s e  ( i i i )  g i v e s :
q.ume _ qUmo
n m e  n m o
C a s e  ( i v )  g i v e s :
qUme _ qumo
n m e  ”  n m o
T h e r e f o r e
a )  S c a t t e r i n g  d o e s  n o t  t a k e  p l a c e  b e t w e e n  d i f f e r e n t  a z i m u t h a l  o r d e r s
b )  E v e n - E v e n  s c a t t e r i n g  i s ; t h e  s a m e  a s  O d d - O d d  s c a t t e r i n g .
c )  O d d - E v e n  s c a t t e r i n g  i s  t h e  n e g a t i v e  o f  E v e n - O d d  s c a t t e r i n g .
§ 7 . 2 1  I n v a r i a n c e  o f  t h e  S c a t t e r i n g  M a t r i x  u n d e r  R e f l e c t i o n
W i t h  o u r  p a r t i c u l a r  c h o i c e  o f  v e c t o r  m o d e  f u n c t i o n s ,  t h i s  i s  
n o t  a  c o m p l i c a t e d  i n v a r i a n c e  t o  i n v e s t i g a t e .  A s  i n  t h e  s c a l a r  c a s e  
w e  m a y  w i t h o u t  l o s s  o f  g e n e r a l i t y  c o n s i d e r  r e f l e c t i o n  i n  t h e  <j> =  0
A A
p l a n e .  T h i s  i s  e q u i v a l e n t  t o :  $  -  <j> a n d  <f>
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and it is easy to show that:
e  -> e  a n d
n m e  n m e  n m o  n m o
T h e  r e l a t i o n  b e t w e e n  t h e  t w o  s e t s  o f  f i e l d  c o e f f i c i e n t s  i n  t h e  t w o  
c o - o r d i n a t e  s y s t e m s  c o n n e c t e d  b y  s u c h  a  r e f l e c t i o n  i s :
n m e
’ 1 0
n m e
a
k n m o
—
t 0 - 1 *  ^ n m o '
a n d  v i c e  v e r s a
D e f i n e  t h e  M a t r i x  
M
P P
N o w
n m p
1  i f  p  =  p  =  e  
■1 if p  =  p  =  0 
0 o t h e r w i s e .
V QUVW (a \ i qUVW t o n
f a  n m p  ^ a ) “ u v w  n m p  ^ Y ^ Y u v w  
u v w
(7.59)
• '  •  l  M p p  8 n m p  . =  l_ I» p p  S n m p  ?  * r > W .
b u t
UVW P
' n m p  =  I  5  n m p  ( e ° > “ u v w  +  S n m p  ^ L v w
UVW
. u v w
f r o m  w h i c h
I  3 ~  =  I  ( g a )  I  M -  a  -
5  p p  n m p  n m p  v ^  w w  u v w
p  w
+  S u v w  ( g a )  J  M -  v  -  
n m p  '  £  w w  T u v w
w
T h e  a s  a n d  y s  a r e  i n d e p e n d e n t .  E q u a t i n g  c o e f f i c i e n t s
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y m - suv^ = y suvw n -L p p  n m p  c n m p  w w
p
I  Mnw Snmw " Snmn = 0p w  n m w  w w  n m p
or
O n c e  a g a i n  w e  c a n  i d e n t i f y  f o u r  c a s e s
( i )  p  =  w  =  e
M S u v e  -  M S u v e  +  M S u v e  -  M S U V 0  =  0  
e e  n m e  e e  n m e  e o  n m o  o e  n m e
( i i )  p  =  w  =  0
M quvu - m <UVfc: + m suvu - m <;uvo - n 
o e  n m e  e o  n m o  o o  n m o  o o  n m o
( i i i )  p  =  e  w  =  0
M S  -  M S  +  M S  -  M S  =  0  
e e  n m e  e o  n m e  e o  n m o  o o  n m e
( i v )  p  =  0  w  =  e
M S  -  M S  +  M S  -  M S  =  0  
o e  n m e  e e  n m o  o o  n m o  o e  n m o
F r o m  e q .  ( 7 . 5 9 ) w e  s e e  t h a t  Mn _ =  -  a n d  =  F4 =  0 ;  w e  s e e
OO S c  OS GO
t h a t :
s u v o  =  $ u v e  =  Q 
n m e  n m e
E v e n  m o d e s  s c a t t e r  i n t o  e v e n  m o d e s  o n l y  
O d d  m o d e s  s c a t t e r  i n t o  o d d  m o d e s  o n l y .
T h e  a p p l i c a t i o n  o f  t h e  c o n s e r v a t i o n  o f  e n e r g y  i s  n o t  i n  t h e  
d i r e c t  l i n e  o f  a r g u m e n t .  A  b r i e f  t r e a t m e n t  i s  g i v e n  i n  A p p e n d i x  I .
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§7.22 The Boundary Condition Problem
A c c o r d i n g  t o  K a h n  a n d  W a s y l k i w s k y j  i n  r e f e r e n c e  ( 2 3 )
(7.60)
o
( 7 . 6 1 )
T h e  b o u n d a r y  c o n d i t i o n  i s  t h a t  t h e  t o t a l  t a n g e n t i a l  e l e c t r i c  f i e l d  
a t  t h e  s u r f a c e  o f  t h e  s c a t t e r e r  i s  z e r o .  I n  r e f e r e n c e  ( 1 4 )  M u n r o  
t o o k  t h e  t o t a l  t r a n s v e r s e  f i e l d  t o  b e  z e r o .  B e c a u s e  w e  a r e  d e a l i n g  
w i t h  a  b o d y  o f  r e v o l u t i o n ,  t h e s e  t w o  p r o c e d u r e s  w i l l  a g r e e  f o r  t h e
i m p l i e d  b y  t h e  v a n i s h i n g  o f  t h e  e  c o m p o n e n t  a l o n e .  T h e  r a d i a l  c o m p o  
n e n t  o f  t h e  f i e l d  m u s t  b e  c o n s i d e r e d .
W i t h o u t  l o s s  o f  g e n e r a l i t y  w e  m a y  c o n s i d e r  a  f i e l d  o f  a  s i n g l e  
a z i m u t h a l  o r d e r  m .  ( I t  h a s  a l r e a d y  b e e n  s h o w n  t h a t  t h e  s c a t t e r i n g  
p r o c e s s  d o e s  n o t  m i x  d i f f e r e n t  a z i m u t h a l  o r d e r s ) .  S i m i l a r l y  w e  n e e d  
c o n s i d e r  a  f i e l d  o f  a  s i n g l e  ' p a r i t y '  o n l y  s i n c e  w e  h a v e  a l r e a d y  
s h o w n  t h a t  t h e r e  i s  n o  o d d - e v e n  o r  e v e n - o d d  s c a t t e r i n g ,  a n d  t h a t  
e v e n - e v e n  s c a t t e r i n g  i s  t h e  s a m e  a s  o d d - o d d  s c a t t e r i n g .
T h e  b o u n d a r y  c o n d i t i o n s  w i l l  b e  e x a m i n e d  i n  t w o  s t a g e s .  F i r s t  
t h e  v a n i s h i n g  o f  t h e  $  c o m p o n e n t .  S e c o n d l y  t h e  v a n i s h i n g  o f  t h e
✓s.
t a n g e n t i a l  f i e l d  c o m p o n e n t  p e r p e n d i c u l a r  t o  $ .  T h i s  w i l l  r e q u i r e  
t h e  m a n i p u l a t i o n  o f  e q .  ( 7 . 6 1 )  t o  o b t a i n  t h e  r a d i a l  f i e l d  c o m p o n e n t .
<f> c o m p o n e n t ,  b u t  w e  w i l l  o b t a i n  a  d i f f e r e n t  c o n d i t i o n  f r o m  t h a t
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F r o m  e q s .  ( 7 . 6 0 ) ,  ( F 2 )  a n d  ( F 7 ) t h i s  g i v e s
§7.23 The Vanishing of the ^-Component
 ^  ^Enmp(a^
1 1
N
n m
P ™ ( c o s  e ) ) r -  m s i n  m<f> 
+  m c o s  m<j>s i n  e
+  F ( y 6 ) 
n m p "  '
1_
' n m
d P p ( c o s  6 ) ' c o s  mcj) 
s i n  m f e
= 0
T h i s  e q u a t i o n  m u s t  h o l d  f o r  t h e  f u l l  r a n g e  o f  v a l u e s  o f  <j). T h u s  i t  
i s  e a s y  t o  s e e  t h a t  t h e  a s  a n d  a s  d e c o u p l e  f r o m  t h e  y s  a n d  < s s .  T h e  
c o s ( m < f > )  a n d  s i n ( m < j > )  f a c t o r s  i n  t h e  t w o  e q u a t i o n  m a y  b e  c a n c e l l e d  a n d
p / c o s  9 ) 
s i n  e ^ ? Enmp(as^
a n d
 ^Fnmp(Y<s)
1
nm-
r \  
1
d P ™ ( c o s  0 ) '
N
n n L
CL CD
= 0
= 0
( 7 . 6 2 )
( 7 . 6 3 )
§ 7 . 2 4  T h e  V a n i s h i n g  o f  t h e  ‘ o t h e r 1 f i e l d  c o m p o n e n t
A l o n g  a  l i n e  o f  c o n s t a n t  <j>, t h e  v e c t o r  t a n g e n t  t o  t h e  s u r f a c e  
w h i c h  l i e s  i n  t h e  <j> =  c o n s t a n t  p l a n e  i s
H e r e  r  =  r ( 0 )  i s  t h e  e q u a t i o n  o f  t h e  g e n e r a t o r  o f  t h e  s c a t t e r e r ,  
G i v e n  t h a t  E  v a n i s h e s ,  t h e n  t h e  b o u n d a r y  c o n d i t i o n  b e c o m e s
E - t  =  0  E  =  -
1 d r  c
7 F F  E r
E p  m a y  b e  d e t e r m i n e d  f o r  t h e  e x p r e s s i o n  ( 7 . 6 1 )  f o r  t h e  t r a n s v e r s e
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magnetic field using the Maxwell equation:
E =  - J —  v  -  H- ja>e
+  E =  
r
1
f
9
r  s i n  0 [ 9 0
( s i n  <j>H ) -
3 H,
9 c j ) Owe, ( 7 . 6 4 )
T h e  s u b s t i t u t i o n  o f  e q .  ( 7 . 6 1 )  i n  e q .  ( 7 . 6 4 )  g i v e s  r i s e  t o  c o m p l i ­
c a t e d  a l g e b r a  a s  s h o w n  i n  A p p e n d i x  G .  H e r e  w e  m e r e l y  q u o t e  t h e  
r e s u l t s  ( e q .  G . l )  a n d  ( e q .  G . 4 ) :
I J Jnrap(a8)
1
d P ^ c o s  0 ) ' c o s ( m c j ) ) '
"  ¥ ~ ,
^ n m J
d 0 s  i  n  ( mcj ) ) ^
+ E ( y<5) 
n m p v 1 1
1
n m
f P ™ ( c o s  6 ) 1
s i n  e
- m  s i n ( m < f ) ) '  
+ m  c o s ( m < j ) $
1 d r  _ _ _  
r  " d o  * ( k r );e I
n m
F  ( a g ) n ( n  +  l ) P ™ ( c o s  e ) c o s ( m < j > ) '
(7.65)
I f  w e  e x a m i n e  e q u a t i o n  ( 7 . 6 5 )  w e  s e e  t h a t  o n c e  a g a i n ,  b e c a u s e  o f  t h e  
l i n e a r  i n d e p e n d e n c e  o f  c o s  m<}> a n d  s i n  mcj> t h e  ( a e )  e q u a t i o n s  a r e  d e ­
c o u p l e d  f r o m  t h e  ( y < 5 )  e q u a t i o n s .  T h i s  i m p l i e s  t h a t  t h e  S ( 3 y )  a n d  t h e  
S ( 5 a )  m a t r i c e s  v a n i s h .  O n c e  a g a i n ,  t h e  a z i m u t h a l  f a c t o r s  m a y  b e  
c a n c e l l e d  t o  l e a v e :
I  * W YS>
1
' P ^ c o s  e ) ‘
N
n m
V /
s i n  0
t j
= 0 ( 7 . 6 6 )
a n d
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/ F „(ag)
a  n m p v ' N
nm-
f 1 ' dP™(cos e)n
+ __]__ dfakpl
( k p )
2 He
ae
•1
~R
nm-
F n m p ( a B ) n ( n  +  l ) P ™ ( c o s  e )  =  0  ( 7 . 6 7 )
E q u a t i o n s  ( 7 . 6 2 ) ,  ( 7 . 6 3 ) ,  ( 7 . 6 6 )  a n d  ( 7 . 6 7 )  c o n s t i t u t e  a  q u a s i - t w o -  
d i m e n s i o n a l  p r o b l e m .  O f  c o u r s e  t h e y  w i l l  b e  s u b j e c t  t o  t h e  u s u a l  
c o n v e r g e n c e  d i f f i c u l t i e s  w h i c h  m u s t  b e  o v e r c o m e  b y  t h e  a n a l y t i c a l  
c o n t i n u a t i o n  p r o c e d u r e . ( s e e  c o m m e n t s  f o r t h e s c a l a r  p r o b l e m ) .
§ 7 . 2 5  S u m m a r y  o f  C h a p t e r  S e v e n
1 . T h e  l i n e a r i t y  o f  t h e  s c a t t e r i n g  p r o b l e m  f o r  p e r f e c t  c o n d u c t o r s  
i m p l i e s  t h a t  a  s c a t t e r i n g  m a t r i x  m a y  b e  u s e d  t o  r e l a t e  t h e  
c o l u m n  v e c t o r s  o f  t h e  c o e f f i c i e n t s  o f  t h e  f i e l d  m o d e s .
2 .  T h e r e  a r e  t w o  r e a s o n a b l e  d e f i n i t i o n s  o f  t h e  s c a t t e r i n g  m a t r i x .
T h e  S - m a t r i x  r e l a t e s  t h e  i n c o m i n g  f i e l d  t o  t h e  t o t a l  o u t g o i n g  
f i e l d .  T h e  D m a t r i x  r e l a t e s  t h e  i n c o m i n g  f i e l d  t o  t h e  s c a t t e r e d  
f i e l d .
3 .  T h e  q u a n t i t y  ( S - D )  m a y  b e  i d e n t i f i e d  w i t h  t h e  s c a t t e r i n g  m a t r i x  
o f  f r e e  s p a c e ,  w h i c h  i s  t h e  i d e n t i t y  m a t r i x .
4 . T h e  W i l t o n  a n d  M i t t r a  a n a l y t i c  c o n t i n u a t i o n  m e t h o d  m a y  b e  
w r i t t e n  i n  a  f o r m  w h i c h  p r o v i d e s  a n  e x p r e s s i o n  f o r  t h e  s c a t t e r i n g  
m a t r i x  o f  a  t w o  d i m e n s i o n a l  b o d y .
5 . T h e  s c a t t e r i n g  m a t r i x  i s  a  p r o p e r t y  o f  t h e  s c a t t e r i n g  b o d y  o n l y .  
I f  a  t r a n s f o r m a t i o n  o f  t h e  c o - o r d i n a t e  s y s t e m  o n  t h e  f i e l d  l e a v e s  
t h e  s c a t t e r e r  u n c h a n g e d ,  t h e n  t h e  s c a t t e r i n g  m a t r i x  i s  a l s o  
u n c h a n g e d .
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6 .  W h e n  a p p l y i n g  t h e  c o n d i t i o n  o f  c o n s e r v a t i o n  o f  e n e r g y ,  t h e  
e n e r g y  a s s o c i a t e d  w i t h  t h e  i n c o m i n g  f i e l d  m a y  b e  d i r e c t l y  
e q u a t e d  t o  t h a t  o f  t h e  o u t g o i n g  f i e l d .  F o r  a  p e r f e c t  c o n d u c t o r  
i n  t h e  s t e a d y  s t a t e ,  t h e r e  i s  n o  a b s o r p t i o n  o f  e n e r g y ,  a n d  t h e  
t w o  w i l l  b e  e q u a l .
7 .  B y  i n t r o d u c i n g  ' T r a n s l a t i o n  M a t r i c e s ' ,  t h e  s c a t t e r i n g  m a t r i x  
o f  a  c o m p o s i t e  t w o  b o d y  s y s t e m  m a y  b e  f o u n d  i n  t e r m s  o f  t h e  
s c a t t e r i n g  m a t r i c e s  o f  t h e  i n d i v i d u a l  b o d i e s .
8 .  P r o p e r t i e s  o f  t h e  t w o  d i m e n s i o n a l  m a t r i x  w h i c h  d e p e n d  o n  t h e  
c o n s e r v a t i o n  o f  e n e r g y  a n d  i n v a r i a n c e  u n d e r  t i m e  r e v e r s a l ,  a r e  
' c o v a r i a n t 1 u n d e r  c o - o r d i n a t e  t r a n s f o r m a t i o n s  i n  t h e  p l a n e  
w h i c h  l e a v e  t h e  s h a p e  o f  t h e  s c a t t e r e r  u n c h a n g e d .
9 .  F o r  t h e  s c a t t e r i n g  o f  a  s c a l a r  f i e l d  f r o m  a  b o d y  o f  r e v o l u t i o n :
( i )  T h e r e  i s  n o  c o u p l i n g  b e t w e e n  d i f f e r e n t  o r d e r s  o f  
a z i m u t h a l  m o d e .
( i i )  S c a t t e r i n g  d e p e n d s  o n l y  o n  t h e  a b s o l u t e  v a l u e  o f  t h e  
a z i m u t h a l  o r d e r ,  a n d  n o t  u p o n  i t s  s i g n .
( i i i )  T h e  b o u n d a r y  c o n d i t i o n  p r o b l e m  m a y  b e  p u t  i n  a  Q u a s i  -  
t w o - d i m e n s i o n a l  f o r m .
1 0 .  F o r  t h e  s c a t t e r i n g  o f  a n  e l e c t r o m a g n e t i c  ( v e c t o r )  f i e l d  f r o m  a  
b o d y  o f  r e v o l u t i o n :
( i )  T h e r e  i s  n o  c o u p l i n g  b e t w e e n  d i f f e r e n t  o r d e r s  o f  
a z i m u t h a l  m o d e s .
( i i )  W o r k i n g  w i t h  ' e v e n '  a n d  ' o d d '  v e c t o r  m o d e s ,  e v e n - e v e n  
s c a t t e r i n g  i s  t h e s a m e .  a s  o d d - o d d  s c a t t e r i n g .
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( i v )  T h e  b o u n d a r y  c o n d i t i o n  p r o b l e m  m a y  b e  p u t  i n  a  Q u a s i -  
t w o - d i m e n s i o n a l  f o r m .
( v )  T h e  c o e f f i c i e n t s  i n  t h e  e x p a n s i o n  o f  t h e  f i e l d  d e c o u p l e  
i n t o  t w o  s e t s .
M u c h  o f  t h i s  c h a p t e r  h a s  b e e n  d e v o t e d  t o  d e r i v i n g  w h a t  a r e  
c a l l e d  ' s e l e c t i o n  r u l e s '  i n  Q u a n t u m  M e c h a n i c s .  H o w e v e r  t h e r e  i s  
n o t  r e a l l y  a  d i r e c t  c o m p a r i s o n ' s i n c e  Q u a n t u m  M e c h a n i c a l  c a l c u l a t i o n s  
o f  t h e  p r o b a b i l i t y  o f  t r a n s i t i o n  f r o m  s t a t e  i  -+ j  d e p e n d  o n  t h e  
e x p r e s s i o n :
<  j  | H | i  >
w h i c h  i s  d e r i v e d  f r o m  t h e  ' G o l d e n  r u l e '  o f  t i m e  d e p e n d e n t  p e r t u r b ­
a t i o n  t h e o r y  w i t h  H a s  t h e  o p e r a t o r  o f  t h e  p e r t u r b a t i o n  o f  t h e  
H a m i l t o n i a n  o f  t h e  s y s t e m .  I n  o u r  w o r k ,  t h e r e  i s  n o t h i n g  w h i c h
a
c o r r e s p o n d s  t o  H .
(iii) There is no 'odd-even' or 'even-odd' scattering.
CHAPTER 8 APERTURE FIELD THEORY AND THE CANONICAL
N E A R  F I E L D  M E T H O D
§ 8 . 1  I t  i s  w e l l  k n o w n  t h a t  G r e e n ' s  t h e o r e m  f o r  t h e  c a l c u l a t i o n  o f  
t h e  u n k n o w n  f i e l d  a t  a  p o i n t  b y  i n t e g r a t i o n  o f  a  k n o w n  f i e l d  o v e r  
a - s u r f a c e  m a y  b e  m a d e  t h e  b a s i s  o f  a n  a p p r o x i m a t e  m e t h o d  f o r  
c a l c u l a t i n g  a  s c a t t e r e d  f i e l d .  T h i s  i s  t h e  b a s i s  o f  t h e  s o - c a l l e d  
a p e r t u r e  f i e l d  m e t h o d ,  d e s c r i b e d  a s  s u c h  b y  S i l v e r  i n  r e f e r e n c e  ( 3 1 ) .  
I t  i s  n o t  t h e r e f o r e  a  n e w  t e c h n i q u e ,  b u t  i t s  u s e  u n t i l  r e c e n t  y e a r s  
s e e m s  t o  h a v e  b e e n  c o n f i n e d  t o  c a l c u l a t i o n s  o f  t h e  f i e l d  n e a r  t h e  
m a i n  b e a m  a x i s  o f  h i g h l y  d i r e c t i v e  s y s t e m s .  ( F o r  a  r e c e n t  a p p l i c a t ­
i o n  o f  t h i s  t y p e ,  s e e  r e f e r e n c e  ( 3 6 ) ) .  O n  t h e  m o r e  e x p e r i m e n t a l  
s i d e  t h e  t e c h n i q u e  h a s  s e e n  a n  i n c r e a s e  o f  i n t e r e s t  b e c a u s e  o f  t h e  
a t t e n t i o n  b e i n g  p a i d  t o  a n t e n n a  m e a s u r e m e n t s  i n  t h e  n e a r  f i e l d ,  w h e r e  
m e a s u r e m e n t s  m a d e  d i r e c t l y  i n  t h e  f a r  f i e l d  a r e  n o t  p r a c t i c a b l e .
S e e  f o r  e x a m p l e ,  t h e  p a p e r s  i n  r e f e r e n c e  ( 3 2 ) .  I f  t h e  f a r  f i e l d  i s  
t a k e n  t o  l i e  b e y o n d  d i s t a n c e s  2 D 2 / x  ( D  =  d i a m e t e r  o f  a n t e n n a ,
A =  w a v e l e n g t h )  t h e n  f o r  a  l a r g e  a n t e n n a ,  t h i s  m a y  s i m p l y  b e  t o o  
b i g  t o  f i t  o n t o  a  r a n g e .  W h a t  i s  f a i r l y  n o v e l  ( a b o u t  t h e  t h e o r y )  
i s  t h e  u s e  o f  t h e  t e c h n i q u e  f o r  s c a t t e r e r s  w h i c h  a r e  n o t  r e f l e c t o r  
a n t e n n a s  a s  s u c h ,  a n d  a w a y  f r o m  t h e  m a i n  r e f l e c t e d  f i e l d .
T h e r e  a r e  t w o  i m m e d i a t e  a d v a n t a g e s  o f  t h e  A p e r t u r e  f i e l d  
A p p r o a c h :
( i )  T h e  f i e l d  i n  t h e  ' a p e r t u r e '  m a y  b e  a p p r o x i m a t e ,  b u t  t h e  
f a r  f i e l d  c a l c u l a t e d  u s i n g  G r e e n ' s  t h e o r e m  i s  g u a r a n t e e d  
t o  b e  a  s o l u t i o n  o f  t h e  w a v e  e q u a t i o n  a t  t h e  a p p r o p r i a t e  
f r e q u e n c y .
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( i i )  A n y  d i s c o n t i n u i t i e s  p r e s e n t  i n  t h e  a p e r t u r e  f i e l d  w i l l  
b e  ‘ s m o o t h e d  o u t 1 b y  t h e  i n t e g r a t i o n .
H o w e v e r  t h e r e  a r e  t w o  m a j o r  p r o b l e m s :
( i )  I t  i s  w e l l  k n o w n  t h a t  s u c h  a n  a p p r o a c h  d o e s  n o t  l e a d
t o  a  s e l f - c o n s i s t e n t  f i e l d .  T h a t  i s ,  w h e n  t h e  f i e l d  
p o i n t  a p p r o a c h e s  t h e  s u r f a c e  o f  i n t e g r a t i o n ,  o n e  d o e s  
n o t  o b t a i n  t h e  o r i g i n a l  a p e r t u r e  f i e l d .  T h e  i n c o n s i s t e n ­
c i e s  o f  t h e  a p p r o a c h  c a n  b e  r e m o v e d  b y  t h e  u s e  o f  a  
p r o p e r  G r e e n ' s  f u n c t i o n  -  s e e  J a c k s o n ,  s e c t i o n  9 . 8  -  b u t
s p e c i a l i s e d  G r e e n ' s  f u n c t i o n s  a r e  o n l y  a v a i l a b l e  f o r  a
f e w  g e o m e t r i e s ,  s o  w e  w i l l  r e t a i n  t h e  p r i m i t i v e  a p p r o a c h  
u s i n g  t h e  f r e e  s p a c e  G r e e n ' s  f u n c t i o n .  ( T h i s  w a s  w h y  
t h e  K i r c h o f f  m e t h o d  i s  u s e d  i n  A p p e n d i x  A -  p a r t l y  t o  
b e  c o n s i s t e n t  w i t h  w h a t  f o l l o w s ,  p a r t l y  b e c a u s e  t h e  
A p p e n d i x  i s  o n l y  i n t e n d e d  a s  a n  i l l u s t r a t i o n ) .
( i i )  T h e  s h a p e  a n d  p o s i t i o n  o f  t h e  s u r f a c e  o f  i n t e g r a t i o n  
a r e  b o t h  a r b i t r a r y .  I f  t h e  f i e l d  o n  t h e  i n t e r m e d i a t e  
s u r f a c e  w a s  e x a c t  t h e n  t h i s  w o u l d  n o t  m a t t e r .  H o w e v e r ,  
o f  n e c e s s i t y  t h e  f i e l d  o n  t h e  s u r f a c e  o f  i n t e g r a t i o n  i s  
a p p r o x i m a t e ,  a n d  a  p r i o r i ,  i t  m a y  b e  t h a t  t h e  f a r  f i e l d  
o b t a i n e d  i s  h i g h l y  d e p e n d e n t  o n  t h e  i n t e g r a t i n g  s u r f a c e .
T h e  c h o i c e  o f  t h e  s h a p e  o f  t h e  i n t e g r a t i n g  s u r f a c e  i s  p a r t l y  
d e t e r m i n e d  b y  c o n v e n i e n c e .  G r e e n ' s  t h e o r e m  a p p l i e s  t o  a  s u r f a c e  
e n c l o s i n g  s o u r c e - f r e e  s p a c e .  I f  w e  c o n s i d e r  l o c a l i s e d  s c a t t e r e r s  
t h e n  t h e  c o n t r i b u t i o n  t o  t h e  i n t e g r a l  f r o m  p a r t s  o f  t h e  s u r f a c e  
d i s t a n t  f r o m  t h e  s y s t e m  w i l l  v a n i s h  a s  t h e  d i s t a n c e  o f  t h e  s u r f a c e  
b e c o m e s  v e r y  l a r g e .  I f  w e  c o n s i d e r  t h e  t w o  d i m e n s i o n a l  s i t u a t i o n
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a s  s h o w n  i n  F i g u r e  8 . 1 ,  w e  e x p e c t  t h e  c o n t r i b u t i o n  t o  t h e  i n t e g r a l  
f r o m  F E D  t o  g o  i n v e r s e l y  a s  t h e  s q u a r e  o f  i t s ' r a d i u s .  T h e  c o n t r i b ­
u t i o n  f r o m  A F  a n d  C D  c a n c e l  e a c h  o t h e r  i f  t h e  t w o  s e c t i o n s  a r e  
m a d e  t o  c o i n c i d e  ( t h i s  h a p p e n s  b e c a u s e  t h e  n o r m a l s  t o  t h e  s u r f a c e s  
p o i n t  i n  o p p o s i t e  d i r e c t i o n s ) .  W e  a r e  l e f t  w i t h  t h e  l o o p  A B C ,  a  
s u r f a c e  o f  i n t e g r a t i o n  w h i c h  e n c l o s e s  t h e  s y s t e m .
T h e  o b v i o u s  c h o i c e  -  d i c t a t e d  b y  s i m p l i c i t y  -  o f  A B C  i s  a  
c i r c l e  w h i c h  i s  c e n t r e d  a t  t h e  o r i g i n  o f  c o - o r d i n a t e s .  A  s u i t a b l e  
r a d i u s  f o r  t h i s  c i r c l e  i s  a t  t h i s  s t a g e  s t i l l  a n  u n k n o w n  q u a n t i t y  
b u t  t h i s  p r o b l e m  w a s  i n v e s t i g a t e d  u s i n g  t h e  p r o g r a m  G O L D ,  w h i c h ' i s  
d e s c r i b e d  l a t e r .
A n  a l t e r n a t i v e  g e o m e t r y  w a s  s u g g e s t e d  b y  C o r n b l e e t  ( a s  s h o w n  
i n  F i g u r e  8 . 2 ) .  I t  c o n s i s t s  o f  a  p l a n e  A A ' B ' B  a n d  a  s e m i c i r c l e  
B C D A .  T h e  c o n t r i b u t i o n  f r o m  t h e  s e m i c i r c l e  v a n i s h e s  a s  t h e  r a d i u s  
b e c o m e s  i n f i n i t e l y  l a r g e  a n d  t h e  i n t e g r a l  i s  t a k e n  o v e r  a  f i n i t e  
s e c t i o n  A ' B 1 o f  t h e  i n f i n i t e  p l a n e  A B .  T h e  a d v a n t a g e  o f  t h i s  a r r a n g e ­
m e n t "  i s  t h a t  s i n c e  a p e r t u r e  f i e l d  m e t h o d s  w o r k  b e s t  i n  a  d i r e c t i o n  
o f  o b s e r v a t i o n  n o r m a l  t o  t h e  s u r f a c e  o f  i n t e g r a t i o n  ( Q Q 1 ) ,  o n e  c o u l d  
a l w a y s  a r r a n g e  t h i s  b y  r o t a t i n g  t h e  p l a n e  A ' B 1 a r o u n d  s o  t h a t  t h e  
n o r m a l '  p o i n t s  a r e  i n  t h e  d e s i r e d  d i r e c t i o n .
T h i s  a p p r o a c h  h a s  n o t  b e e n  t r i e d ,  f o r  t h e  f o l l o w i n g  r e a s o n s :
( i )  O n e  w o u l d  h a v e  t o  r e c o m p u t e  t h e  v a l u e s  o f  t h e  f i e l d  o n  
A ' B '  f o r  e a c h  d i s t i n c t  a n g l e  o f  o b s e r v a t i o n .  E v e n  i f  o n e  p o s i t i o n  
o f  A ' B '  i s  u s e d  f o r  a  ( s m a l l )  r a n g e  o f  o b s e r v a t i o n  d i r e c t i o n s  n e a r  
Q Q '  t h i s  p r o b l e m  w o u l d  s t i l l  e x i s t .
( i i )  R e f e r  n o w  t o - F i g u r e  ( 8 . 3 ) .  W e  h a v e  a l r e a d y  s a i d  t h a t  
w e  w i s h  t o  ' c o u n t  r a y s '  w h i c h  a r e  n o t  t r a v e l l i n g  s p e c i f i c a l l y  i n
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t h e  d i r e c t i o n  o f  o b s e r v a t i o n ,  i . e .  w e  w a n t  t o  u s e  a s  m u c h  o f  t h e  
i n f o r m a t i o n  w h i c h  i s  a v a i l a b l e  a s  p o s s i b l e .  B y  i n t e g r a t i n g  o v e r  
t h e  p l a n e  w e  t h r o w  a w a y  h a l f  t h e  i n f o r m a t i o n  t o  s t a r t  w i t h  s i m p l y  
b e c a u s e  i t  i s  t r a v e l l i n g  a w a y  f r o m  t h e  p l a n e .  O f  t h e  i n f o r m a t i o n  
w h i c h  c r o s s e s  t h a t  s u r f a c e ,  t h e  f r a c t i o n  w h i c h  c a n  b e  c a p t u r e d  
d e p e n d s  o n  t h e  w i d t h  W o f  t h e  s u r f a c e  u s e d .  S u p p o s e  t h e  p e r p e n d ­
i c u l a r  d i s t a n c e  o f  t h e  p l a n e  f r o m  t h e  o r i g i n  i s  ' a *  a n d  w e  w i s h  t o  
c a p t u r e  a  f r a c t i o n  1 f 1 o f  t h e  i n f o r m a t i o n  r e m a i n i n g  t o  u s  t h e n :
W =  2 a  t a n ( f  )
N o w ,  w i t h  f  =  9 5 % a n d  a  =  1 ( w a v e l e n g t h ) ,  t h e n  W =  2 5 . 4 .  T h e  
c o r r e s p o n d i n g  c i r c u l a r  c o n t o u r  w o u l d  c a p t u r e  a l l  t h e  i n f o r m a t i o n  
f o r  a  t o t a l  l e n g t h  o f  s u r f a c e  o f  a b o u t  s i x  w a v e l e n g t h s .
T h e  u s e  o f  t h e  1 H u y g h e n s - p l a n e '  m a y  b e  a p p r o p r i a t e  f o r  a  
r e f l e c t o r  a n t e n n a  s y s t e m  w h e r e  m o s t  o f  t h e  e n e r g y  t r a v e l s  i n  a  
l i m i t e d  r a n g e  o f  a n g l e .  I t  i s  e x p e c t e d  t o  b e  l e s s  u s e f u l  f o r  m o r e  
g e n e r a l  k i n d s  o f  s c a t t e r e r s  f o r  w h i c h  t h e  s c a t t e r i n g  i s  i n  a l l  
d i r e c t i o n s .
F i n a l l y  w e  m a y  m e n t i o n  a  p s y c h o l o g i c a l  d i s a d v a n t a g e  o f  t h e  
c i r c u l a r  c o n t o u r :  f o r  a n  o b s e r v a t i o n  a n g l e  e  t h e r e  w i l l  b e  c o n t r i b u t ­
i o n s  t o  t h e  f a r  f i e l d  f r o m  p a r t s  o f  t h e  s u r f a c e  w i t h  a n g u l a r  c o ­
o r d i n a t e s  n e a r  ( e  +  tt)  i . e .  ' i n v i s i b l e '  p o i n t s .
§ 8 . 2  T h e  P r o b l e m  o f  t h e  P e r f e c t l y  C o n d u c t i n g  S q u a r e
T h e  p r o b l e m  c o n s i d e r e d  t o  i l l u s t r a t e  t h e  a p p r o a c h  w a s  t h a t  o f  
a  p e r f e c t l y  c o n d u c t i n g  s q u a r e ,  s u b j e c t  t o  t h e  f i e l d  d u e  t o  a  l i n e  
s o u r c e  l y i n g  o n  a  d i a g o n a l  o f  t h e  s q u a r e .  T h e  s i d e  o f  t h e  s q u a r e  
w a s  1 . 8  w a v e l e n g t h s  a n d  t h e  l i n e  s o u r c e  w a s  1 . 3  w a v e l e n g t h s  f r o m
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t h e  c o r n e r  o f  t h e  s q u a r e ,  s o  t h a t  t h e  d i s t a n c e  b e t w e e n  s o u r c e  a n d  
s c a t t e r e r  w a s  e x t r e m e l y  s m a l l .  T h e  c h o i c e  w a s  d i c t a t e d  l a r g e l y  b y  
c o n v e n i e n c e .  M u n r o  a n d  C h i g n e l l  h a d  u s e d  t h e  s a m e  p r o b l e m  a n d  
e x p e r i m e n t a l  d a t a  p r o d u c e d  b y  R A E  w e r e  a l r e a d y  a v a i l a b l e  ( s e e  
r e f e r e n c e  3 3 ) ,
I n  1 9 8 0  a  s i m p l e  p r o g r a m  c a l l e d  G O L D - 2  w a s  w r i t t e n  t o  c o m p u t e  
t h e  s c a t t e r i n g  p a t t e r n  f o r  t h i s  p r o b l e m ,  u s i n g  t h e  a p e r t u r e  f i e l d  
t e c h n i q u e .  B r i e f l y ,  a n  a p p r o x i m a t e  v a l u e  f o r  t h e  f i e l d  o n  a  c i r c l e  
c e n t r e d  a t  t h e  o r i g i n  w a s  c a l c u l a t e d  a s s u m i n g  t h a t  t h e  o n l y  c o n t r i ­
b u t i o n s  t o  t h e  f i e l d  w e r e  ' d i r e c t 1 a n d  ' r e f l e c t e d '  r a d i a t i o n .  ( I n  
t h e  g e o m e t r i c a l  O p t i c s  s e n s e  o f  t h e  w o r d s ) .  A f u l l e r  d e s c r i p t i o n  o f  
t h e  p r o g r a m ,  a n d  a  l i s t i n g  a r e  g i v e n  i n  A p p e n d i x , J .
§ 8 . 3  D i s c u s s i o n  o f  t h e  R e s u l t s
I n  a  s e n s e ,  t h e  a c t u a l  a g r e e m e n t  o r  o t h e r w i s e  b e t w e e n  t h e  
e x p e r i m e n t a l  a n d  c a l c u l a t e d  r e s u l t s  i s  h e r e  a  s i d e  i s s u e  o n l y .  W e  
a r e  m o r e  c o n c e r n e d  w i t h  t h e  b e h a v i o u r  o f  t h e  p r o g r a m  a s  t h e  p a r a ­
m e t e r  R ( 2 )  -  t h e  r a d i u s  o f  t h e  s u r f a c e  o f  i n t e g r a t i o n  -  i s  c h a n g e d .  
T h e  c a l c u l a t e d  p o i n t s  a g r e e  w i t h  t h e  e x p e r i m e n t a l  c u r v e  q u i t e  w e l l  
c o n s i d e r i n g  t h e  h i g h l y  i d e a l i s e d  c a l c u l a t i o n  o f  t h e  i n t e r m e d i a t e  
f i e l d s .  T h a t  t h e  a g r e e m e n t  d e e p  i n  t h e  s h a d o w  r e g i o n  i s  p o o r  i s  
n o t  s u r p r i s i n g  s i n c e  f o r  s i m p l i c i t y  w e  c o n s i d e r e d  n o  e d g e - d i f f r a c t e d  
f i e l d s  f r o m  t h e  ' u p p e r '  a n d  ' l o w e r '  c o r n e r s  o f  t h e  s q u a r e  w h i c h  
w o u l d  h a v e  p e n e t r a t e d  i n t o  t h e  s h a d o w  r e g i o n  o n  t h e  i n t e g r a t i n g  
s u r f a c e  ( F i g u r e  8 . 4 ) .  A l s o  t h e  e f f e c t  o f  e d g e  d i f f r a c t i o n  a t  t h e  
c o r n e r  n e a r e s t  t h e  s o u r c e  w a s  o m i t t e d  w h i c h  o n e  w o u l d  e x p e c t  t o  b e  
r a t h e r  i m p o r t a n t .
- 98 -
N o w  a  p r i o r i  t h e  c h o i c e  o f  t h e  r a d i u s  o f  t h e  i n t e r m e d i a t e  
c i r c l e  i s  a r b i t r a r y  e x c e p t  t h a t  i t  s h o u l d  n o t  b e  t o o  l a r g e .  ( T h i s  
w o u l d  b e  e q u i v a l e n t  t o  g o i n g  d i r e c t l y  t o  t h e  f a r  f i e l d ,  w h i c h  w o u l d  
b e  n o  i m p r o v e m e n t  o n  t h e  o l d  t e c h n i q u e ) .  H e u r i s t i c a l l y  t h e  s u r f a c e  
o f  i n t e g r a t i o n  s h o u l d  b e  ' c l o s e '  t o  t h e  s c a t t e r e r  -  s a y  w i t h i n  a  
f e w  w a v e l e n g t h s .  H o w  c l o s e ?  I f  t h e  f i e l d  n e a r  t h e  s c a t t e r e r  w a s  
k n o w n  t o  a - v e r y  g o o d  a p p r o x i m a t i o n  t h e n  t h e  s i z e  a n d  s h a p e  o f  t h e  
i n t e r m e d i a t e  s u r f a c e  w o u l d  n o t  m a t t e r ,  b u t  t h e n  t h e r e  w o u l d  b e  n o  
m o t i v a t i o n  t o  d o  t h e  a p e r t u r e  f i e l d  c a l c u l a t i o n  i n  t h e  f i r s t  p l a c e .  
O u r  p u r p o s e  i s  t o  i m p r o v e  a  ( r e l a t i v e l y )  p o o r  a p p r o x i m a t i o n  b y  t h e  
i n t e g r a t i o n .  I t  w a s  t h o u g h t  b e f o r e h a n d  t h a t  t h e r e  w o u l d  b e  a  r a n g e  
o f  v a l u e s  o f  t h e  i n t e r m e d i a t e  c i r c l e  r a d i u s  f o r  w h i c h  t h e  s c a t t e r i n g  
p a t t e r n  w o u l d  n o t  c h a n g e  m u c h ,  b u t  t h e  g r a p h s  o b t a i n e d  f o r  a  m o d e s t  
r a n g e  o f  c i r c l e  r a d i u s  s h o w ’ t h a t  t h i s  i s  n o t  t h e  c a s e .  ( G r a p h s  
8.1-8.4).
I n  d e t e r m i n i n g  t h e  v a l u e  o f  t h e  r a d i u s  f o r  w h i c h  t h e r e  i s  t h e  
b e s t  a g r e e m e n t  o f  t h e o r y  w i t h  e x p e r i m e n t ,  m o s t  a t t e n t i o n  s h o u l d  b e  
p a i d  t o  o b s e r v a t i o n  a n g l e s  l e s s  t h a n  a b o u t  1 3 5 ° ,  s i n c e ,  f o r  t h e  
r e a s o n s  g i v e n  a b o v e ,  t h i s  i s  w h e r e  o n e  w o u l d  e x p e c t  t h e  r e s u l t s  t o  
b e  m o s t  r e l i a b l e .  B e a r i n g  t h i s  i n  m i n d ,  i t  i s  s e e n  t h a t  t h e  s m a l l e s t  
r a d i u s  i s  t h e  b e s t .
§ 8 . 4  T h e  W o r k  o f  B a c h ,  F r a n d s e n  a n d  L a r s e n
T h i s  i s  a n  a p p r o p r i a t e  p o i n t  a t  w h i c h  t o  d i s c u s s  t h e  r e s u l t s  
g i v e n  b y  B a c h  e t  a l .  i n  a  p a p e r  p r e s e n t e d  i n  t h e  1 9 8 1  I E E  c o n f e r e n c e  
o n  A n t e n n a s  a n d  P r o p a g a t i o n  ( r e f e r e n c e  3 4 ) .
I n  t h i s  p a p e r ,  t h e  a u t h o r s  p r e s e n t e d  a n  a n a l y s i s  o f  a  f o c u s  
r e f l e c t o r  a n t e n n a .  U s i n g  d i r e c t ,  r e f l e c t e d  a n d  G T D  e d g e  r a y s  t h e y
c a l c u l a t e d  t h e  f i e l d  a t  p o i n t s  o n  t h e  m i n i m u m  s p h e r e  e n c l o s i n g  t h e  
s c a t t e r e r .  B y  e v a l u a t i n g  ' O r t h o g o n a l i t y  I n t e g r a l s '  t h e y  r e p r e ­
s e n t e d  t h e  f i e l d  a s  a n  e x p a n s i o n  i n  S p h e r i c a l  m o d e s .  T h i s  c o u l d  
t h e n  b e  t a k e n  d i r e c t l y  t o  t h e  f a r  f i e l d .  I n  t h i s  w a y ,  t h e y  h a d  a  
d e f i n i t e  a  p r i o r i  r e a s o n  f o r  t a k i n g  t h e  n e a r  f i e l d  s u r f a c e  t o  b e  
t h e  s m a l l e s t  s p h e r e :  i t  w o u l d  m i n i m i s e  t h e  n u m b e r  o f  m o d e s  n e e d e d .  
T h e  a g r e e m e n t  w i t h  f i d u c i a l  r e s u l t s  c a l c u l a t e d  u s i n g  t h e  m o m e n t  
m e t h o d  w a s  e x c e l l e n t ,  e s p e c i a l l y  i n  t h e  ' s h a d o w  r e g i o n ' .  T h i s  c a n  
b e  a t t r i b u t e d  t o  t w o  f a c t o r s :
( i )  T h e  i n c l u s i o n  o f  G T D  e d g e - d i f f r a c t e d  r a y s .  T h i s  w o u l d  
i m p r o v e  t h e  a p p r o x i m a t i o n  t o  t h e  f i e l d  e v e r y w h e r e  o n  t h e  
s p h e r e ,  b u t  e s p e c i a l l y  i n  t h e  s h a d o w  r e g i o n .
( i i )  T h e  s y s t e m  w h i c h  t h e y  c o n s i d e r e d  w a s  m u c h  l a r g e r  t h a n  
o u r s .  T h e  f o c a l  l e n g t h  w a s  8 a ,  t h e  a n t e n n a  d i a m e t e r  
2 0 x  a n d  t h e  r a d i u s  o f  t h e  s p h e r e  w a s  16a. T h e  u s e  o f  
g e o m e t r i c a l  o p t i c s  c r i t e r i a  w o u l d  b e  m o r e  v a l i d  u n d e r  
t h e s e  c i r c u m s t a n c e s ,  t h a n  f o r  o u r  r a t h e r  s m a l l  s y s t e m .
§ 8 . 5  T h e  C a n o n i c a l  N e a r  F i e l d  M e t h o d
T o  r e t u r n  t o  o u r  p r o b l e m ,  t h e  i m p r o v i n g  a g r e e m e n t  b e t w e e n  
e x p e r i m e n t  a n d  t h e o r y  w i t h  t h e  d e c r e a s i n g  s i z e  o f  t h e  i n t e r m e d i a t e  
s u r f a c e  s t r o n g l y  s u g g e s t e d  t h a t  t h e  i n t e r m e d i a t e  s u r f a c e  s h o u l d  b e  
w r a p p e d  a s  c l o s e l y  r o u n d  t h e  s c a t t e r e r  a s  p o s s i b l e .  H o w e v e r ,  i n  
t h e  a p p r o x i m a t i o n  t h a t  t h e  i n t e r m e d i a t e  f i e l d  i s  t h a t  g i v e n  b y  
G e o m e t r i c a l  O p t i c s ,  t h i s  i s  j u s t  t h e  s a m e  a s  t h e  m e t h o d  o f  P h y s i c a l  
O p t i c s . ( s e e  f o r  e x a m p l e  r e f e r e n c e  1 ) .  W i t h  t h e  i n t e r m e d i a t e  f i e l d  
s u r f a c e  ' a w a y '  f r o m  t h e  s c a t t e r e r ,  t h e r e  w a s  t h e  o p t i o n  o f  i m p r o v i n g  
t h e  i n t e r m e d i a t e  f i e l d  b y  i n c l u d i n g  e d g e  d i f f r a c t e d  r a y s  e t c .  T h i s
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c o n c e p t  b r e a k s  d o w n  n e a r  t h e  s c a t t e r e r .  H o w e v e r  w e  c a n  s t i l l  
i n v o k e  t h e  P r i n c i p l e  o f  L o c a l  f i e l d  b y  p o s t u l a t i n g  t h a t  o n  p o i n t s  
o f  t h e  i n t e r m e d i a t e  s u r f a c e  w h i c h  a r e  c l o s e  t o  d i f f r a c t i n g  f e a t u r e s  
t h e  i n t e r m e d i a t e  f i e l d  c a n  b e  o b t a i n e d  f r o m  t h e  e x a c t  s o l u t i o n  f o r  
t h e  a p p r o p r i a t e  c a n o n i c a l  p r o b l e m .  T h i s  a p p r o a c h  w i l l  b e  c a l l e d  
t h e  C a n o n i c a l  N e a r  F i e l d  M e t h o d ,  o r  C N F M .
§ 8 . 6  A  S i m p l e  A p p l i c a t i o n  o f  t h e  C a n o n i c a l  N e a r  F i e l d  M e t h o d
T h e  C N F M  w a s  a p p l i e d  a t  t w o  l e v e l s  o f  s o p h i s t i c a t i o n  t o  t h e  
t e s t  c a s e  p r o b l e m  o f  t h e  s q u a r e  c y l i n d e r  a n d  t h e  l i n e  s o u r c e .  A t  
t h e  f i r s t  l e v e l ,  t h e  m e t h o d  i s  e s s e n t i a l l y  i d e n t i c a l  w i t h  P h y s i c a l  
O p t i c s ,  a n d  w i l l  b e  i d e n t i f i e d  a s  s u c h .  I n  t h i s  f i r s t  a p p r o x i m a t i o n  
i t  i s  a s s u m e d  t h a t  t h e r e  i s  a  n o n - z e r o  n o r m a l  d e r i v a t i v e  o f  t h e  
f i e l d  o n  t h o s e  s u r f a c e s  o f  t h e  s q u a r e  w h i c h  a r e  ' i l l u m i n a t e d 1 ( i n  
t h e  s e n s e  o f  G e o m e t r i c a l  O p t i c s ) .  O n  t h e  s h a d o w e d  f a c e s  o f  t h e  
s q u a r e  i t  i s  a s s u m e d  t h a t  t h e  n o r m a l  d e r i v a t i v e  o f  t h e  f i e l d  i s  z e r o ,  
O n  t h e  i l l u m i n a t e d  s u r f a c e ,  t h e  f i e l d  i s  t a k e n  t o  b e  t h a t  d u e  t o  t h e  
o r i g i n a l  s o u r c e  a n d  i t s  i m a g e  b y  r e f l e c t i o n .  S i n c e  t h e  t o t a l  f i e l d  
a c t u a l l y  o n  t h e  s u r f a c e  i s  z e r o ,  t h e  t o t a l  f i e l d  a t  a n  o b s e r v a t i o n  
p o i n t  P  i s :
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w h e r e  t h e  i n t e g r a l  i s  t a k e n  o v e r  t h e  t w o  i l l u m i n a t e d  s i d e s  o f  t h e  
s q u a r e .
T h e  s l i g h t l y  m o r e  s o p h i s t i c a t e d  v e r s i o n  m a k e s  t h e  f o l l o w i n g  
a s s u m p t i o n  t o  c a l c u l a t e  t h e  n o r m a l  d e r i v a t i v e  o f  t h e  f i e l d .  R e f e r  
n o w  t o  F i g u r e  ( 8 . 5 ) .  A s  b e f o r e ,  t h e  n o r m a l  d e r i v a t i v e  o f  t h e  f i e l d  
o n  B C D  i s - - t a k e n  i t o  b e . z e r o >  H o w e v e r ,  o n  D A B  i t  i s  t a k e n  t o  h a v e  t h e
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s a m e  v a l u e  a s  i t  w o u l d  o n  t h e  i n f i n i t e  r i g h t  a n g l e d  w e d g e  F D A B E .
S i n c e  S A  i s  i n  f a c t  s m a l l ,  t h e  a p p r o x i m a t e  f o r m  o f  t h e  e x a c t  s o l u t ­
i o n  c a n  b e  u s e d  a s  i n  r e f e r e n c e  ( 1 )  e q .  6 . 6 9 .  ( R e f e r  t o  F i g u r e  8 . 6 ) .  
I n  t h e  f o l l o w i n g :
( I n  c h a p t e r  6  o f  r e f e r e n c e  ( 1 ) ,  t h e r e  a r e  s e v e r a l  m i s p r i n t s  o f  t h e  
v a l u e  o f  v .  T h i s  p i e c e  o f  w o r k  w a s  d o n e  u s i n g  t h e  e x p ( - j o j t )  t i m e  
c o n v e n t i o n ) .
t h e  p r o g r a m  w r i t t e n  t o  p e r f o r m  t h e  c a l c u l a t i o n s  i s  g i v e n  i n  A p p e n d i x  
K .  W e  c o n c l u d e  t h i s  s e c t i o n  w i t h  a  n o t e  o n  t h e  v a l i d i t y  o f  t h e  
a p p r o x i m a t i o n  o f  r e g a r d i n g  t h e  i l l u m i n a t e d  p a r t  o f  t h e  s q u a r e  a s  a  
t r u n c a t e d  i n f i n i t e  w e d g e .  A y e t  m o r e  s o p h i s t i c a t e d  a p p r o x i m a t i o n  
w o u l d  b e  t o  r e g a r d :
D ' A B '  a s  p a r t  o f  t h e  i n f i n i t e  w e d g e  F D A B E
B 1 B C  a s  p a r t  o f  t h e  i n f i n i t e  w e d g e  H A B C G
D 1 DC  a s  p a r t  o f  t h e  i n f i n i t e  w e d g e  J A D C I .
T h e  p o i n t s  B 1 a n d  D ‘ a r e  t h o s e  w h e r e ,  r o u g h l y  s p e a k i n g ,  t h e  i n f l u e n c e  
o f  t h e  c o r n e r s B  a n d  D r e s p e c t i v e l y  a r e  o f  t h e  s a m e  m a g n i t u d e  a s  t h e  
i n f l u e n c e  o f  t h e  c o r n e r - A .  A l t h o u g h  w e  c a n  a r b i t r a r i l y  c h o o s e  t o  
i g n o r e  t h e  c o n t r i b u t i o n  f r o m  B C  a n d  C D ,  t h i s  i s  u n r e a s o n a b l e  u n l e s s
v ~ ' |  ^ " ' 4   ^ -  ■J p0 “ 1 *8 ( 2 )
T h e  n o r m a l  d e r i v a t i v e  o f  t h e  f i e l d  w a s  c a l c u l a t e d  f r o m
T h e  e x p r e s s i o n  i s  v a l i d  f o r  k D «  1 .  A  b r i e f  d i s c u s s i o n  o fo
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t h e  d i s t a n c e s  B B '  a n d  D D 1 a r e  s m a l l  c o m p a r e d  w i t h  t h e  s i d e  o f  t h e  
s q u a r e .  W e  w i l l  n o w  s h o w  t h a t  t h i s  a s s u m p t i o n  i s  p l a u s i b l e  u s i n g  
a  s i m p l e  c a l c u l a t i o n  w h i c h  a d m i t s  t h e  i d e a s  o f  G T D .  A l t h o u g h  t h i s  
i s  n o t  s t r i c t l y  v a l i d  f o r  t h e  s m a l l  d i s t a n c e s  c o n c e r n e d ,  o r d e r  o f  
m a g n i t u d e  a c c u r a c y  s h o u l d  b e  o b t a i n a b l e .  B y  a s s o c i a t i n g  a  d i f f r a c t ­
i o n  c o e f f i c i e n t  w i t h  t h e  c o r n e r s  A ,  B ,  C a n d  D ,  w e  o b t a i n
D i f f r a c t e d  f i e l d  a t  B '  v i a  c o r n e r  A
a  ( D i f f r a c t i o n  c o e f f i c i e n t  o f  A )
( S A ) ( A B * )
D i f f r a c t e d  f i e l d  a t  B '  v i a  c o r n e r  B
£ - : ( - Di  f f r a c t i o f r F o e f L f i  C i e n t '  o f  B-j  
( S B ) ( B B 1 )
A s s u m i n g  t h a t  t h e  d i f f r a c t i o n  c o e f f i c i e n t s  a r e  a p p r o x i m a t e l y  e q u a l ,  
t h e n  t h e  p o i n t  B ‘ i s  d e t e r m i n e d  b y :
( S A ) ( ( A B )  -  ( B B ' ) )  =  ( S B ) ( B B ' ) 
w h e r e  w e  h a v e  u s e d  ( A B ‘ ) =  ( A B )  -  ( B B 1 ) .  T h u s
( B B ’ > =  ( I a | + ( s b )  %  < S A )  =  ° - 0 3 -
( s i n c e  ( S A )  i s  s m a l l  a n d  ( A B )  «  ( S B ) ) .  T h u s  t h e  a s s u m p t i o n  i s  
j u s t i f i e d .  T h i s  i s  e q u i v a l e n t  t o  c o u n t i n g  a  c o r n e r  d i f f r a c t e d  r a y  
f r o m  t h e  c o r n e r  n e a r e s t  t o  t h e  s o u r c e ,  w h i c h  w o u l d  b e  t h e  l a r g e s t  
o f  t h e  d i f f r a c t e d  f i e l d s .  H o w e v e r  a s  n o  d i f f r a c t i o n  e f f e c t s  d u e  t o  
t h e  c o r n e r s  B a n d  D h a v e  b e e n  e x p l i c i t l y  i n c l u d e d  i n  t h e  c a l c u l a t i o n s ,  
t h e  r e s u l t s  i n  t h e  s h a d o w  r e g i o n s  c a n n o t  b e  e x p e c t e d  t o  b e  v e r y  g o o d .
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T h e  c o n v e n t i o n a l  p h y s i c a l  o p t i c s  m e t h o d  i s  a  s t a n d a r d  t e c h n i q u e  
u s e d  i n  t r e a t i n g  r e f l e c t o r  a n t e n n a  s y s t e m s  w h e r e  m o s t  o f  t h e  p o w e r  
t e n d s  t o  b e  c o n c e n t r a t e d  i n  t h e  m a i n  b e a m .  T h e  a c c u r a c y  o f  t h e  
m e t h o d  i s  p o o r  a w a y  f r o m  t h e  d i r e c t i o n  o f  s p e c u l a r  r e f l e c t i o n  
( r e f e r e n c e  1 )  a n d  i n  t h e  s h a d o w  z o n e  w h e r e  t h e  e f f e c t s  o f  c u r r e n t  
w h i c h  h a s  ' l e a k e d '  a r o u n d  t h e  e d g e s  o f  t h e  s y s t e m  b e c o m e  i m p o r t a n t .  
( F o r  a  d e t a i l e d  a n a l y s i s  f o r  s o m e  o f  t h e  m o r e  m a t h e m a t i c a l  p r o b l e m s  
s e e  r e f e r e n c e  ( 3 5 ) ) .
I t  i s  n o t  u n e x p e c t e d  t h a t  t h e  r e s u l t s  o b t a i n e d  f r o m  o u r  f i r s t  
a p p r o x i m a t i o n  s h a r e  t h e s e  c h a r a c t e r i s t i c s  ( G r a p h  8 . 5 ) .  W h e r e  t h e  
a g r e e m e n t  b e t w e e n  t h e  e x p e r i m e n t a l  a n d  t h e o r e t i c a l  r e s u l t s  i s  g o o d ,  
i t  i s  u n s p e c t a c u l a r  b e c a u s e  t h e  ' m a i n - b e a m '  i s  w i d e  a n d  f l a t  b y  
r e f l e c t o r  a n t e n n a  s t a n d a r d s .  T h e  e x p e r i m e n t a l  c u r v e  d o e s  n o t  h a v e  
m u c h  s t r u c t u r e .
T h e  m o s t  i m p o r t a n t  p o i n t  t o  n o t e  i s  t h e  r a n g e  o f  a g r e e m e n t  
w i t h  e x p e r i m e n t  o f  t h e  t w o  a p p r o x i m a t i o n s .  T h e  f i r s t  a p p r o x i m a t i o n  
a g r e e s  w i t h  e x p e r i m e n t  t o  w i t h i n  a  d e c i b e l  o u t  o f  a b o u t  6 0 °  o f f  
a x i s .  T h e  C N F M  c u r v e  ( G r a p h  8 . 6 )  a g r e e s  w e l l  o u t  t o  1 1 0 °  w h i c h  i s  
a l m o s t  d o u b l e  t h e  r a n g e .  F u r t h e r m o r e  t h e  C N F M  s h a d o w  i s  m u c h  d e e p e r  
a n d  m o r e  r e a l i s t i c .  I t  i s  s e e n  t h a t  b y  m a k i n g  a  s i m p l e  i m p r o v e m e n t  
i n  t h e  v a l u e  o f  t h e  a s s u m e d  f i e l d  a t  t h e  s u r f a c e  o f  t h e  s c a t t e r e r  a  
c o n s i d e r a b l e  i m p r o v e m e n t  i s  m a d e  r e l a t i v e  t o  t h e  s o l u t i o n  w h i c h  
n e g l e c t s  t h e  e f f e c t  o f  t h e  c o r n e r  o f  t h e  s q u a r e  n e a r e s t  t h e  s o u r c e .
N o  d o u b t ,  t h e  s o l u t i o n  c o u l d  b e  f u r t h e r  i m p r o v e d  b y  i n c l u d i n g  t h e  
t w o  o t h e r  i l l u m i n a t e d ,  c o r n e r s  o f  t h e  s q u a r e ,  e s p e c i a l l y  f o r  
t h e  s o l u t i o n  i n  t h e  s h a d o w  r e g i o n .
§8.7 Discussion of Results
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I n  t h i s  c h a p t e r  w e  h a v e  b r i e f l y  e x a m i n e d  t w o  r e l a t e d  m e t h o d s  
f o r  p e r f o r m i n g  s c a t t e r i n g  c a l c u l a t i o n s :  t h e  a p e r t u r e  f i e l d  m e t h o d  
a n d  C N F M .  B o t h  a r e  b a s e d  o n  t h e  n e a r  f i e l d  t o  f a r  f i e l d  a p p r o a c h  
b u t  d i f f e r  i n  w h e r e  a n d  h o w  t h e  n e a r  f i e l d s  a r e  c a l c u l a t e d .
( i )  A s  p r e s e n t e d ,  b o t h  m e t h o d s  h a v e  i g n o r e d  r e s o n a n c e
e f f e c t s .  H o w e v e r  t h e  a p e r t u r e  f i e l d  m e t h o d ,  f o r  w h i c h  
r a y s  c a n  b e  u s e d  t o  c a l c u l a t e  t h e  i n t e r m e d i a t e  f i e l d ,  
c a n  e a s i l y  b e  m a d e  t o  i n c l u d e  r e s o n a n c e  e f f e c t s  ( b y  
c o u n t i n g  m u l t i p l y  d i f f r a c t e d  r a y s  e t c . ) .  T h e  C N F M  u s e s  
t h e  c a n o n i c a l  p r o b l e m  c o n c e p t  i n  a  m o r e  b a s i c  w a y  b y  
p a r t i t i o n i n g  t h e  s c a t t e r e r  i n t o  d i f f e r e n t  s e c t i o n s ,  a n d  
t h e r e  i s  n o  o b v i o u s  w a y  t h a t  i n t e r a c t i o n s  b e t w e e n  t h e  
s e c t i o n s  m a y  b e  t a k e n  i n t o  a c c o u n t .
( i i )  T h e  C N F M  r e t a i n s  a  b a s i c  d i s t i n c t i o n  b e t w e e n  i l l u m i n a t e d  
a n d  s h a d o w e d  r e g i o n s  o f  t h e  s c a t t e r e r .  T h e r e  i s  n o  
o b v i o u s  w a y  t h a t  d i f f r a c t i n g  f e a t u r e s  w h i c h  a r e  d e e p  i n  
t h e  s h a d o w  z o n e  m a y  b e  a c c o u n t e d  f o r ,  w h e r e a s  i n  t h e  
a p e r t u r e  f i e l d  a p p r o a c h ,  e n e r g y  m a y  m i g r a t e  i n t o  t h e  
s h a d o w  b y  m e a n s  o f  c r e e p i n g  r a y s  e t c .
( i i i )  C N F M  p r e s e n t s  o n e  w i t h  t h e  p r o b l e m  o f  p a r t i t i o n i n g  t h e  
s c a t t e r e r  i n t o  a  n u m b e r  o f  s i m p l e  e x t e n d e d  s e c t i o n s  
w h i c h  m u s t  b e  m a t c h e d  t o  c o r r e s p o n d i n g  c a n o n i c a l  p r o b l e m s .  
T h i s  m a y  n o t  b e  e a s y  w i t h  v e r y  i r r e g u l a r  s c a t t e r e r s .  A 
r a y - b a s e d  a p p r o a c h  c a n  t r e a t  t h e  s c a t t e r e r  a s  a n  a s s e m b l y  
o f  e d g e s ,  v e r t i c e s  e t c .  s o  t h a t  t h e  ' d e c o m p o s i t i o n '  
p r o b l e m  i s  v e r y  m u c h  e a s i e r .
§8.8 General Discussion and Conclusion
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( i v )  C N F M  d o e s  n o t  t r e a t  d i f f r a c t i n g  f e a t u r e s  a s  p o i n t s .  T h i s  
m a y  b e  i m p o r t a n t  f o r  d i f f r a c t i n g  f e a t u r e s  w h i c h  a r e  c l o s e  
t o g e t h e r .
( v )  T h e  C N F M  i s  e s s e n t i a l l y  e q u i v a l e n t  t o  a s s u m i n g  e d g e
c u r r e n t s ,  a s  i s  s o m e t i m e s  d o n e  t o  i m p r o v e  t h e  p h y s i c a l  
s o l u t i o n ,  a n d  i t  i s  p r o b a b l y  b e s t  r e g a r d e d  a s  a n  i m p r o ­
v e m e n t  o f  t h a t  m e t h o d .
( v i )  W i t h  e s s e n t i a l l y  t h e  s a m e  m e t h o d  f o r  c a l c u l a t i n g  t h e  
i n t e r m e d i a t e  f i e l d  t h e  a p e r t u r e  f i e l d  r e s u l t s  a r e  f a r  
b e t t e r  t h a n  t h e  c o r r e s p o n d i n g  C N F M  r e s u l t s .
I t  i s  c o n c l u d e d ,  t h e r e f o r e  t h a t  t h e  C N F M  a p p r o a c h  i s  m o s t  
u s e f u l  f o r  r e f l e c t o r - a n t e n n a - l i k e “ s y s t e m s  f o r  t h e  f i e l d  i n  t h e  
s h a d o w  z o n e  i s  u n i m p o r t a n t .  F o r  m o r e  g e n e r a l  s c a t t e r e r s  w h e r e  t h e  
f i e l d  i s  r e q u i r e d  o v e r  a  w i d e  r a n g e  o f  a n g l e s ,  t h e  a p e r t u r e  f i e l d  
a p p r o a c h  i s  b e t t e r .
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C H A P T E R  9  A N  A L T E R N A T I V E  A P P R O A C H  T O  T H E  C A L C U L A T I O N  O F  
T H E  S C A T T E R I N G  M A T R I X
T h e  f o l l o w i n g  w o r k  o r i g i n a t e d  a s  a  r e s u l t  o f  t r y i n g  t o  f i n d  
a l t e r n a t i v e  m e t h o d s  ( t o  W i 1 t o n - M i t t r a  a n a l y t i c a l l y  c o n t i n u e d  m o d e -  
m a t c h i n g )  f o r  t h e  c a l c u l a t i o n  o f  t h e  s c a t t e r i n g  m a t r i x .  O n e  p o s s i ­
b i l i t y  w o u l d  b e  t o  p i c k  o u t  t h e  l i n e a r  d e p e n d e n c e  o f  s c a t t e r e d  f i e l d  
u p o n  i n c i d e n t  f i e l d  f r o m  a  k n o w l e d g e  o f  t h e  e x a c t  s o l u t i o n .  H o w ­
e v e r ,  e x a c t  s o l u t i o n s  a r e  k n o w n  f o r  o n l y  a  f e w  f i n i t e  s c a t t e r e r s ,  
a n d  t h o s e  t h a t  a r e ,  m a y  n o t  b e  d i r e c t l y  e x p r e s s i b l e  i n  t e r m s  o f  
c y l i n d r i c a l  . w a v e  f u n c t i o n s .  F o r  e x a m p l e ,  t h e  f i e l d s  d u e  t o  a n  
e l l i p t i c a l  c y l i n d e r  h a v e  t h e i r  m o s t  n a t u r a l  e x p r e s s i o n  i n  t e r m s  o f  
M a t h i e u  f u n c t i o n s .  T h e r e  i s  n o t h i n g  ' s a c r e d '  a b o u t  c y l i n d r i c a l  ( o r  
s p h e r i c a l )  w a v e s ,  b u t  t h e y  h a v e  a  r e l a t i v e l y  s i m p l e  f o r m  a n d  o n e  
s h o u l d  b e  c o n s i s t e n t  i n  u s a g e  o f  m o d e s . .
I t  s e e m e d  p o s s i b l e  t h a t  t h e  P h y s i c a l  O p t i c s  S o l u t i o n  w o u l d  
b e  u s e f u l  f o r  t h e  c a l c u l a t i o n  o f  t h e  s c a t t e r i n g  m a t r i x ,  e x c e p t  t h a t  
P h y s i c a l  O p t i c s  i s  p o o r  i n  t h e  s h a d o w  r e g i o n  w h i c h  i s  o n l y  a  s y m p ­
t o m  o f  t h e  m a j o r  p r o b l e m  w h i c h  i s  t h a t  t h e  m e t h o d  c o m p l e t e l y  i g n o r e s  
t h e  g e o m e t r y  o f  t h e  s c a t t e r e r  i n  t h a t  r e g i o n .  T h i s  i s  u n f o r t u n a t e ,  
s i n c e  t h e  s c a t t e r i n g  m a t r i x  i s  s u p p o s e d  t o  g i v e  t h e  s c a t t e r e d  f i e l d  
f o r  a n y  p o s s i b l e  i n c i d e n t  f i e l d ,  s o  t h a t  a n y  p a r t  o f  t h e  s c a t t e r e r  
c o u l d  b e  i l l u m i n a t e d .  ^
T h e  f o l l o w i n g  p r o p o s a l  w a s  m a d e :  t o  s p l i t  t h e  i n c i d e n t  f i e l d  
i n t o  i n c o m i n g  a n d  o u t g o i n g  p a r t s  a n d  u s e  t h e  P h y s i c a l  O p t i c s  m e t h o d  
o n  t h e  i n c o m i n g  p a r t  o n l y .  T h u s  b e c a u s e  a  g i v e n  i n c o m i n g  m o d e  h a s  
n o  p a r t i c u l a r  ' s h a d o w '  r e g i o n ,  t h e n  a l l  p a r t s  o f  t h e  s c a t t e r e r  w o u l d  
b e  i n v o l v e d  i n  t h e  c a l c u l a t i o n  o f  t h e  s c a t t e r e d  f i e l d .  F u r t h e r ,  
a l t h o u g h  t h e  P h y s i c a l  O p t i c s  A n s a t z  d o e s  n o t  i n c l u d e  r e s o n a n t  e f f e c t s
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( i . e .  t h e  s e n s e  o f  c h a p t e r  3 )  o n e  m i g h t  e x p e c t  f o r  a  c o n v e x  s c a t t e r e r  
a t  l e a s t  t h a t  t h i s  m a y  n o t  b e  t o o  i m p o r t a n t .  I n  s u c h  s c a t t e r e r s  
r e s o n a n c e  e f f e c t s  a r e  a s s o c i a t e d  w i t h  ' c r e e p i n g  r a y s '  a n d  t h e  P o y n t i n g  
V e c t o r  a s s o c i a t e d  w i t h  a  g i v e n  i n c o m i n g  c y l i n d r i c a l  m o d e  w i l l  n o t  
n o r m a l l y  b e  t a n g e n t i a l  t o  t h e  s c a t t e r e r  a t  i t s  s u r f a c e .
A s  p r e v i o u s l y  n o t e d ,  P h y s i c a l  O p t i c s  i s  b a s e d  o n  t h e  c a n o n i c a l  
p r o b l e m  o f  a  p l a n e  w a v e  i n c i d e n t  o n  a n  i n f i n i t e  p l a n e .  F o r  a  g i v e n  
s c a t t e r i n g  s u r f a c e  i t  w o u l d  b e  e x p e c t e d  t h a t  t h e  m e t h o d  w o u l d  w o r k  
b e s t  f o r  f i e l d s  w h i c h  m o s t  c l o s e l y  r e s e m b l e  a  p l a n e '  w a v e  ( a t  l e a s t ,  
l o c a l l y ) .  F o r  c y l i n d r i c a l  w a v e  f u n c t i o n s  t h i s  i s  f o u n d  i f  t h e  m a g n i ­
t u d e  o f  t h e  o r d e r  o f  t h e  B e s s e l  f u n c t i o n  i s  s o m e w h a t  l e s s  t h a n  i t s
a r g u m e n t .  I n  o u r  c a s e  t h i s  m e a n s  t h a t  t h e  P h y s i c a l  O p t i c s  A n s a t z  
w i l l  b e  v a l i d  f o r  m o s t  o f  t h e  m o d e s  w h i c h  a r e  s i g n i f i c a n t  ( s e e  
c h a p t e r  f i v e ) .  D i f f i c u l t i e s  w i l l  a r i s e  f o r  m o d e s  i n  t h e  ' t r a n s i t i o n  
r e g i o n '  w h e r e  t h e  o r d e r  b e c o m e s  e q u a l  t o  ( 2 tt x  s c a t t e r e r  s i z e )  a n d  t h e
s o l u t i o n  m a y  h a v e  t o  b e  t r u n c a t e d .
§ 9 . 2  A  S i m p l e  E x a m p l e  -  T h e  C i r c u l a r  C y l i n d e r
C o n s i d e r  a  f i e l d  w h i c h  c o n s i s t s  o f  a  s i n g l e  i n c o m i n g  m o d e
H e r e  a  i s  t h e  r a d i u s  o f  t h e  c y l i n d e r  ( s e e  F i g u r e  ( 9 . 1 ) ) .  N o w  c a l c u ­
l a t e  t h e  q u a n t i t y
U = Vfe^Qexptjme) (9.1)
C a l c u l a t e  t h e  q u a n t i t y
u
J  =  2  I n  =  2 . k A m H U ) ( k a ) e x p ( j m e )  
r = a
( 9 . 2 )
6=0
(9.3)
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T h e  G r e e n ' s  f u n c t i o n  G m a y  b e  e x p a n d e d  u s i n g  ( a s  b e f o r e )  t h e  
G r a f  a d d i t i o n  t h e o r e m .  F o r  f i e l d  p o i n t s  P  w h i c h  l i e  e x t e r i o r  t o  
t h e  c y l i n d e r :
i  h/ V r) = - i  f  H f y ( k R ) J  ( k a ) e x p ( j  t ( *  -  6 ) )  ( 9 . 4 )
t = “«
I f  e q s .  ( 9 . 4 ) a n d  ( 9 . 2 )  a r e  s u b s t i t u t e d  i n t o  e q .  ( 9 . 3 ) t h e  o n l y  
t e r m  w h i c h  s u r v i v e s  t h e  i n t e g r a t i o n  i s  t h e  o n e  f o r  w h i c h  t  =  m .
T h e r e f o r e :
[2-tt
V =  -  -  i  2 Hi ,  ( k R ) J m ( k a ) e x P ( J  m (<f> -  0 ) ) k A m HI| 11 ^ ( k a ) e x p ( j m e ) a d 0
J o 4
( 9 . 5 )
=  4  2 J m ( k a ) ( k a ) H |(11 4 k a ) 2 i r Am H ^ 2 4 l < r ) e x p ( j m l| , )  ( 9 . 6 )
T o  o b t a i n  a  p h y s i c a l  i n t e r p r e t a t i o n  o f  t h i s  f i e l d  w h i c h  h a s  j u s t  b e e n  
c a l c u l a t e d ,  p i c k  o u t  f r o m  e q u a t i o n  ( 9 . 6 )  t h e  c o e f f i c i e n t :
Bm  =  2 j  ^ O m ( k a ) ( k a ) H ( 1 ) ( k a ) A m  ( 9 . 7 )  I
A s  n o t e d  a b o v e ,  t h e  m e t h o d  w i l l  b e  m o s t  v a l i d  w h e n  m «  ( k a ) .  I f  
t h i s  i s  t h e  c a s e  t h e n  t h e  a s y m p t o t i c  f o r m  o f  t h e  B e s s e l  f u n c t i o n s  
m a y  b e  u s e d :
b u t
B m  ■  j / r j f a f a )  +  H < 2 ) ( k a ) ) H ^ l1 ) ( k a ) A m  
Hm 1 ) ( 2 ) ( k a ) “  ( f k a )  2 ®X P  J  ( k a  -  ^  -  | j j
B u t  e q .  ( 9 . 8 )  i s  j u s t  t h e  a s y m p t o t i c  f o r m  o f  e q .  ( B . 4 ) .  W e  h a v e  
c a l c u l a t e d  t h e  p u r e l y  s c a t t e r e d  f i e l d .  We  s e e  t h e n  t h a t  f o r  l o w  
v a l u e s  o f  m t h e  e x p r e s s i o n  ( 9 . 7 ) a g r e e s  w i t h  t h e  c o r r e s p o n d i n g  
e x a c t  e x p r e s s i o n  f o r  t h e  s c a t t e r e d  f i e l d  c o e f f i c i e n t .  H o w e v e r ,  
p r o p e r  c o m p a r i s o n  s h o u l d  b e  m a d e  u s i n g  t h e  f u l l  s c a t t e r e d  f i e l d  
d u e  t o  a  s u p e r p o s i t i o n  o f  o u t g o i n g  m o d e s .
T h e  s c a t t e r e d  f i e l d s  d u e  t o  p l a n e  w a v e s  i n c i d e n t  o n  c i r c u l a r  
c y l i n d e r s  ( s e e  F i g u r e  9 . 2 ) o f  v a r y i n g  r a d i i  w e r e  c a l c u l a t e d  a n d  a r e  
s h o w n  i n  g r a p h s  ( 9 . 1 )  t o  ( 9 . 6 ) .  ( T h e s e  c o r r e s p o n d  t o  F i g u r e s  ( 2 . 4 ( a )  
( b )  a n d  ( c )  i n  C h a p t e r  2  o f  r e f e r e n c e  1 ) .  T h e  s o l u t i o n s  u s i n g  t h e  
n e w  t e c h n i q u e  a r e  d e n o t e d  a s  M P O  ( M o d i f i e d  P h y s i c a l  O p t i c s ) .  T h e  
M P O  s o l u t i o n  e x c l u d e s  m o d a l  f u n c t i o n s  o f  o r d e r  g r e a t e r  t h a n  ( k a ) .
§ 9 . 3  D i s c u s s i o n  o f  R e s u l t s
N e a r  t h e  b a c k  s c a t t e r i n g  a n g l e  t h e  P O  ( P h y s i c a l  O p t i c s )  s o l u t i o n  
i s  b e t t e r  t h a n  t h e  MP O  s o l u t i o n  a l t h o u g h  t h e  l a t t e r  i s  n o t  i n  e r r o r  
b y  m o r e  t h a n  a b o u t  2  d e c i b e l s  i n  t h i s  r e g i o n ,  w h i c h  i s  t h e  o n e  i n  
w h i c h  P O  t r a d i t i o n a l l y  w o r k s  w e l l .  D e e p e r  i n t o  t h e  s h a d o w  r e g i o n  
b o t h  s o l u t i o n s  d e t e r i o r a t e  a  l i t t l e ,  b u t  w h e r e a s  t h e  P O  s o l u t i o n  
c o n s i s t e n t l y  u n d e r e s t i m a t e s  t h e  s c a t t e r e d  p o w e r ,  t h e  M P O  s o l u t i o n  
o s c i l l a t e s  a b o u t  t h e  t r u e  v a l u e  f o r  a n g l e s  >  9 0 ° ,  M P O  d e s c r i b e s  t h e
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s t r u c t u r e  o f  t h e  p a t t e r n  b e t t e r  t h a n  P O ,  e s p e c i a l l y  f o r  t h e  s m a l l e r  
c y l i n d e r  r a d i i .  I t  s h o u l d  b e  r e m e m b e r e d  t h a t  b e c a u s e  t h e  i n c i d e n t  
f i e l d  i s  a  p l a n e  w a v e ,  t h e s e  g r a p h s  s h o w  P O  a t  i t s  b e s t ,  a n d  MP O  
a t  i t s  w o r s t .  T h i s  i s  b e c a u s e  t h e  e x p a n s i o n  o f  a  p l a n e  w a v e  i n  
t e r m s  o f  i n c o m i n g  a n d  o u t g o i n g  f i e l d s  h a s  m o d a l  c o e f f i c i e n t s  w h o s e  
m a g n i t u d e  d o  n o t  d e c r e a s e  w i t h  i n c r e a s i n g  o r d e r .  T h u s  t h e  h i g h e r  
o r d e r  MP O c o e f f i c i e n t s  w h i c h  a r e  t h e  l e a s t  a c c u r a t e  a r e  g i v e n
u n u s u a l  p r o m i n e n c e .  F u r t h e r m o r e ,  f o r  a  p l a n e  w a v e ,  t h e  ' i l l u m i n a t e d
. a r e a 1 o f  t h e  c y l i n d e r  h a s  i t s  m a x i m u m  e x t e n t .
C o n s i d e r  t h e  s i m u l a t i o n  o f  a n  a n t e n n a  p r o b l e m  b y  u s i n g  a  
l o c a l i s e d  s o u r c e  c l o s e  t o  t h e  s c a t t e r e r :
( i )  A  s m a l l e r  p o r t i o n  o f  t h e  s u r f a c e  w o u l d  b e  ' i l l u m i n a t e d '  
w h i c h  w o u l d  b e  d e t r i m e n t a l  t o  P O ,  b u t  w o u l d  n o t  e f f e c t  
M P O  a t  a l l .
( i i )  T h e r e  m i g h t  b e  p a r t s  o f  t h e  ' i l l u m i n a t e d '  r e g i o n  f o r  
w h i c h  t h e  c o m p l e t e  i n c i d e n t  f i e l d  m i g h t  n o t  c l o s e l y  
r e s e m b l e  a  l o c a l  p l a n e  w a v e .  A g a i n  t h i s  w o u l d  b e  
d e t r i m e n t a l  t o  P O ,  b u t  n o t  t o  M P O .
( i i i )  F o r  a  l o c a l  s o u r c e ,  t h e  i n c o m i n g  f i e l d  c o e f f i c i e n t s  
w o u l d  t e n d  t o  f a l l  o f f  w i t h  i n c r e a s i n g  o r d e r  w h i c h
w o u l d  l e s s e n  t h e  e f f e c t  o f  i n a c c u r a c y  i n  t h e  MP O
c a l c u l a t i o n s  o f  h i g h e r  o r d e r .
T h e s e  t h r e e  p o i n t s ,  t a k e n  i n  c o n j u n c t i o n  w i t h  t h e  g r a p h s  
s u g g e s t  t h a t  MP O s o l u t i o n  w o u l d  b e  b e t t e r  t h a n  t h e  P O  s o l u t i o n  f o r  
p r o b l e m s  i n v o l v i n g  a  s o u r c e  i n  t h e  v i c i n i t y  o f  a  s c a t t e r e r .
- i n  -
L i n e  S o u r c e  N e a r  a  C i r c u l a r  C y l i n d e r
I n  o r d e r  t o  t e s t  t h e s e  i d e a s ,  t h e  m e t h o d  w a s  a p p l i e d  t o  t h e
p r o b l e m  o f  a  l i n e - s o u r c e  n e a r  t o  a  p e r f e c t l y  c o n d u c t i n g  c i r c u l a r  
c y l i n d e r .  ( T h e  a u t h o r  w o u l d  l i k e  t o  t h a n k  M r s .  H e l e n  W a l k e r  f o r  
d o i n g  t h e  c o m p u t i n g  f o r  t h i s  s e c t i o n ) .  T h e  r e s u l t s  f o r  a  r a d i u s  
a  =  8 / 2 t t  a r e  p l o t t e d  i n  g r a p h s  9 . 7 - 9 . 1 2 . T h e  p a r a m e t e r  ‘ d  c o n s t a n t '
i s  t h e  d i s t a n c e  b e t w e e n  t h e  c y l i n d e r  a n d  t h e  l i n e - s o u r c e .  T h e
r e s u l t s  a r e  s e e n  t o  b e  d i s a p p o i n t i n g .  T h e  a c c u r a c i e s  o f  t h e  MP O 
a n d  P O  c u r v e s  ( c o m p a r e d  w i t h  t h e  e x a c t  s o l u t i o n )  a r e  c o m p a r a b l e ,  
t h e  m a i n  d i f f e r e n c e  b e i n g  t h a t  t h e  P h y s i c a l  O p t i c s  s o l u t i o n  d e v i a t e s  
s y s t e m a t i c a l l y ,  w h e r e a s  t h e  M P O  s o l u t i o n  a p p e a r s  t o  d e v i a t e  i n  
r a n d o m  m a n n e r .  I n  f a c t ,  t h e  M P O  s o l u t i o n  a p p r o x i m a t e s  t o  a  t r u n c a t e d  
F o u r i e r  s e r i e s  o f  t h e  e x a c t  s o l u t i o n .  U n f o r t u n a t e l y  i t  i s  n o t  t h e  
c a s e  t h a t  t h e  M P O  s o l u t i o n  i s  b e t t e r  i n  t h e  s h a d o w  r e g i o n .  I t  s h o u l d  
b e  r e m e m b e r e d  t h a t  t h e  e x a c t  s o l u t i o n  v a r i e s  o v e r  q u i t e  a  s m a l l  r a n g e  
s o  t h a t  a n  e r r o r  o f  2  o r  3  d e c i b e l s  a p p e a r s  m o r e  s i g n i f i c a n t  t h a n  
i t  m i g h t  i f  t h e  e x a c t  s o l u t i o n  h a d  d e e p  n u l l s .  I t  w o u l d  b e  i n t e r e s t i n g  
t o  m a k e  a  c o m p a r i s o n  o f  t h e  m e t h o d s  f o r  s u c h  a  p r o b l e m .  I t  i s  c u r i o u s  
t o  n o t e  t h a t  MP O  a p p a r e n t l y  w o r k s  b e t t e r  t h a n  P O  f o r  t h e  l a r g e r  
s o u r c e - c y l i n d e r  s e p a r a t i o n s .  T h i s  i s  t h e  o p p o s i t e  o f  w h a t  w a s  
e x p e c t e d .
§ 9 . 4  A M o r e  G e n e r a l  T h e o r y ,  a n d  t h e  S c a t t e r i n g  M a t r i x
C o n s i d e r  a n  i r r e g u l a r l y  s h a p e d  b o d y  w h o s e  s u r f a c e  i s  g i v e n  b y  
r  =  r ( e ) .  C o n s i d e r  a n  i n c o m i n g  f i e l d :
Um = V f e f e i + e x p U  m e) (9.9)
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Define the quantities
au
J m  ^  a n
m
y = 1 + 1 dr r cTe
(9.10)
(9.11)
T h e n  t h e  n o r m a l  t o  t h e  s u r f a c e  i s  g i v e n  b y :
n  = r  - 1 drr ,-1 (9.12)
T h e  e l e m e n t  o f  a r c  l e n g t h  i s
T h e n
d £  =  y  r  d e
J = h-vu m m
Y
(9.13)
m n / R k r )  e x p (  j  m e )
r 2  7
(9.14)
I f  r ( e )  i s  a  s i n g l e  v a l u e d  f u n c t i o n ,  t h e n  i t  m u s t  b e  p o s s i b l e  t o  
e x p a n d  f u n c t i o n s  d e f i n e d  a l o n g  t h e  s u r f a c e  o f  t h e  s c a t t e r e r  a s  
F o u r i e r  s e r i e s ,  i n  p a r t i c u l a r  l e t :
J t ( k r )  ( k r ) H |( 1 ^ ( k r )  -  H ^ ^ k r )  e x p  j ( m  -  t ) e  =  I  K ^ e x p f j s e )
T h e n
+co
Is=-« 
(9.15)
+03
S c a t t e r e d  f i e l d  =  f  -  ^  £  H j . 2 )  ( k R ) e x p (  j  t  <f>)2 A m I  K ^ e x p t j  s  e ) d 9
J A t  =  - c o  S = - < »
e = u
=  f  ( -  J i r  k f  ) A m H [ 2 ) ( k R ) e x p ( j  t  * )  
t = ~ ° °
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B y  c o m p a r i s o n  w i t h  t h e  d e f i n i t i o n  o f  t h e  s c a t t e r i n g  m a t r i x  i t  i s  
s e e n  t h a t
D t m  =  -  j  ,  f e  .  ( 9 . 1 6 )
I n  e q .  ( 9 . 1 6 ) w e  h a v e  a n  e x p r e s s i o n  f o r  t h e  e l e m e n t s  o f  t h e  D 
m a t r i x  i n  t e r m s  o f  a n  i n t e g r a l  o f  a n  e s s e n t i a l l y  g e o m e t r i c a l  
q u a n t i t y  ( t h e  l e f t  h a n d  s i d e  o f  e q .  9 . 1 5 ) .  T h e  MP O  a p p r o x i m a t i o n
i s  v a l i d  f o r  a  r a n g e  o f  | m |  l e s s  t h a n  a b o u t  (2-k x s i z e  o f  s c a t t e r e r ) .
T h e  a c t u a l  v a l u e  o f  M m a x  i s  p r o b a b l y  b e s t  f o u n d  b y  v i s u a l  i n s p e c t ­
i o n ,  w i t h  t h e  D m a t r i x  p a d d e d  o u t  w i t h  z e r o e s  f o r  h i g h e r  v a l u e s  o f  
| m ] .  T h e  i n d e x  t  w a s  i n t r o d u c e d  v i a  t h e  e x p a n s i o n  ( 9 . 4 )  o f  t h e  
G r e e n ' s  f u n c t i o n  w i t h  n o  a p p r o x i m a t i o n  s o  t h e r e  i s  n o  u p p e r  l i m i t  
o n  t h e  v a l u e  o f  | t | .  B e c a u s e  o f  t h e  e s s e n t i a l  s y m m e t r y  b e t w e e n  
i n c o m i n g  a n d  o u t g o i n g  w a v e s  i t  o u g h t  t o  b e  p o s s i b l e  t o  ' d o  t h e  
c a l c u l a t i o n  b a c k w a r d s 1 a n d  d e r i v e  v a l u e s  o f  t h e  s c a t t e r i n g  m a t r i x  
f o r  a l l  | m [ a n d  a  l i m i t e d  r a n g e  o f  | t |  s o  t h a t  o n l y  t h e  ' c o r n e r s '  
o f  t h e  D m a t r i x  w i l l  h a v e  t o  b e  p a d d e d  o u t  w i t h  z e r o e s .  T h i s  h o w e v e r  
h a s  n o t  y e t  b e e n  d o n e .
§ 9 . 5  P r e s e n t  S t a t u s  o f  t h e  M e t h o d
N o  a t t e m p t  h a s  y e t  b e e n  m a d e  t o  a p p l y  t h e  m e t h o d  t o  p r o b l e m s
o t h e r  t h a n  t h e  c i r c u l a r  c y l i n d e r .  H o w e v e r  t h e  c i r c l e  i s  s u c h  a
s i m p l e  g e o m e t r y  t h a t  t h e  a g r e e m e n t  w i t h  t h e  e x a c t  s o l u t i o n  m a y  b e  
f o r t u i t o u s .  I t  i s  n e c e s s a r y  t o  u n d e r s t a n d  t h e  m e t h o d  b e t t e r  b e f o r e  
g o i n g  o n t o  a  m o r e  c o m p l i c a t e d  a p p l i c a t i o n ,  i n  p a r t i c u l a r  h o w  i t  i s  
t o  b e  r e c o n c i l e d  w i t h  c o n v e n t i o n a l  P h y s i c a l  O p t i c s .
§ 9 . 6  A P r o p o s e d  R e s t a t e m e n t ,  o f  t h e  P r i n c i p l e  o f  P h y s i c a l  O p t i c s
A t  t h e  c e n t r e  o f  P h y s i c a l  O p t i c s  i s  t h e  d i s t i n c t i o n  b e t w e e n  
' i l l u m i n a t e d '  a n d  ' s h a d o w e d '  r e g i o n s  o f  t h e  s c a t t e r e r .  T h e s e  w o r d s
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have the meaning given by Geometrical Optics which really is a 
separate discipline from.scattering theory proper, being essent­
ially frequency independent. A redefinition of these regions in 
terms of quantities actually present in the problem leads naturally 
to the following:
A point on the surface of the scatterer will be deemed to be 
illuminated if the Poynting Vector of the incident field evaluated 
at that point, does not lie on.the same side of the tangent plane 
as the outward unit vector normal to the surface. Otherwise, the 
point is said to be shadowed.
The observation is made that since the scattering problem is 
linear in the sense described in Chapter 7, then it must always be 
possible to decompose the incident field into a sum of component 
fields, and consider the scattering due to each component field 
individually. The Poynting vector of a sum of fields is not the 
same as the sum of the individual Poynting Vectors, so that where 
the 'shadow' lies depends very much on how the incident field is 
decomposed.
Now it is possible to understand MPO. If the incident field 
is decomposed into 'incoming' and 'outgoing' fields then the out­
going fields never contribute to the scattering, since their Poynting 
Vectors are always directed outwards. The incoming modes are to be 
treated as we have done. At this level, how well the method works 
depends on how closely the incoming modes locally resemble plane 
waves at each point on the scatterers1 surface.
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§9.7 A Tentative Investigation of the Conditions Needed for the
Validity of the Rayleigh Hypothesis
We shall use the physical ideas suggested by the MPO technique 
in order to derive conditions under which the Rayleigh hypothesis 
is valid. The results obtained agree approximately with those 
obtained by. Van den Berg and Fokk'ema in reference (10) for a 
perturbed circular cylinder.
In MPO it is assumed that a cylindrical wave locally resembles 
a plane wave. Consider the Poynting Vector associated with the 
field:
The transverse and radial parts of the Poynting Vector are proport­
ional to:
(9.17)
The associated magnetic field is given by:
H = -fe v A E
— i p  (jmHfe(kr)f - kr ftfe(kr) ) exp(j ra J) (9.18) 
o
(9.19)
Re (£ * H*)r = M  ■kr.(Ym(kr)0m(kr) - 0m(kr) ( kr)) 
0
(9.20)
The ratio of the transverse to the radial part of the Poynting Vector 
gives the tangent of the angle which the incoming Poynting Vector 
makes with the radial direction. Define:
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Re(E-H fa _ 
Re(E*H*V "
^ ( J 2(kr) + Y^(kr)) (9.21)
for the modes which contribute most to the scattering kr > m and 
it is possible to use the asymptotic'form of the Bessel functions 
to approximate:
m
7m (kr) * 1
for the highest order of significant modes. It is assumed that the 
effect of the scattering is to reflect the Poynting Vector at the 
point of incidence specularly (Geometrical Optics!). The Rayleigh 
hypothesis will be valid if the reflected Poynting never has a 
negative radial component. At the point of reflection we define 
(Fig. 9.3):
Tan a  = 1 dr r e f and Tan B = Tm
It is seen that the Rayleigh hypothesis will be valid if
a < "2 for all points (9.22)
As an illustration of the theory, a specific example will be 
worked out. Van den Berg and Fokkema consider the case of a 
perturbed circular cylinder
r = a + e sin n
for which
Tan a = n a cos n (b* 1 + sin n <j>
- l
(9.23)
dSetting (tan a )  = 0, eq. (9.23) has a maximum when sin n <f> = -
cu|rcs
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Let tan 17
valid when
= F. Thenvthe Rayleigh hypothesis will just be
or
1 - = F
f \
e = F.(n2 + F2)-to . = 1 +
- i f f i
For simplicity it has been assumed here that Tm is a constant, where­
as in fact eq. (9.21) shows that it varies as the point of reflection
is changed. However, it will be seen that (e/a) is quite a small
quantity so that this assumption is not unreasonable. As suggested 
above, we will take as a working value T = 1 so that
F = tan 22 1/2°= 0.414 .
In reference (10) values of (e/a) are given for n = 1, 2, 3, 4, 5 
and 13. It can be deduced that as n + 0 (e/a) -+ «, since in this 
limit the cross-section is a circular cylinder for which the Rayleigh 
hypothesis is valid, and the shape does not depend on e. Putting 
a = 1 the model gives:
1 1 +
F2
(9.24)
Graph (9.13) is a plot of 1/e2 against n2 for n = 1...5, using the 
rigorous values. The points appear to be asymptotic to a straight 
line. Assuming that the value of (e/a) for n = 13 which would be 
calculated by eq. (9.24) is essentially accurate, then
F = 0.459
which is not too far from the working value and on the graph the 
straight line given by eq. (9.24) using this value of F has been
a) The rigorously derived points fall roughly on a straight line
b) The gradient has roughly the value that was expected
suggest that the ideas of this section are essentially correct.
§9.8 Summary and Conclusions of Chapter 9
(1) Conventional Physical Optics
(a) Does not take account of the complete structure of the 
scatterer.
(b) Depends on the complete incident field locally resembling 
a plane wave.
(2) A modified version of the method is proposed. The incoming
part of the incident field is isolated, and the Physical
Optics procedure applied to this field alone, to obtain the
scattered field.
(a) This procedure takes the complete scattering surface into 
account.
(b) Does not depend on the complete incident field being 
locally plane
(c) but does break down for orders of incoming cylindrical 
modes higher than about (2tt x scatterer size)
(d) However, such modes are not the most significant ones, 
especially if the incident field source is close to the 
scatterer.
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drawn in. The facts that
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(3) Assuming that MPO as given is essentially correct, then it is 
possible to derive an explicit expression for the scattering 
matrix elements of an irregularly shaped two dimensional body.
(4) A better understanding of the method is needed before applic­
ation to more complicated geometries; in particular, the 
reconciliation of PO and MPO at high frequencies.
(5) A reinterpretation of the conditions necessary for the Rayleigh 
Hypothesis toholdfor a perturbed circular cylinder lend some 
support to the MPO idea.
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§10.1 In the usual two-dimensional scattering problem, we consider 
an incident field which has no sources near the scatterer so that 
the total field may be written as:
E(r,*) - I (amH / t o )  + (am + ^ t o n / t o ) ) *  exp(j m *)
= I ( t o ' t o )  + t o 2)(kO)exP(j m 4) (1 0.1)
m
with bm = a^ + if Eloba^(C) is the total field at point C
on the scattering body, then the usual boundary condition is that 
Etotal(c) = 0 for all C. However the form (10.1) is only certainly 
valid outside the enclosing circle and cannot directly be used to 
apply the boundary condition over most of the surface. As has 
already been seen, this problem can be overcome by the analytical 
continuation method, but another approach will be examined here. 
Equation (10.1) will be valid at the point P where the radius of the 
scatterer is greatest i.e. where the scatterer is tangential to 
the enclosing circle (if it has no edges). This is because there 
will be no radiating elements which lie 'outside' of P, which could 
give rise to incoming fields there. Application of the boundary 
condition as it stands gives only one equation. To overcome this, 
the boundary condition will be generalised. Regard E (C) as a 
function of the angular co-ordinate <|> of the point C. If the total 
field is zero for all <j>, then all its derivatives with respect to <f> 
must also be everywhere zero. In particular, at the point P (for 
which we may without loss of generality take $ = 0 )
CHAPTER 10 ANOTHER APPROACH TO THE EVALUATION OF THE
SCATTERING MATRIX
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d
p?J Etotal = 0  for 4> = 0, q = 0, 1, 2, etc,
Assuming that eq. (10.1) is valid at P even when differentiated, 
then:
f e f e  [fe1 )(kr(4'))exp(J m <j>)| + bm 4  [fe(kr(,|>))exp(j m $)
= 0 when <j> = 0 and q = 0 , 1 , 2
(10.2)
At first sight, this seems to be a promising approach, but nume­
rical implementation of it is impractical. The basic problem is 
the evaluation of
fu (D (2 )
mH U  v w (kr)exp(j m <j>) for <b = 0 .
One possibility would be to calculate the functions to be different­
iated at a series of discrete points in the scatterer. Then 
differentiation could be carried out using a finite difference method 
such as:
^n+ l '^n - l
2A9 (10.3)
with A6 the angular spacing between data points. However, this 
procedure will break down for values of m greater than about (2tt/A0 ) 
because the sampling would not be fine enough to pick up the variat­
ions in the mth order exponential function i.e. A0 would be much less
2it
than — . Even if this condition is satisfied, numerical differentiat­
ion would be unsatisfactory (quite apart from rounding errors etc.) 
because for higher orders of differentiation the most significant 
contributions will come from the modes of high order which will have
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been treated the least accurately. Another problem is that this 
procedure gives most weight to parts of the scatterer which are 
near P. With the particular finite difference formula which we 
have quoted, information about a given boundary point 'migrates' 
toward P at the rate of Ae radians per differentiation. Thus 
information about regions of the scatterer well away from P will 
appear only in those equations given by the higher order of 
differentiation which will be the least accurate. Even if the 
finite difference formula uses more than two data points, this 
problem still exists.
The scattering matrix exists independent of any particular 
incident field, so that its evaluation should take into account 
all parts of the scatterer. The following procedure does this, but 
again is not suitable for.numerical computation.
A Fourier expansion is made of the cylindrical wave- 
functions around the surface of the scatterer:
(Only one of the two matrices needed to be calculated using the
Hil)(2)(krU))exp(j m j>) = £ n *)
n
(10.4)
so that
HtJ|1^ 2^(kr(<j>))exp(j (m - n)<b)d<j> (10.5)
( 2 ) _ f l )*
integral. It is easy to show that A^fa = (- 1) Afafa). Define
another two matrices:
If the field coefficients are written as column vectors, the boundary 
condition becomes: ife'a + L ^ b  = 0 from which b = - fe^a, 
so that the scattering matrix is given by: S = - fe2)"1!^1). The
^ m n ^ 2  ^ bake accoun^ a11 parts of the scatterer since the 
Fourier integral goes over all values of <j>.
However there are difficulties with eq. (10.5). The 
'mathematical' sum over n goes from -» to +» but for actual calcul­
ation it must be truncated. The factor nq increases very rapidly 
with increasing n while the elements of the A~matrices do not fall 
off very rapidly. The values of |A | were computed for the square 
cylinder and plotted on a logarithmic scale (see graph 10.1) (These 
matrix elements were non zero for every 4th n because of the 4-fold 
rotational symmetry). The graph suggests that for large n the 
matrix elements fall off by a factor of only 10 if n is increased 
by about 54. (Numerical experimentation suggested that to a first 
approximation depends only on (m - n) for this scatterer)..
Consider the equation derived from the first differentiation, i.e. 
q = 1. Then in the sum over n the terms will only begin to die away 
when n is about 100. For higher values of q the situation.will be 
much worse.
The reason that so much emphasis has been laid upon this 
approach and upon the ‘modified Physical Optics' of the previous 
chapter is the following.
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It was shown earlier that the scattering matrix reflects the 
geometrical symmetries of the scatterer. For example, n-fold 
rotational symmetry of the object implied that the non-zero dia­
gonals of the scattering matrix occur with gaps of (n - 1) zero 
diagonals in between. Now if the radius of the scatterer considered 
as a function of angle (or any function of that radius) and were 
expanded as a Fourier series, then the coefficients in the expansion 
would show the same sort of pattern.
It is postulated that the scattering matrix of a two dimens­
ional body depends in some relatively simple way on the Fourier 
Coefficients of some function of the radius. MPO and the work of 
this chapter can be seen as attempts to illustrate this point. 
Furthermore since it has already been shown that the scattering 
problem for a body of revolution can be reduced to a quasi-two 
dimensional one, then a similar idea should hold for such problems.
It was thought at one stage that the and l_(2  ^matrices 
would be unitary, which would have been consistent with the uni­
tariness of the S-matrix derived by demanding conservation of energy.
Then in the expression for the S-matrix it would have been possible 
/ 2 ) - 1  ( 2 ) * T
to replace Lv 1 by Lv ' in the expression for the S-matrix. 
Unfortunately, this does not seem to be the case.
From the numerical point of view, it might be possible to get 
over the series truncation problem by expanding the cylindrical wave 
function in terms of a different set of orthogonal functions. This 
would however conceal the relationship postulated above between the 
scattering matrix elements and the Fourier coefficients.
If the scattering matrix can be expressed in terms of integrals 
over the scatterer, then the problem of the 'best* location of the 
boundary points no longer arises.
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d u e  t o  a  n e a r b y  p a r a l l e l  l i n e  s o u r c e ,  
h o r i z o n t a l  s c a l e  -  a n g l e  o f  o b s e r v a t i o n  ( d e g r e e s )  
v e r t i c a l  s c a l e -  s c a t t e r e d  p o w e r  ( d e c i b e l s )  
s o l i d  l i n e  -  e x a c t  s o l u t i o n  
s o l i d  p o i n t s  -  p h y s i c a l  o p t i c s  s o l u t i o n  
l i g h t  p o i n t s  -  m o d i f i e d  p h y s i c a l  o p t i c s  s o l u t i o n  
d c o n s t a n t  = 0 . 4
- . 1 5 8  -
G r a p h  9 . 1 0 :  s c a t t e r e d  p o w e r  o f  a  c i r c u l a r  c y l i n d e r
d u e  t o  a  n e a r b y  p a r a l l e l  l i n e  s o u r c e .
h o r i z o n t a l  s c a l e  -  a n g l e  o f  o b s e r v a t i o n  ( d e g r e e s )
v e r t i c a l  s c a l e  -  s c a t t e r e d  p o w e r  ( d e c i b e l s )
s o l i d  l i n e  -  e x a c t  s o l u t i o n
s o l i d  p o i n t s  -  p h y s i c a l  o p t i c s  s o l u t i o n
l i g h t  p o i n t s  -  m o d i f i e d  p h y s i c a l  o p t i c s  s o l u t i o n
d c o n s t a n t  = 0 . 2
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G r a p h  9 . 1 1 :  s c a t t e r e d  f i e l d  o f  a  c i r c u l a r  c y l i n d e r
d u e  t o  n e a r b y  p a r a l l e l  l i n e  s o u r c e .
h o r i z o n t a l  s c a l e  -  a n g l e  o f  o b s e r v a t i o n  ( d e g r e e s )
v e r t i c a l  s c a l e  -  s c a t t e r e d  p o w e r  ( d e c i b e l s )
s o l i d  l i n e  -  e x a c t  s o l u t i o n
s o l i d  p o i n t s  -  p h y s i c a l  o p t i c s  s o l u t i o n
l i g h t  p o i n t s  -  m o d i f i e d  p h y s i c a l  o p t i c s  s o l u t i o n
d c o n s t a n t  =  0 . 1
160 -
G r a p h  9 . 1 2 :  s c a t t e r e d  f i e l d  o f  a  c i r c u l a r  c y l i n d e r
d u e  t o  a  n e a r b y  p a r a l l e l  l i n e  s o u r c e .
h o r i z o n t a l  s c a l e  -  a n g l e  o f  o b s e r v a t i o n  ( d e g r e e s )
v e r t i c a l  s c a l e  -  s c a t t e r e d  p o w e r  ( d e c i b e l s )
s o l i d  l i n e  -  e x a c t  s o l u t i o n
s o l i d  p o i n t s  -  p h y s i c a l  o p t i c s  s o l u t i o n
l i g h t  p o i n t s  -  m o d i f i e d  p h y s i c a l  o p t i c s  s o l u t i o n
d c o n s t a n t  =  0 . 0 5
-.161 -
G r a p h  9 . 1 3 : i n v e s t i g a t i o n  o f  v a l i d i t y  o f  R a y l e i g h
h y p o t h e s i s  f o r  s l i g h t l y  p e r t u r b e d  c i r c u l a r  c y l i n d e r .  
-2
v e r t i c a l  s c a l e  -  e  w i t h  e  t h e  m a x i m u m  p e r t u r b a t i o n
f o r  w h i c h  R a y l e i g h  h y p o t h e s i s  i s  j u s t  v a l i d .
2 . . . .
h o r i z o n t a l  s c a l e  -  n  w h e r e  n  i s  t h e  p e r i o d i c i t y  o f
t h e  p e r t u r b a t i o n ,  ( s e e  t e x t )
P o i n t s  -  e x a c t  v a l u e s  f o r  n = l , . . 5  f r o m  R e f .  1 0 .  
S t r a i g h t  l i n e  f i t t e d  t o  ( o , l )  a n d  ( 1 6 9 , 8 ( 0 2 . 5 1 )
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G r a p h  1 0 . 1 :  v a r i a t i o n  o f  m a t r i x  e l e m e n t  A  w i t h  n .
o n
v e r t i c a l  s c a l e  -  l o g U A  j
1 0 '  o n 1
h o r i z o n t a l  s c a l e  -  n
l i m i t i n g  g r a d i e n t  a p p r o x i m a t e s  t o  - 0 . 5 / ( 5 4 - 2 7 )
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APPENDIX A
Kirchoff Diffraction Theory for the Slit
• Refer to Fig. A.l, we consider a plane wave whose value is 
given by:
Einc = exp(jk(x cos e + y sin 0))
For points in the plane of the slit, x = 0 , thus:
3E1nc
Ejnc = exp(jky sin 0 )^ -5^ —  = jk cos 0 Ejnc
Assuming the plane wave to be propagating towards the right then 
the Green's function is:
G = i  H^^(kr) where:
r * R - y sin <f> and fa = - cos 4 .d n
When the field point is distant from the slit, the Green's function 
is given to a sufficient degree of accuracy by:
i r r  ,  1 / T "  ^  .6 = 1 4  exp(j(kr - ^)) = ^ ^  exp(j(Kf - 7f))exp(- jky sin <f>)
B<R) = ?  7  TkR exP ( j ( kR - f ) )
and we note that -IS = -Ii 4? = - jk cos <j> G. dll dr dn
Using the Green's theorem:
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3Einc
E(M ) = ( Eff  - G - f e  dy
slit
= ' B(R>(fin 8-sin 4] |exp(jky(sin e - sin *))| *
" 2
di and d^ are distances of the upper and lower slit from the x-axis 
Now consider the upper limit of the bracket only:
i nc
El = expfjkd^sin 0) is the incident field at the upper
edge. Also:
p a R - d sin <ji so that
B(R)*exp(- jkd^in <$>) = B(p)
It is seen that the upper limit of the integral gives rise to a 
contribution to the diffracted field which is:
E idif _ (cos 9+cos <j>) D/ NrincCOS *)(sin e-sin <j>) (A.l)
We change our notation slightly so as to agree with reference 1, 
Chapter 8 . Put
= Y <j> = <f> + 4 ?
The diffracted field due to edge No. 1 becomes (dropping the bar on
the cj>) ___
j,*.r (sin <j> -sin $) n / 0
Ei = Xcos 4>0+cos 4) "4 7  ^  exP(J(kP + 7f))ElxnC (A -2)
A deficiency of this simple theory is that it gives the same result 
for both TE and TM waves because it does not take into account the
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details of the boundary conditions. Equation (A.2) should be 
compared with:
Reference 1, eq. 8.20:
d i f f  _ ( s in  <f,/2 s in  V 2)
1 (cos (})+C0S <J> )
and reference 1, eq. 8.37:
cd1ff _ (cos <j>/2 cos (f>o/2) / ~ y y  
Ei " ( c o s  <j>+cos 4>q ) j k p
Clearly there is a similarity between these expression, although 
the resemblance is not exact. From equation (A.2) we see that it 
is possible to put the results of Kirchoff diffraction theory into 
a GTD-like form. The full diffraction pattern can be obtained from 
a sum of two terms like eq. .A.2, corresponding to rays from the upper 
and lower edge. Multiple diffraction could (in principle) be taken 
into account in the usual way, but the angular dependence of eq. (A.2) 
is probably not sufficient to permit more than order of magnitude 
accuracy.
exp(j(kp + f))Ejnc
TTKp exp( j(kp +f))Einc
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APPENDIX B
V
The Perfectly Conducting Circular Cylinder
Consider a scalar field U satisfying the two dimensional 
Helmholtz equation. The scatterer is a circular cylinder of radius 
a.
Working in polar co-ordinates with the origin at the centre 
of the circle, the general solution for the field outside and on 
the cylinder may be written as:
U  =  I  ( V / V )  + BmHi2 ) (kr ) )exp( j  m *)
m = - c ©
(B.1)
If the boundary condition is that U = 0 for r = a, then:
m
If the boundary condition is that fe = 0 for r = a then:on
u O )
B = - m
m
(2)H.
k a ) A
EaJ Am
(B.2)
Equations (B.2) and (B.3) give the total outgoing field, 
of the outgoing field which is 'scattered1 is
(B.3) 
The part
,scattered
m
H(i)
—  ® +1 [ ( 2 )  ( ka) (B.4)
and
Bscattered"m
( i )
Ih<2>
( ka ; + 1 
+ 1
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APPENDIX C
Miscellaneous Properties of the Translation Matrix and Rotation 
Matrix
From equation (7.24) it is easily deduced that if co-ordinate 
systems 1 and 2 have scattering matries S^1) and respectively 
then they are related by:
$ (2) _ *p(12) y (12)"1 / r\ L is "T6x) 'j (Cl)
V ir kevt-U I
Similarly
S(3) = T(23) s (2) t(23)-1 s T(23) y (l2) $ (l )  y ( l 2 ) - l  t(23)-1
= t(13) s(1) t * 3 fa1
It is seen that the translation matrices are transitive (this can 
be shown explicitly). As consequence of this, we must have
f t 12) - 1 = y ( 21) (C,2)
Now:
Tf a  = J n-ni(kR^exp^ ( n " U - M )
(21) (12) From the geometry of the situation ‘ may be obtained from Tv '
by replacing the angle a by (a + it)
j( 12) _1 = = On.m (kR)exp(j(n - m)a)exp(j(n - m)n)
mn
* (12)* (12)*T
= V n ( kRH exP(j(” - ")»)) - Tnm = Tmn
Thus:
T-1 = T*T (C.3)
Multiplication by the M Matrix 
Consider the products
(TM) = J T „ M
'  a y  £ a  3 3y
p
= I JB-c (kR)exp(j(g - a)e)«g_Y (- 1)Y 
= J_Y_a (kR)exp(- j(a + Y))(- 1)y
and
(MT) = Y M T toy |  a3 3y
= I V g  (" U BjY-g (kR)exp(j(y - g)e)
= JY+a (kR)exp(j(y + a)) '
It is easily seen that 
(MT) = (TM)*
Using the definition = 6 exp(j v x)
( r m ) « y  =  I  L a  M 6 y  =  I  5 a e  6 b , - y  e x p ( j  6  x ) ( ~  1 ) Yp 3
= «.OY exP(j <* x)(- 1)T
and
^ R y ^ R b R6Y = ^ -a B  (’ T  R Y a*PU Y x)
= «.aY sxp(- j a x)(“ 1)T 
hence (RM) = (MR)*.
(C.4)
(C.5)
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APPENDIX D
i
The Two Dimensional Radar Cross-Section
A special case of the general scattering problem occurs when 
the incident field is a plane wave and has some relevance to the 
identification of objects by Radar. Following Munro and Chignell. 
The calculation for the two dimensional case is presented as a 
simple example of the use of the scattering matrix.
Consider an incident field which is a plane wave of unit 
amplitude whose propagation vector k makes an angle e with the 
positive x-axis
E(incident) = exp(j kvr) = exp(j kr cos(4> - 0))
+00
= I J™ exp(j m U  - e))J (kr) 
m=-«>
= l jm exp(- j m e) (H^)(kr) + lifekr))- 
m
• exp(j m 4>) (D.l)
The expansion of the plane wave in terms of Bessel functions is 
easily derived from the generating function of the Bessel functions 
The definition of the Bistatic Radar Cross-Section is
cr(<j>) = lim 2-n-r E(scattered)E(incident) (D.2)
From eq. (D.l) the incoming field coefficients are given by:
am = \  Jm exp(- j m 9)
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Therefore:
E(scattered) = £ b H ^ (k r) exp(j n $)
= I I %  I  F  exP(- J" m e)|/2)(kr) exp( j n 4>) 
n mu '
and since the incident field is of unit modulus:
I I Dnm I ^  exp(- j m e) exp(j n <(,) 
n m
(D.3)
the asymptotic form of the Hankel function has been used. The 
monostatic cross-section is obtained by putting <j> = e + it and is a 
measure of the power that is scattered back towards the source of 
the plane wave. However, to quote Jones p.447 (reference 27):
‘If the incident wave is not truly plane the radar cross- 
section may misrepresent the back-scattering because of the 
influence of the curvature of the wavefront1.
This was a case where it was appropriate to use the D-matrix 
since the interest lay in the purely scattered field.
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APPENDIX E
The Addition Theorem for Spherical Wave Functions
The transformation properties of the spherical wave functions 
under a translation of the co-ordinate system will be discussed.
It is assumed that:
(a) The corresponding axes of the translated and untranslated 
systems are parallel.
(b) The field points lie in the same plane as the vector connecting 
the two origins.
(c) The field point lies nearer the translated origin than to 
the untranslated origin.
The various forms of the transformation are given in the 
appendices of a paper by Stein (reference 28(f)). In an (R, e, <j>) 
co-ordinate system the point O' (Figure E.l) is taken as the origin 
of the second co-ordinate system (R,' e,' <j>,') and oriented so 
that the translation connecting the systems is represented by the
Condition (b) implies that <f>Q = 0 and = n. Condition (c) 
means that R 1 < R .
So, for example, Stein's equation (A.2-1) now reads:
vector Rq = (R0> e0, *0),
+n
(kR)Pp(cos 6 ) = j” £ I I ■
n=0 m=-n P
(1) See also Chignell's 1976 report, Appendix B.
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(jn+p(2n + 1)(- l)m a(p>ra|p,v,n)h<1)(2)(kR0).
•pp+m(cos 60)cos(80)Jn(kR')P^m (cos 6 1)(- l)m )
Here a (y,m|p,v,n) is a quantity related to the Wigner 3-j symbols. 
The factor j (kR1) indicates that the transformed field consists 
equally of incoming and outgoing parts.
The Analytic Continuation Procedure Used by Munro
The expression quoted above for the addition theorem is 
complicated. If the argument justifying Munro's procedure in 
Chapter 7 is valid, then considerable simplification results. As a 
specific example, consider the case for scalar waves. The boundary 
condition problem is that
j o  j  j  ( A f a 0 ( k r )  +  =  0  ( E - ’ >
for all points lying on the surface of the body of rotation which now 
has its axis of rotation coincindent with the x-axis. Munro holds 
that we can, without making the problem underdetermined set 0 = yr 
thus applying eq. (E.l) only to those points which lie in the xy 
plane. Let:
= z tm exp(j  ra ♦)
(The values of the can be calculated from formulae given in, for
example, Abramovitz and Stegun). It will now be indicated how to
express eq. (E.l) in terms of co-ordinates (r,<j>) where r = 0 lies at
the point (R,0) in the (r,<j>) system. The Graf addition theorem may
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be written, for r < R, as:
Hence:
Multiplying by exp(j(m - £)<f>):
(1)(2) +w (1)(2)
H1 (kr)exp(j m *) - J h / /
n=-co
(kR)Jn(kr)exp(j(n + a)e}.
°exp(j n(ir - J))exp(j(m - £)<]>)
Replacing % by z + 1/2 and invoking the definition of the Spherical 
Hankel functions gives:
Equation (E.2) may be substituted into eq. (E.l) in the same way as 
in the purely two dimensional case. The result is that in the xy 
plane, spherical waves may be expressed in terms of cylindrical 
waves in the transformed co-ordinate system. The corresponding 
calculation for the Vector wave case is more complicated, but similar 
in principle as may be seen from reference (14). It has not been 
included for those reasons, and also because the general validity 
of the Munro procedure is uncertain.- Furthermore, in equation (E.2) 
the co-ordinates r and <j> appear on both sides of the equation which 
is unsatisfactory for a transformation formula.
h/ ^ 2t o ) e x p ( j  m <)>)
•exp(j(m - a - J)*) (E.2)
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APPENDIX F
The unit vector in spherical polar co-ordinates form an 
orthonormal triad such that (Fig. F.l)
r * 0 = } (and cyclically)
By definition the vector modes are:
cos m <f>
The Vector Mode Functions
nmp
1
Tlnm
- rtvPj| (cos 9)
sin m (j)
(F.l)
Where two forms of an equation are given, the upper one will correspond 
to the 'even' vector mode.
'nmp
1
Tlnm
A  A
03 (j>
>
3 pm (cos 0 )
cos m <ff
30 sin 0 w rn sin mfe
1
TInm
H  p:  (cos b) cos m <j> 
s in  m <$ + sfe-8 Pn (cos 9)
- m sin m <j> 
+ m cos m (j>
(F.2)
The problem is to find out how the enmpS transform under the rotation 
of co-ordinates such that J = <j> + x- The direction of the unit vectors 
r, 5 and j at a point are defined with respect to the radius vector 
and the z-axis. Since we are dealing with the field at a given point 
in the two different co-ordinate systems which share the same z-axis--, 
the unit vectors are not changed by the transformation. It is easy to 
see (for example) that a radial vector remains a radial vector after 
rotation of co-ordinate.s even although its £, £  and J< components will 
have changed.
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Equation (F.2) may be solved for e and J. Let:
Kl ’ " Tim ^  P™ = C0S(l" + )e™ie + S1' n(m ^ nmo
R  = " K $ i T T e  pn = s1n(m ♦>%■* '  cos<m ♦)5nmo
Since the angle e, and the vectors e and J do not change i1 
possible to write:
e - K, nmp 1
rcos m <jT sin m
+ K2sin m ij>_ Z cos m
whence:
enme = cos m X enmp - sin m x enme 'nmo
enmo = s1n m X enmp + cos m x enme 'nmo
The following two vector products are given for reference:
m sin  m <j>* y. _ _ " 1 1 _  [± II
‘nmp
dPn cos m <f>**+ ePm f Y n
r = ' T[~ de sin enm sin m f
nmp
1
Tlnm
fdPmn ’cos m (j>’ m sin m ^
de sin m d>L T J
sin e + m cos m d>< r j
(F.4)
(F.3)
(F.5)
(F.6)
(F.7)
(F.S)
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APPENDIX G
Derivation o f the Radial Component o f the E le c tr ic  F ie ld
Given th a t:
rEe I J £ Enmp(a^
r '  dpni1
Tlnm
■je“ (cos 0)
cos m <j> 
sin m <f>.
+ F ( y <5)n m p J
1
Tlnm
'pJJ(cos 0)
sm e
- m sin m <|> 
+ m cos m <j>
rH* = I Fnmp<»*>
1
W~nm
dPm
de (cos e)
cos m <f> 
sin m <f>
+ j n Fnmpfa6)
1
nm
rPp(c0S e)
sin e
- m sin m <j> 
+ m cos m <j>.
r^ e “  ^Fnmp(a^
1
W ~nm
Pp(cos e)
sin e
- m sin m <j>
+ m cos m d>
\  * ✓
fdP^(cos 8 )] cos m <b 
sin m <f>
Maxwell’ s equations give:
rE.„ =
r  j u e : 0 r  s m Ie  (s in  0 r V  I ?  ( r V
From which
rE,„ = 1 1r  jioe0 r  sm  e fj *nm
(G .l)
(G.2)
( G . 3 )
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Fnmp(a^
d
Fe
dP™(cose)
sin 0 Fe
N
cos m fe P[J(cos e)' fe
/ sin m <j>(
sin e
i,
-  m cos
- m sin
+ j n Fnmp(Y<s>
F p J J ( c o s  e ) -  m  s i n  m f e d P ™ ( c o s  e ) -  m  s i n  m f e
d e
+  m  c o s  m  £
d e
+  m c o s  m d>< T ✓
fEr  ~ jwe0 r  sin e E (fe Ffejfe Fnmp( a 6 7
1 1 f 1
d
Fe sin 0
dPmln
“ Fe - m2
Pm 1 n
sin e
cos m <f> 
sin m <f>
jweo r  s in e J (fe TTfeJFnmp(a^  ( “ n(n + ^ pn S1*n
cos m <j> 
sin m <f>
JC v f 1 1 XtrJ " 7 ^ j FnmP(a3)n(n ‘+ V)Pn(cos e)
cos m <j>
sin m d>
r ✓
(G.4)
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APPENDIX H
Complex Source Positions and the Modal Expansion Method
• In recent years, a body o f techniques have arisen, which
depend on the generation o f new so lutions to Maxwell's equations 
by the replacement o f real arguments w ith complex values i . e .  assig- 
ing sources a complex pos it ion  vector (see fo r  example Felsen, 
reference 29). The importance o f th is  l ie s  in :
( i )  The functions generated are rigorous so lu tions o f the
wave equation, so th a t ex is t ing  techniques may be applied 
to them.
( i i )  The so lu tions obtained are h igh ly  d ire c t io n a l so tha t 
they provide a simple way o f simulating beams, fo r
example from the feed o f  a transm itt ing  re f le c to r  antenna.
An example o f th is  technique is  given by Hasselman and 
Felsen (reference 30).
We shall give a b r ie f  discussion o f the technique in  re la t io n  
to expansions o f the f i e ld  in  c y l in d r ic a l  waves.
The f i e ld  due to a l in e  source located at r $ is
Let £ s be the complex vector jb  where b_ makes an angle 3 w ith the 
<|> = 0 axis. Then
( H . l )
| r  - r s | 2 = (x -  j t >x ) 2 + (y -  jb y ) 2
= r 2 -  b2 -  2j r - b (H.2)
Equations (H . l )  and (H.2) w i l l  be evaluated when the f i e ld  po in t is  
fa r  from the o r ig in  i . e .  r  >> b. Let
r  = ( r 2 - b2 - 2j r * b ) ^
-  179 -  *
= r fn b2
r*b
I 1 -  2j r  - jb  cos(cj) -  a) (H.3)
For points d is ta n t from the o r ig in ,  the asymptotic form o f the 
Hankel function  may be used:
Hp2 ^(k r) - exp - j ( kr - jkb  cos(c}> - a)- J) (H.4)
Now, the general form o f the outgoing f i e ld  is :
(2)
4  m BmHm " ? k r ) e x p ( j  m “ I  Bm (iE r J  ' e x p ( '  J ( k r  ~ I T  '  4
exp(j m cj)) (H.5)
By comparing eq. (H.4) and (H.5) i t  is  seen that:
I  B exp ( 4 ^ )  exp ( j  m <f») = exp(- kb cos(<f> -  a)) (H.6 )
from which
2TT
] -  _J_ exo(- m 2it expi 2 7 exp(- j  m <|>)exp(- kb cos(<j> -  B))d<j>.
(H.7)
Thus the f i e ld  due to l in e  source w ith a complex pos it ion  may be 
represented in  terms o f  c y l in d r ic a l  modes. Hence the sca tte r ing  o f 
such a f i e ld  can be ca lcu la ted using the sca tte r ing  m atr ix . Further­
more, the expansion in  cy l in d ra l  waves in eq. (H.5) w i l l  not ju s t
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be v a lid  a t i n f i n i t y .  In e f fe c t ,  we have 'continued' the f ie ld  
(H.4) in to  the domain o f f i n i t e  r ,  va lid  fo r  a l l  r  > b, since b is 
the only c h a ra c te r is t ic  length associated with- the.source.
The angular dependence o f the fa r  f ie ld  is  given by the r ig h t
hand side o f eq. (H.6). Let (<j> - 3 ) = tt + a* then
exp -  (kb cos(<j> - 6) = exp(-(kb cosfe + a ) ) )
= exp(+(kb cos(a)))
& exp(kb)exp(- (H.8)
From eq. (H.8) i t  is seen th a t the fa r  f ie ld  has a Gaussian 
p ro f i le  fo r  angles dev ia ting  by a small quantity  from (3 + tt).
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APPENDIX I
\
The Conservation o f Energy
■ In spherical po lar co-ordinates:
r- t  n|p  ^  Fnmp(a^ enmp + Fnmp(y<s)enmp r
*
r t l t  = I  (a3)r A e_ _ - j n F (yS)e (1.2)
- - -  nmp nmp nmp nmp
I t  is  shown in  the main body o f the te x t  tha t the (aB) equations 
decouple from the (y 6 ) equations. Thus, we may w ithout loss o f 
gene ra l ity  consider, say, only the a and 3 terms. S im ila r ly ,  
azimuthal modes o f a s ing le  order only (e ith e r  even or odd) w i l l  be 
considered. Then the incoming f ie ld s  are:
It = I cW 1nl)(kr)Snmp
* „ * (2)
rH. = J a_ h j ' ( k r ) r  - e_
n nmp h nmp
By in teg ra t in g  the Poynting Vector over a sphere centred at 
the o r ig in  only the transverse f i e ld  components need be considered.
By invoking an o rthogona lity  property o f the es and equating in ­
coming to outgoing power we obta in:
 ^ anmpanmp ^ n - nmp nmp
(Because the azimuthal and p a r i ty  indices are f ixe d , th is  is  essent­
i a l l y  the same s i tu a t io n  as lead to  eq. (7.21) in the two dimensional 
case). I t  w i11 give:
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r m p
(1.3)
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APPENDIX J
\
Description o f Program GOLD-2
• Program GOLD-2 is  a 'cleaned-up' version o f e a r l ie r  programs 
ca lled  SILVER and GOLD. I t s  purpose is  to ca lcu la te  the sca tte ring  
from an i n f in i t e  p e r fe c t ly  conducting square cy l inde r due to a l in e  
source p a ra l le l  to one edge and ly ing  on the extension o f the 
diagonal o f the square through tha t edge (see Figure J . I ) .  I t  
ca lculates the f i e ld  on an intermediate c i rc u la r  c y l in d r ic a l  surface 
enclosing the system, whose centre coincides w ith tha t o f the square. 
This ' in te rm ed ia te 1 f i e ld  is  calcu la ted as the sum o f a f i e ld  
d i r e c t ly  from the source and a f i e ld  due to the images by re f le c t io n  
in  the surface o f the cy l in de r. Then the f ie ld  on the intermediate 
surface is  integrated using Green's theorem to obtain the fa r  f i e ld .
The program was w r i t te n  on the U nivers ity  o f Surrey's PRIME 
system in 1980, f o r  use a t a te rm ina l. I t  uses the NAG l ib ra ry  ro u t­
ines S17EF and S17ACF to ca lcu la te  the Bessel functions o f order 
zero, o f f i r s t  and second kinds respective ly .
For the purposes o f ca lcu la t ion  the program sets up 3 concentric 
c irc le s  w ith ra d i i  R ( l ) ,  R(2) and R(3) re la ted by:
R(3) = R(2) + DR and R (l)  = R(2) - DR
where DR is  the ‘ intermediate c i r c le  spacing1. Upon each c i r c le  are 
set up Ml evenly spaced po in ts , where Ml can be up to 1000. The 
Cartesian co-ordinates o f these points are held in the arrays XC(3,1000) 
and YC(3,1000), where the index ind icates upon which o f the three 
c i rc le s  the po in t l ie s .  S im ila r ly  the arrays FRC and FIC hold the 
real and imaginary parts respect ive ly  of the calculated values o f the 
f i e ld  on the c i rc le s .
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In order to ca lcu la te  the f i e ld  on the intermediate c i r c le s ,  
tests  are made which c la s s i fy  the intermediate f i e ld  points in to  four 
groups: (Fig. J .2 ) .
Region 1: Points which receive only d ire c t  ra d ia t ion  from
the source.
Region 2: Points which receive d ire c t  and re f lec ted  rad ia t ion .
Region 3: Points which receive only d ire c t  rad ia t ion  from the
source.
Region 4: Shadow Region - no f i e ld .
The regions are a rr ived  a t using geometrical optics -  a very 
questionable procedure when the sca tte re r is  less than 3 wavelengths 
wide. • -
The re f lec ted  rad ia t io n  is  assumed to be due to the images o f 
the source in  the upper and lower faces o f the square, facing the 
source. An angle o f observation AOBS measured from the plane o f 
symmetry o f the system is  spec if ied  v ia the term inal. The program 
uses a f i n i t e  distance from the system to the po int o f observation. 
O r ig in a l ly  i t  was possible to vary th is  'Radius o f Observation', but 
in  GOLD-2 i t  has been f ixed  a t ROBS = 99.9. According to the c r i te r io n
mentioned early  in  Chapter 8 , th is  is  sa fe ly  in the fa r  f i e ld .
Normal deriva tives  o f both the intermediate f i e ld  and the Green's 
function  are obtained by subtracting the value o f the quan tity  at 
the Jth po in t on c i r c le  1 from the value a t the corresponding po in t 
on c i r c le  3. The Green's theorem in tegra l is  performed by a simple 
cumulative sum o f the values o f the integrand fo r  d i f fe re n t  points
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round the c i r c le .  This is  then m u lt ip l ie d  by the arc length between 
two points on c i r c le  2 in  order to allow leg it im a te  comparison 
between resu lts  obtained from runs o f the program using.d i f fe re n t  
c i r c le  ra d i i .
Note on In te rp re ta t io n  o f Results
The important q u a l i ty  in these resu lts  is  the shape o f the 
rad ia t ion  pattern ra ther than the absolute values o f the power f lu x
density. Hence the use o f the decibel scale. Since the to ta l
scattered power fo r  the experimental resu lts  w i l l  be d i f fe re n t  from
the to ta l power in  the calculated case, the two patterns w i l l  d i f f e r
by a constant number o f decibels. There are two obvious methods o f 
'n o rm a l is a t io n ':
( i )  Adjust curves so .as to agree a t some fixed  angle o f
observation. For example - define the scattered power
fo r  AOBS = 0 to be zero decibels,
( i i )  Adjust curves so tha t they have the same average value
fo r  some range o f angles. This is  equivalent to m in i­
mising the sum o f the squared differences between experi­
mental and theo re t ica l values in th is  range. For discuss­
ing the output from GOLD-2 we have adopted the second 
procedure. The motivation fo r  th is  is  tha t we have 
neglected the d if f ra c te d  f ie ld  from the corner nearest 
the source, which w i l l  be an important source o f e rro r 
around AOBS = 0.
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C GOLD-MODIFICATION OF SILVER
C CALCULATES SCATTERING FROM SQUARE USING APERTURE FIELD HETH f:
DOUBLE PRECI5 I ON X1 ,  X 2 •, S 1 7AEF, S i 7ft CF
DI MENS I ON X C ( 3 ,  1OOO) , YC ( 3 ,  :L 0 0 0 )  , FRC ( 3 ,  1 0 0 0 )  , FIC ( 3» i 0 0 0 )  
DI MENS I ON FE < 0 0 0  ) , FI ( 1000 ) ,  R < 3 >
P I —3 . 1 4 1 3 9 2 7  
WRITE < 1 , 0 1 0 )
0 1 0  FORMAT ( INPUT RADIUS OF INTERMEDIATE CIRCLE PLEASE•* ) 
READ<Iv 0 2 0 ) R(2  >
0 2 0  ‘ FORMAT<F7.3 )
WRITE\ 1 , 0 3 0 )
0 3 0  FORMAT < THANKS ■" )
WRI TE ( i 040  )
04 0 FORMAT ( IMTERMEDI ATE CI RC LE RAC I NO PL EASE •' :
READ < 1 , 0 2 0  >DR 
WRITE( 1 , 0 3 0 )
R( 1 ) =R( 2 ) -DR 
R < 3 5 “ R ( 2 )  +DR 
WRITE( 1 v0305  
0 5 0  FORMAT ( *“NUMBER OF POINTS IS .  . . . . • ' )
Rlt-Aij < 1, 0 6 0 )  M1 
0 6 0  FORMAT(14 5
f t = l . 8 / (SORT( 2 , 0 ) )
1 . 3 - A 
DO 0 9 0  1 = 1 , 3  
DO 100 J=~i , Ml
C NOW CALCULATE THE CARTESIAN COORDINATES OF THE POINTS 
C ON THE INTERMEDIATE FIELD CIRCLES 
XC( I , J ) =R( I ) *COS<2*PI  * J /M 1>
YC ( I , J 5 =R ( I ) «-S I N ( 2*P I «■ J/M 1. )
100 CONTINUE 
090  CONTINUE
C
C NOW CALCULATE GEOMETRICAL OPTICS FIELD f:
DO 110 1 = 1 , 3  
DO 120 J = 1 , Ml 
Y=YC<I , J )
X =X C (I ,J )  ' ‘ *
C TEST FOR POINTS WHICH RECEIVE ONLY DIRECT RADIATION
IF ( X . GT. A) GO T0 j. 30
C i’EST__FOR POINTS WHICH RECEIVE REFLECTED RADIATION
! - G  j -  ( A c s  ( v ' ) )  A +  ( ( A + B  5 /  A ) * X
IF ( TEST. GT. O, 0 )  GO TO S40  
C i ESI FOR POINTS WHICH RECEIVE ONLY DIRECT RADIATION 
TEST* ( ABS < Y) > -A+ C A/ ( A+B ) ) *X 
IF (TEST.GT.0 . 0 )  GO TO 130  
C REMAINING POINTS LIE IN THE SHADOW REGION 
FRC( T, j ) —0 . 0  
F I C ( I , J ) = 0 . 0 
GO ro 120c
C CALCULATION OF DIRECT RADIATI ONf;
” 13 0 X1 = < X -  A -  B ) -a # 2 -!•• Y * * 2 
X1=2#PI*SG!RT( XI )
F R C  ( T r J  ) = 0  ;i 7  A E F  ( X 1 ,  0  )
F I C ( I v J ) = 3 1 7ACF( X1 , 0 )
GO TO 120
C
C FOLLOWING IS CALCULATION OF DIRECT AND REFLECTED RADIATION
14 0 X1 = ( X -  ft ■ “ B ) G * 2 -r Y * V 
X i ~ 2 # P ItoSQRT( X i )
C YJM IS THE Y-COORBINATE OF THE GEOMETRICAL OPTICS IMAGE BY 
C REFLECTION OF THE SOURCE IN THE SQUARE
f .
IF (Y .LT.O .O )  YIM=+B 
IF ( Y. GT, 0 = 0 )  YIM=-B 
X2=( Y-YIM) # # 2 + < X-A)# * 2  
X2=2*PI*SQRT(X 2)
FRC <I , J ) = S 17AEF( X1 , 0 ) ~-S17AEF <X2, 0 )
F I C ( I , J ) = S 17ACF<X1 , 0 ) - S 17ACF( X2 , 0)
120 CONTINUE 
110 CONTINUE
WR I TE: ( 1, 150)
150 FORMAT < •" INTERMEDI ATE FI ELDS CALCULATED ■' )
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C NOW START USER ORIENTED PART OF PROGRAM 
C
1 AO ROP:A=99„ 9
WRITE ! 1 , 1 9 0 )
190 FORMAT!-"ANGLE OF OBSERVATION IN DEGREES, PLEASE?" >
READ( 1 , 2 0 0 ) AOBS 
2 0 0  FORMAT(F7.2)
WRITE!1 703 0 )
XOBS=ROBSftCOS ! 2 ft PI f tA 0B S/360 )
YOBS “ROBS-s-SIN ( 2ft P I ftA0BS/360 )
C NOW.PERFORM THE HUYGHENS-KIRCHOFF INTEGRAL
9. DPR AND DPI ARE THE REAL AND IMAGINARY PARTS OF THE INTEGRAND 
DFR“ 0 *0 
DF .T “ O „ 0 
DO 2 1 0  1=1»Ml
C CALCULATE XI,  DISTANCE FROM OBSERVATION POINT TO MIDDLE CIRCLEf;
X1 -  ! X 0 B S •••- X C! 2 , I ) 5 ft * 2 + ! Y 0 B S -  Y C ! 2 ,  I > ) ft ft 2 
X1 ~ 2ftP Ift-SQRT( X1)u
C CALCULATE 0R2, GREEN-"S FUNCTION ASSOCIATED WITH MIDDLE CJRGi F 
C
GR2=317AEF! X1 , 0 )
G I 2 - S 1 7 AGP\XI, 0 )
X i~~ < XOBS--XC! 1 I ) ) ft*2+ ! YOBS-YC! 1 * I ) ) **2  
X1=2 ftpIftSQRT! X1)
OR1= S 17AEF! X i , 0 )
GI1—S 17ACF( X1 , 0 )
X i  -  ( XOBS--XC! 3 •, I 5 ) **2+  ( YOBS-YC < 3 , 1 ) )  ftft2 
X1=2ft PIftSQRT! X1)
GR3=S17AEF< XI , 0)
GI3 = 5 1 7ACF( X1 , 0 )
C
S NOW CALCULATE NORMAL DERIVATIVE OF G
GGR=0. 5ft (GR3-GR1 ) /  DR 
GGI= 0 . 5 * i G13 —G11 ) / DR
C NOW CALCULATE GRADIENT OF FIELD *
GFR-0. 5 ft ! PRC (3* J. ) -FRO! 1,  I ) ) /DR 
OF I =0.. 5ft •; FIC ( 3 7 I > - F 1 0 ( 1,  I > ) /  DR
§ NOW CALCULATE CONTRIBUTION TO INTEGRAL. OF POINTS OF ORDER •" I •*
DFR—DFR+ ! FRC C 2» I ) ) ft OCR- ( F I C ! 2 I ) ) *GG I -GR2*GFR+G T SftGF T 
DF I “ DF I + ! F 10 ! 2 ,  I ) ) ftGGR-i- ! !• RC ( 2 ,  I ) ) ftGG I -GR2ftGF T -G T 2ftGFRC
2 1 0  CONTINUEc
0 DL IS ARC LENGTH ALONG CIRCLE
DL=( 2ftPIftR <2 > >/ nI
ROW-( DPRftft2 + DFIftft2) ft( DLftftT)
DOB” IOftALOG1 0 ! ROW}
DCB-DCB+?1 
WRITE!1 v2 2 0 ) ROBS
2 2 0  FORMAT! "'DISTANCE OF OBSERVATION POINT-- •", F7 ,  ?• -"WAVR ENGTHS•"
WRITE! 1 7 2 3 0 ) AOBS     “ '
2 3 0  FORMAT ( ANGLE OF 0BSERVA7I ON" •*, F7 „ 2 ? •" npr,9“ crr; •- %
WRITE!1 7 2 4 0 ) DOB .................
2 4 0  FORMAT ! •" SCATTERED POWER""' r F 7 .. 4» •" DCD )
WRITE!1 , 2 5 0 )
2 5 0  FORMAT! •" INPUT 1 TO CONTINUE-")
READ( 1 7 2 6 0 ) L 
2 6 0  FORMAT!II)
IF ( L . EQ- i )  GO TO 160  
WRITE!1 , 2 7 0 )
2 7 0  FORMAT! -"FAREWELL "')
END
APPENDIX K 
B r ie f  Description o f Program POSQ
. This program in  i t s  o r ig in a l  form derives the problem o f the 
square cy l inde r by 'Physical O p tics '.  I t  assumes tha t the f ie ld
on the ' i l lu m in a te d ' surface o f the square is  due to the source and
i t s  Geometrical Optics images, and on th is  basis calculates the 
normal d e r iva t ive  o f the f i e ld  on tha t surface. The normal deriva­
t iv e  is  integrated to obtain the scattered fa r  f i e ld ,  to which a 
d ire c t  fa r  f i e ld  from the source is  added.
The Real and Imaginary parts o f the normal f i e ld  deriva tives 
are held in  the arrays GUR and GUI. The real and imaginary parts 
o f the Green function  are held in  the arrays GR and Gl. The real and 
imaginary parts o f the integrand are held in the arrays DR and DI.
A number NUM o f equally spaced points a distance H apart along the 
length SIDE o f the square are set up. The distance between the 
source and the corner o f the square is D2. The distance o f the 
source to the centre o f the square is  D5. The perpendicular distance
of the source from the upper face is  PER. I f  the upper face is
extended and a perpendicular dropped on i t  from the source, then the 
distance from the corner o f the square to the in te rsec t ion  o f the 
perpendicular and the extension o f the side is called EXT.
A c a l l  is  made to the subroutine FLDGRD which calculates the 
normal d e r iva t ive  o f the f i e ld  a t the points on the upper face o f
the square. The program then accepts a value THETA fo r  the angle
o f observation measured in degrees. The subroutine GREEN is called 
to ca lcu la te  the Green's function  fo r  points on the upper face. The
integrand is  ca lcu la ted , and then integrated using the subroutine
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SIMP. The same ca lcu la tions are performed fo r  the lower face o f the 
square by the simple device o f changing the sign o f THETA. (This 
is  permitted by the symmetry o f the s i tu a t io n ) .  Then the con tr ibu tion  
to the f i e ld  o f the d ire c t  ra d ia t ion  from the source is  added in ,  
and the to ta l  power is  calcu la ted.
Notes
( i )  Since the rad ia l dependence of the Green's function and 
the source are the same, the fac to r  has been omitted 
fo r  s im p l ic i ty .  (This would be im p l ic i t  in the ca lcu la ­
t io n  o f the fa r  f i e ld  in  any case).
( i i )  In the subroutine FLDGRD the functions S17AFF and S17ADF 
are from the NAG l ib ra ry  and calcu la te the Bessel func t­
ions J and Y respective ly .
( i i i )  Physical Optics proper calculates a surface current density 
on the sca tte re r by assuming tha t the sca tte re r is  lo c a l ly  
an i n f in i t e  plane, and tha t the inc ident f i e ld  is lo c a l ly  
a plane wave. Because we have a source which is  very close 
to the sca tte re r there w i l l  be a region on the surface fo r  
which th is  l a t t e r  assumption would not be va l id .  This 
d i f f i c u l t y  has been surmounted by using image theory which 
uses the f i r s t  assumption but not the second. I t  is  l i k e ly  
th a t 's t r a ig h t '  physical optics would give an even worse 
re s u lt  in  th is  case than the present method.
( iv )  In order to perform the CNFM ca lcu la t ion , the subroutine 
FLDGRD was replaced by a subroutine which calculated the 
normal de r iva t ive  o f the f i e ld  from the expression given 
in the te x t .
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C !-‘RCBGA;-| Pfl-O I “ Liyc; 7 fjr-.y 7 Tr, T| J77 CPI |^p
DI lit NSI ON GUR ( 50 i ) , GUI 501 ) , G R < 50  i ) , C-1 C50  i ) , D
SI DE= 1 S 
NUH=501
H=SIDE/ (NUM-i )
D2 ~ 1 , 3 - ( J . 8 / SORT( 2 , 0 ) >
D5-  1 3
PER-D2/SQRT< 2 . 0 )
EXT-D2/S0RT (2•. 0)
CALL FLDGRD ( PER, EXT v S .1 DE, NUK •, G LR, 05  I }
0 THIS HAS CALCULATED THE FIELD 
C GRADIENT OR ONE SIDE OF THE SQUARE 
0 NOW INPUT AH ANGLE OF OBSERVATION 
0 0 5  WRITE C 1 v 0; .0)OiO FORMAT ( ’•TlFiCFRV^T Or r  T!*• ptfprrrc- r:.i r s r c . j
READ C i , 0 2 0 )  T: !ETA 
0 2 0  FORMATCF7, 2)
THE7A—THETA/57. 2 9  S
0 CALCULATE GREENS FUNCTION AND 
0 CONTRIBUTION TO INTEGRAL FROM UPPER FACE 
C
PI/1 --THETA
CAL.L GREEN ( PH I , SI DE , NUiiT C R, 0 1 >
DO 0 3 0  I~1 v 5 0  L
DR < I ) -GR ( I ) *GUR ( I ) --CI ( I ) *GU I < I }
DI < I ) =GR ( I ) *GU I ( 7 ) I ( T > o-Gi :R ( • j 
0 3 0  CO NT I Hi IE
C A L L... SIM P C D R, H N L '• M, F RU)
CALL SI HP ■; DI v !•!, MUM F I U )
NOW CALCULATE: CONTRIBUTION FRO:-: LOWER FACE
PHI™-THETA
CALL GREEN ( PH I , SI DE, NUii > CR, GI )
DO 0 4 0  I = iv50 i ,
DR < I > ” GR ( I ) *GUR ( I ) -  G-1 < I ) # GU I ( I )
D I  ( I  ) - G R  ( I  ) * G U I  < I  ) -*-G v C I  ) :- - G L R  ( I )
0 4 0  CONTINUE
CALL SI  HP < DR, H •. NUii, FRL >
CALL SI HP ( D J. v i- :, MUM, F I L )
C
C NOW CALCULATE PHASE OF DIRECT FIELD CONTRIBUTION c
PH=2. 0 * 3 .  1 4 1 5907*pT*r'0c ( Ti E'T A >
FLDR=J“COS i  PI?) -FR? I- CPI 
FLDI~ —S I N ( PH>-FIU--FIL  
P 0 W E R ~ F L D R **  2 F I... D J. * <- 2  
POWER-10 . O*ALOG1 0< POWER)
P0 WER«P0 WER+ 3 . 6  
WRITE< 1 0 5 0 )  POWER 
0 50  FORMAT < POWER -  , F 5 . i , •" DEC I DELS •“)
GO TO 0 0 5  
END
SUDROUTINE S1:1R < D,! i , MM AREA •
DIMENSION DC MM)
NN^MM—1
are%^o7c
D O  I t ' D  I  '--.is! 7 NiV t
AREA*AREA+41 0* D <I ): j ;\U !~
DO 2 0 0  I ™2 .> LL > 2 
AREA^AREA-i 2 .  0*DC I )
0 2 0 0  CONTINUE
AREA-M*CAREA+D <i >+D<HH) ) / 3 . 0
RETURN
END
SUBROUT I NE GREEN C PH I •, SI DE, NUii, GR, CI )
S THIS SUDROUT I ME CALCULATES THE GREEN-'‘S 
C FUNCTION FOR AN ANGLE OF OBSERVATION p!!I ,
0 SQUARE OF SIDE LENGTH •"SIDE-- FOR AIM ODD 
0 NUMBER -'NUii-' OF EVENLY £ PACED.
0 POINTS, IMPORTANT-—PHI MUST BE IM RADIANS 
REAL KAY
r  I HENS I ON GR C NUN ) , GI C NUii) ■
D L ™G1DE/SQRT C 2 . 0 >
} < A Y " 2 ,  0 * 3,  14 :l 5 9 2 7
;n
m
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- • V,
1",
?r
Hz
Z•fc
c
, , c-c
•J.rC: PRUGRAH POSQ. USES PHYSICAL ■ OPTICS TO DO THE. SQUARE ,;
SPACERS IDE/ (NUH-i ) ‘ *
D O  I OO•1 = 1 ,NUM - • -
X =  { I - - 1  )  f t - S P A C E  „ L  O' T.T.Y 
D 4 = X  / S Q R T  ( 2 . 0 )
D3—D1 D4 \ s £ ? v ;,-?iC ■'
PH-KAYft <DSftCOS ( PH I ) -+D4*S IN < PH I ) )
GR<I)= 0 .  25*SINT(’PH X u t D  " ' '
O K I )  = 0 .  2 5 * C 0 S ( PH) ' ? '
Hb .0100  - • COM! INUE-A-.- 
“ " • --RETURN.: ,L;Y
END -7 ' .
~ SUBROUTI ME FLDGRD (PER? EXT, SI DE, NUN, OUR FGUI) 
THIS SUBROUTINE CALCULATES- THE FIELD -
GRADIENT .ON A PLANE REFLECTOR OF LENGTH • 
•’SIDE-" DUE TO A LINE SOURCE OF PERPENDICULAR-. 
DISTANCE "‘EXT-" FROM END.-• REAL AND ~ —
IMAGINARY PARTS ARE STORED IN GUR AND GUI-.—
FOR MUM EQUALLY SPACED-POINTS,
DIMENSION GUR( NUN) , GUI ( MUM >
DOUBLE PRECISTQN s 17AFF, S 17ADF, XX, XXI - ■
• REAL KAY A 2* 7 .  .
I FA I L=0 ; Y; ‘
KAY=2, OftS, 1 4 1 5 9 2 7  ' . •.
A=PER ::
B=EXT -■ *
SPACERS IDE/ (MUM-1 ) .
DO .100 I = 1,NUM 
XX=EXT+ < I -■ I ) ftSPACE 
X X=DSQRT ( X X*<-2+A*ft2)
XXi-KAYftXX- -U
GUK < I ) = C2, OftKAYft.AftS L7AFF ( X X1, I FA IL ) ) /  X X ~ 
GU I ( I ) fa  2 « QftKA Y>A ftS 1-7 A DF (XXI,  I FA I D )  /  X X.
0 1 0 0  CONTINUE ~ " ' ' ' ‘
RETURN-
END “ft ■ 7 -  . • . . . .
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I
F i g u r e  A l :  g e o m e t r y  f o r  d i f f r a c t i o n  b y  . a  s l i t .
F i g u r e  A 2 :  d i f f r a c t i o n  b y  a  h a l f  p l a n e .
- 193 -
<f> = 0o
<J> ' = TT
F i g u r e  E l :  g e o m e t r y  f o r  t r a n s f o r m a t i o n  o f  c o o r d i n a t e  s y s t e m s  
a n d  a d d i t i o n  t h e o r e m s  f o r  s p h e r i c a l  w a v e  f u n c t i o n s .
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I
F i g u r e  F l :  u n i t  v e c t o r s  i n  s p h e r i c a l  p o l a r  c o o r d i n a t e s
195 -
F i g u r e  J 2 .
G e o m e t r y  f o r  p r o g r a m  G O L D - 2 .
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F i g u r e  K l :  g e o m e t r y  f o r  p r o g r a m  P O S Q .
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F i g u r e  K 2 :  g e o m e t r y  f o r  p r o g r a m  F O S Q .
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f
The work p re s e n te d  in t h i s  r e p o r t  has been concerned w i t h  
i n v e s t i g a t i n g  p o s s i b l e  new approaches  t o  th e  problems o f  p r e d i c t i n g  
th e  r a d i a t i o n  p a t t e r n s  o f  a n tennas  mounted on a i r c r a f t .  Successful  
t e c h n iqu e s  e x i s t  f o r  both the r e g io n s  in which the  a i r c r a f t  Is smal l  
and very  l a r g e  compared to  a w a v e l e n g t h .  However the  v a l i d i t y  o f  
th e  tec h n iqu e s  in the  i n t e r m e d i a t e  f r e q u e n c y  range is not  e s t a b l i s h e d ;  
t h i s  was th e  re g io n  c o n s id e r e d  in t h i s  s tu d y .
The low f req u ency  t e c h n i q u e  uses a w i r e  g r i d  model o f  the  a i r c r a f t  
s t r u c t u r e .  The c u r r e n t  on a l l  th e  w i r e  segments is found using the  
method o f  moments. The r a d i a t i o n  p a t t e r n  is  o b t a i n e d  f rom the  c u r r e n t  
i n t e g r a l .  The number o f  c u r r e n t  e le m e n ts  is l i m i t e d  to  about  300 by 
the  c o n s t r a i n t s  o f  computer  s t o r a g e  and the  te c h n i q u e  is  l i m i t e d  to  
a i r c r a f t  under  a w a ve le n g th  lo n g .
The high f req u ency  t e c h n i q u e  is  the  so c a l l e d  Geom etr i ca l  Theory  
o f  D i f f r a c t i o n  ( G . T . D . )  in wh ich  th e  composi te  prob lem is broken down 
i n t o  a sequence o f  c a n o n ic a l  problems which can be c o r r e c t e d  by drawing  
r a y s .  For t h i s  te c h n i q u e  t o  be s u c c e s s f u l  the  so c a l l e d  " f l a s h  p o i n t "  
must be s e p e r a t e d  by a s u f f i c i e n t  d i s t a n c e  and th e  t e c h n i q u e  is l i m i t e d  
to  a i r c r a f t  w i t h  f u s e la g e  s e v e r a l  wave le ngths  in d i a m e t e r .  As y e t  
penumbra c o r r e c t i o n  to  t o r s i o n a l  rays can o n ly  be c o n s id er ed  in the.  p r i n ­
c i p a l  p lanes  and the t e c h n i q u e  is most s u c ce s s fu l  in th e  r o l l  and p i t c h  p lanes
R a d i a t i o n  p a t t e r n s  i n th e s e  and a d j a c e n t  (± 15 ° )  p lanes  can be accu­
r a t e l y  computed but  the  t e c h n i q u e  may b re ak  down f o r  o t h e r  a n g l e s . '
G . T . D .  has been combined w i t h  o t h e r  methods o f  a n a l y s i s  to  g i v e  
h y b r i d  appro aches .  The most s u c c e s s f u l  o f  these  is the com binat ion
1. Introduction
2o f  G . T . D .  and modal e x p a n s io n ,  as pursued  by B urn side  (R e fe re n ce  1) 
and l a t e r  Marconi Research L a b o r a t o r i e s  ( R e f e r e n c e  2 ) .  A modal 
expan s ion  o f  a source on a c y l i n d e r  is used f o r  the  f i e l d  c lo s e  
to  the  f u s e l a g e  and G . T . D .  f o r  th e  e f f e c t s  o f  such t h i n g s  as wing  
t i p s .  The tec h n i q u e  enab les  G . T CD0 t o  be ex tended  t o  lower  f r e q u e n c i e s ;  
w i t h o u t  use o f  the modal expans io n  the  method f a i l s  a t  h i g h e r  f r e q u e n c i e s .
2 .  H o r i z o n t a l l y  p o l a r i s e d  yaw p la n e  r a d i a t i o n  p a t t e r n s
I n i t i a l l y  the  h o r i z o n t a l l y  p o l a r i z e d  yaw p l a n e  r a d i a t i o n  p a t t e r n s  
p re s e n te d  in R eference  3 were c o n s i d e r e d .  At  10 MHz the a i r c r a f t  
c o n s id e r e d  was a p p r o x i m a t e l y  h a l f  a w a v e l e n g t h  long and i t s  wingspan  
was o f  s i m i l a r  d im ensions .  The a i r c r a f t  cou ld  to  a f i r s t  crude a p p r o x i ­
mat ion be c on s id er ed  as crossed d i p o l e s  as shown in f i g u r e  1. I f  the  
a i r c r a f t  was c o n s id er ed  to  be s y m m e t r ic a l  in a l l  re sp e c ts  then the  
c u r r e n t s  induced in the  wings were a l s o  s y m m e t r i c a l .  Th is  i m p l i e d  t h a t  
the  c u r r e n t  in both wings was e i t h e r  moving towards o r  away f rom the  
f u s e l a g e .  The wings were not  e x c i t e d  in  the  usual  d i p o l e  mode. Jackson  
(R e fe r e n c e  k)  con s id ers  the  e x c i t a t i o n  o f  the  v a r i o u s  m u l t i p o l e s  by a 
normal d i p o l e .  He shows t h a t  f o r  a d i p o l e  h a l f  a w a ve le n g th  long the  
Y.jg m u l t i p o l e  Is e x c i t e d .  By s i m i l a r  arguments i t  is  p o s s i b l e  to  show 
t h a t  a d i p o l e  e x c i t e d  l i k e  the a i r c r a f t  wings w i l l  r a d i a t e  the Y^q 
m u l t i p o l e .
The m u l t i  p o le  expans ion  o f  a f i e l d  in s p h e r i c a l  harmonics employs 
f u n c t i o n s  Y^ m(0.<}>) which a re  s p e c i f i e d  f u n c t i o n s  o f  the  a n g u l a r  v a r i a b l e  
0 and <j). Ins te ad  o f  s e p e r a t i n g  the  a n g u l a r  v a r i a b l e s  0 and <J> in s p h e r i c a l  
c o o r d i n a te s  the a ng le  dependence is  t r e a t e d  as a s i n g l e  exp an s io n .  The 
7 Zo muf e ' P ° ^ es a re  c y l i n d r i  c a l l y  s ym m etr ic  and can be used to  expand
3the  f i e l d s  o f  d i p o l e s .  The Y. „ m u l t i p o l e  has a cos8 dependence  
and the  Y^^ m u l t i p o l e  a s in 6 c o s 0  dependences.
For th e  a i r c r a f t  i t  has been shown t h a t  the  Y^q and Y^q m u l t i  poles  
can be e x c i t e d .  The r a d i a t i o n  p a t t e r n  is thus p r i n c i p a l l y  g iv e n  by:
cos 0 + a s i n  0 cos 0 (1)
where a is a complex e x c i t a t i o n  c o e f f i c i e n t .  I f  the  c u r r e n t  d i s t r i b u t i o n  
on the  f u s e l a g e  is u n d i s t u r b e d  by the  wings then no c u r r e n t  w i l l  be 
d i r e c t l y  i n j e c t e d  i n t o  the  w in g .  I t  can then be shown t h a t  the .wings 
are  r e a c t i v e l y  coup led  to  the  f u s e l a g e .  The wings c u r r e n t s  a re  then
• TTphase r e t a r d e d  r e l a t i v e  to  the  f u s e l a g e  by ^  . Under t h e s e  c i rcu m s tan c es  
the r a d i a t i o n  p a t t e r n  o b t a i n e d  is  sym metr ica l  about  0 = 0 .  The r a d i a t i o n  
p a t t e r n  ( f i g u r e  10 o f  r e f e r e n c e  3) o f  a f i g h t e r  a i r c r a f t  a t  b MHz shows 
t h i s  symmetry.  As th e  f req u e nc y  is r a i s e d  t h i s  symmetry is d e s t ro y e d  
as the 10 MHz p a t t e r n  ( f i g u r e .  11 o f  r e fe r e n c e  3) shows. The peak o f  
the r a d i a t i o n  is moved towards the  nose.
The e x p r e s s i o n  (1)  was programmed f o r  e v a l u a t i o n  on an i n t e r a c t i v e  
computer t e r m i n a l .  By j u d i c i o u s l y  changing a the  r a d i a t i o n  p a t t e r n  o f  
the  a i r c r a f t  as measured a t  10 MHz was reproduced ( f i g u r e  11 o f  r e f e r e n c e
3 ) .  This  cor responded to  a phase r e t a r d a t i o n  o f  the  wings o f  85°  r e l a t i v e  
to  the f u s e l a g e .
I t  has been shown t h a t  the  r a d i a t i o n  p a t t e r n s  o f  a i r c r a f t  in the  
low f re quency  range a r e  s im p le  com binat ions o f  a few m u l t i p o l e s .  However  
the c o e f f i c i e n t  o f  the  m u l t i p o l e  expans ion  cannot  be p r e d i c t e d  w i t h o u t  
r e s o r t  to  w i r e  g r i d  m o d e l l i n g .  Numerical  e r r o r s  can r a p id ly ,  
accumulate  using  t h i s  t e c h n i q u e  so t h a t  a d d i t i o n a l  smal l  lobes appear
bI t  is proposed t h a t  these  sm al l  e x t r a n e o u s  lobes may be removed by 
f i r s t  expand ing  the p r e d i c t e d  r a d i a t i o n  p a t t e r n  in terms o f  m u l t i p o l e s .
For the p a t t e r n  shown in f i g u r e  1 7 ,  R e f e r e n c e  3 ,  the  f i r s t  two m u l t i p o l e s
|
would be s t r o n g l y  e x c i t e d  in the  c o r r e c t  manner but  o t h e r  e x c i t a t i o n  
c o e f f i c i e n t s  would be enhanced due t o  the  s m a l l e r  lo b e .  I t  should be
I
obvious which c o e f f i c i e n t  the s m a l l e r  lobe is  e x c i t i n g  and these [can
then be s e t  to  z e r o .  In t h i s  manner the  e x t ra n e o u s  lobes may be removed.
J
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3. M u l t i p o l e  expansions and d i p o l e  r e p r e s e n t a t i o n s j
j
I t  has been shown t h a t  r a d i a t i o n  p a t t e r n s  can be c o n s id e r e d [a s  a
• . - j
c om bina t io n  o f  a few m u l t i p o l e s .  The prob lem o f  p r e d i c t i n g  the r a d i a t i o n
p a t t e r n s  is then reduced to  t h a t  o f  f i n d i n g  the complex e x c i t a t i o n  co-'](
e f f i c i e n t  o f  each m u l t i p o l e .  In o r d e r  to  i n v e s t i g a t e  a p a r t i c u l a r  
prob lem t h a t  o f  a s h o r t  monopole on an i n f i n i t e  c y l i n d e r  was c o n s id e r e d .
Wa i t  (R e fere nce  5) has shown t h a t  f o r  t h i s  geometry  shown d i a g r a n i m a t i c a l l y]
in f i g u r e  2 the two components o f  e l e c t r i c  f i e l d  a r e :
in the  r a d i a t i o n  p a t t e r n s  p r e d i c t e d  ( f i g u r e s  14 and 17,  Ref er ence  3 ) .
. m . /, ttn00 1 ms 1 nm
T(*) = I —  tA-------
m=1 ( k a s i n 0 ) 2 H ‘ (k a s in S )
. m / ,  tt \00 1 cosm(<j)- ~ )
T (e )  = cos I  --------------------t j *---------------
m=1 ( k a s i n 0 ) H  (kasinO )  m
-I
( 2 )  \
where k = 2 TT
=  2 t t  f o r  a n o r m a l is e d  geometry  
a is the c y l i n d e r  r a d i u s .
(2)FT ( ) is a Hankel f u n c t i o n  o f  the  2nd type  o f  o r d e r  m. S i m i l a r l y
5Hv ' ’ ( ) is the  d e r i v a t i v e  o f  the f u n c t i o n  w i t h  r e s p e c t  t o  them r
argument .
(2)
These e x p r e s s i o n s  were d e r i v e d  f rom the  Gre en 's  f u n c t i o n  w i t h  
the  assumpt ion b e i n g  made o f  a v a n i s h i n g  s h o r t  monopole .  Only a few 
terms o f  each s e r i e s  a re  r e q u i r e d  to  a c c u r a t e l y  s p e c i f y  the  f i e l d  
but  i f  the  s e r i e s  is  t r u n c a t e d  a f t e r  a few terms i t  may be re a r r a n g e d  
as a m u l t i p o l e  e x p a n s i o n .  For example i f  the  s e r i e s  f o r  T(<j>) is 
t r u n c a t e d  a f t e r  f i v e  terms i t  may be r e a r r a n g e d  to  g i v e :
T(<f>)  =  a ! R Y i o  ( c ° s < f ) )  +  a 2R Y 2 1  (cos<J») +  a ^ R Y ^ Q (c o s< j ) )
+ a 4RY4 l  (cos<j>) + a5RY5Q (cos«j>) + . (3)
w h e r e :
a 315 _ 567 225
a2R 105/ fe2)' (a) Hj|2)' (a).
1 . f l 4 0  . 1 0 4 0---    jrrr + "—T7TX"
315a 2 I h | 2 , ' ( o ) H^2 , ' ( a ) .
1512 _ 1400
(4)
64 -
35af e 2 ) ' ( a )
i 640
a5R = '  f e f T )
and the Y„ a re  m u l t i p o l e s .Jim r
i t  is im p o r t a n t  t o  r e a l i s e  t h a t  th e  Y ^  Y^q and Y^^ depend o n l y  
on (j) w h i l e  a^R, a^R and a ^ R depend o n l y  on 0. The Y ^  and Y ^  terms  
depend on both <j> and 0 but  i t  is r e l a t i v e l y  easy to  remove the  0 
dependence t o  the  a 2R and a ^ R t e r m s ,  so t h a t  the  m u l t i  poles  depend 
o n ly  on cj) and the c o e f f i c i e n t s  on 0 .  Thus w i t h i n  a p la ne  s p e c i f i e d  
by a c on s ta n t  0 ,  the  m u l t i p o l e  e x c i t a t i o n  c o e f f i c i e n t s  need o n ly  be 
dete rmined once and the  c om ple te  r a d i a t i o n  p a t t e r n  can be g e n e r a te d  as 
a f u n c t i o n  o f  <j>.
I t  is however d e s i r a b l e ,  t o  have a p h y s ic a l  i n t e r p r e t a t i o n ,  o f  
t h i s  exp ans io n .  Jackson ( R e f e r e n c e  4) shows t h a t  f o r  a l i n e a r  d i p o l e  
c a r r y i n g  a s i n u s o i d a l  c u r r e n t  o n l y  th e  odd m u l t i p o l e s  a re  e x c i t e d  
w i t h  v e c to r  s p h e r i c a l  harm onic  e x c i t a t i o n :
i, \ 1,11 rhit{2M)j r,kd1,2. ,kd1„
a(*’o) = 3 3 7 L u +i) 3 [<t-> V t -  (5)
where 1^  is the peak c u r r e n t  and th e  d i p o l e  o f  le n g th  d^  and j ^ (  )
is a s p h e r i c a l  Bessel  f u n c t i o n .
Thus a d i p o l e  o f  l e n g t h  c a r r y i n g  a sunusoidal  c u r r e n t  d i s t r i ­
b u t i o n  can be used t o  r e p r e s e n t  t h e  f i r s t  and t h i r d  m u l t i p o l e s  e x c i t e d  
by the <j> component by s e t t i n g  t h e  r a t i o s  o f  the  c o e f f i c i e n t s  equal  
and s o l v i n g  f o r  d^.  Some a p p r o x i m a t i o n  is neces sary  because the  
e x c i t a t i o n  o f  the m u l t i p o l e s  g iv en  by (4)  is complex whereas t h a t  g iven  
by (5)  is r e a l .  The degre e  o f  a p p r o x i m a t i o n  is  smal l  f o r  a s u f f i c i e n t l y  
smal l  c y l i n d e r  and w i l l  be d is cu s se d  l a t e r .  S i m i l a r l y  a d i p o l e  o f  le n g t h  
d2 c a r r y i n g  a c u r r e n t  d i s t r i b u t i o n  l 2 as shown in f i g u r e  3 can be used 
to  rep resen t  the even m u l t i  p o l e s .  The c o r r e c t  r a t i o  o f  the  even to  odd 
m u l t i p o l e s  is o b t a i n e d  by s e t t i n g  to  the c o r r e c t  magni tu de .  The
«J> r a d i a t i o n  p a t t e r n  o f  a s h o r t  monopole on a c y l i n d e r  in a p a r t i c u l a r  
p l a n e  s p e c i f i e d  by 0 can be g e n e ra te d  f rom a knowledge o f  and
12/ 11 * sEou1d ke no te d  t h a t  these  q u a n t i t i e s  a r e  in dependent  o f
(J) bu t  v ary  wi th 0.
I t  is  s i g n i f i c a n t  t h a t  when i n f i n i t e  “w in g s "  a r e  added to  the  
c y l i n d e r  so the  geometry becomes t h a t  o f  an 00 s e m i - c y l i n d r i c a l  boss 
on an i n f i n i t e  ground plane,  the  even m u l t i p o l e s  a r e  no lo n g e r  e x c i t e d .  
The <j> r a d i a t i o n  p a t t e r n  in any p la ne  s p e c i f i e d  by c o n s t a n t  0 is  then  
d e te rm in ed  s im p ly  by d^.  Th is  is l i k e l y  t o  be t r u e  n e a r  the  r o l l  p la ne  
f o r  f i n i t e  wings a t  a s u f f i c i e n t l y  low f re q u e n c y  when d i f f r a c t i o n  f rom  
the  wing edges is  no t  an im p o r tan t  c o n s t r a i n t .  A t  h i g h e r  f re q u e n c ie s  
i t  is  p o s s i b l e  t h a t  d i f f r a c t i o n  e f f e c t s  cou ld  be added by us ing  G . T . D . .
The m u l t i p o l e  exp ans ion  f o r  T (0)  can be o b t a i n e d  r e l a t i v e l y  s im p ly  
but  the  a s y m p t o t i c  f o r m . o f  the  Hankel f u n c t i o n  must be used:
Y 2)(a) - ir(v) (f)'v
I
When t h i s  low f re q u e n c y  form is used the  m u l t i p o l e  expans ion  is r e a d i l y  
o b t a i n e d  as:
T ( 0 )  =  a 1 Y Y 1 0  +  a 2 Y Y 2 0  +  a 3 Y Y 3 0  +  a 4 Y Y 4 0  +  a 5 Y Y 5 0  +  * ' * '
where
a l Y  =  i { c o s  ( 4-  ~ )  -  c o s 3 ( < J > -  ~ )  +  ~ | ~  c o s 5 ( c } > ~  I * ) }
a 2Y = ~ 1 U  ^c o s 2 ^ "  J )  " cos/} (<l>- f ) }
a 3Y = I  cos3(4>“ j )  -  cos5 ($ -  ~ ) >
• 2 2 2I 7F 3 rTT^a* . / , TTm
a4y = T ~  (~TT cosh{*~ 2 ) }
Ll LlIT f TT 3 c / , 7Tn ,9^ Y ~ 2 189 cos5($“ 2')
In t h i s  case the  m u l t i p o l e s  a r e  f u n c t i o n s  o f  8 and t h e  e x c i t a t i o n  
c o e f f i c i e n t s  o f  <p. Again  the  expans ion  can be a p p r o x im a te d  by two 
d i p o l e s  but  in t h i s  case the  r a t i o  o f  the  e x c i t a t i o n  c o e f f i c i e n t s  is  
r e a l  as th e  a s y m p t o t i c  form o f  the Hankel f u n c t i o n  has a l r e a d y  been
. used. The s h o r t  monopole on a c y l i n d e r  can thus be r e p r e s e n t e d  a t  
some f r e q u e n c i e s  by the  system o f  f o u r  d i p o l e s  as shown in f i g u r e  4 .  
P r o v i d i n g  no d i f f r a c t i o n  e f f e c t s  become im p o r t a n t  t h i s  r e p r e s e n t a t i o n  
is l i k e l y  to  g i v e  the  c o r r e c t  r a d i a t i o n  p a t t e r n  in any p l a n e .
4 .  The range o f  v a l i d i t y  and numer ica l  r e s u l t s
I
The r e p r e s e n t a t i o n  o f  the f i e l d  o f  a s h o r t  monopole on a c y l i n d e r  
by a system o f  f o u r  d i p o l e s  depended on making two i m p o r t a n t  s t e p s .
F i r s t ,  the  f i e l d  had t o  be expressed as a s e r i e s  o f  m u l t i p o l e s  and 
then the e x c i t a t i o n  c o e f f i c i e n t s  were used to  d e t e r m in e  th e  d i p o l e  
d im ensions .  For the  two o r thogona l  f i e l d  components d i f f e r e n t  a p p r o x i ­
mations were i n v o l v e d  in making these s t e p s .  I f  th e  T(<J>) component o f  
f i e l d  cou ld be a c c u r a t e l y  d e s c r ib e d  by n terms in W a i t ' s  o r i g i n a l  expansion
then t h i s  component cou ld  be i d e n t i c a l l y  d e s c r ib e d  by n m u l t i p o l e s .  No \
ap p r o x im a t i o n  is i n v o l v e d  in t h i s  s t e p .  However t h e  e x c i t a t i o n  c o e f f i ­
c i e n t s  o f  the  m u l t i p o l e s  a r e  now complex,  w h i l e  th e  d i p o l e  r e p r e s e n t a t i o n  
can o n ly  cope w i t h  r e a l  e x c i t a t i o n s .  However f o r  s u f f i c i e n t l y  smal l
9odd m u l t i p o l e s  a re  r e a l  as shown in f i g u r e  6 .  In f a c t  a ^  is re a l
when a = 0 o r  / 3 .  For a less  than  / J  the maximum a n g l e  a 1D makesI K
w i t h  the r e a l  a x is  is 2 3 ° ,  w h i l e  f o r  h i g h e r  v a lu e s  the  c o e f f i c i e n t  
r a p i d l y  becomes im ag in ary  in n a t u r e .  When a is less  than / J  the e r r o r  
can be m in im ised  by m o d i f y i n g  the  phase a n g le  o f  I^ so t h a t  the f i r s t  
two m u l t i p o l e s  a re  in the  r i g h t  r e l a t i v e  phase and a l l  the  e r r o r  is  
a s s o c i a t e d  w i t h  the e x c i t a t i o n  o f  th e  t h i r d  m u l t i p o l e .  The e x c i t a t i o n  
o f  t h i s  component is smal l  f o r  a le ss  than / J  but  f o r  g r e a t e r  values  
the t h i r d  m u l t i p o l e  is more s t r o n g l y  e x c i t e d  than the  f i r s t  m u l t i p o l e .
For T(<j>) i t  is l i k e l y  t h a t  the  d i p o l e  r e p r e s e n t a t i o n  should o n ly  be 
used f o r  va lu e s  o f  a less  than /J. The d i p o l e  r e p r e s e n t a t i o n  breaks  
down i n i t i a l l y  in the  r o l l  p la n e  where sinG a ch ie v e s  i t s  maximum v a l u e .
In th e  r o l l  p la ne  the r e p r e s e n t a t i o n  is l i k e l y  to  be v a l i d  f o r  c y l i n d e r s  
less  than / 3 / tt in d i a m e t e r .  When a p p l i e d  to  an a i r c r a f t  the r e p r e s e n t a t i o n  
is  l i k e l y  t o  be c o r r e c t  f o r  f u s e l a g e  d ia m e te r s  less  than h a l f  a w a v e l e n g t h .  
There  is thus a range o f  f r e q u e n c i e s  f o r  which the  new r e p r e s e n t a t i o n  
p r o v ide s  unique i n f o r m a t i o n .  T h is  range l i e s  between the  f u s e la g e  le n g th  
being  a w ave le ng th  and i t s  d i a m e t e r  be ing  h a l f  a w a v e l e n g t h .  For a 
t y p i c a l  modern a i r c r a f t  t h i s  is a t h r e e  to  one f req u e nc y  range.
For the T ( 0 )  component s imi  I a r .  arguments a p p ly  but  the  a p p r o x im a t i o n  
must be made to  the Hankel f u n c t i o n s  in Wait's e x p r e s s i o n s .  Only an a p p r o x i ­
mate m u l t i p o l e  expansion is o b t a i n e d  but  the  c o e f f i c i e n t s  a re  r e a l .  The 
d i p o l e  r e p r e s e n t a t i o n  can then i d e n t i c a l l y  r e p r e s e n t  the m u l t i p o l e  
expans io n .
Three  expansions have been d is c u s s e d :
values of a, (where a = 27rasin0), the excitation coefficients of the
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1. Wai tb o r i g i n a l  r e s u l t s
2 .  A m u l t i p o l e  expans ion
3.  A d i p o l e  r e p r e s e n t a t i o n
For the  T ( ^ )  component methods ( l )  and (2)  a re  i d e n t i c a l  and an 
a p p r o x i m a t i o n  is i n v o l v e d  in ( 3 ) ,  w h i l e  f o r  T (0)  methods (2)  and (3)  
a r e  i d e n t i c a l  b u t  a p p r o x i m a t e .  A l l  t h r e e  methods have been programmed 
f o r  computer  e v a l u a t i o n  and the  p r i n c i p a l  p lane  r a d i a t i o n  p a t t e r n s  
o b t a i n e d  f o r  v a r i o u s  c y l i n d e r  d ia m ete r s  a re  shown in f i g u r e s  6 and 7- 
The r e s u l t s  o b t a i n e d  b e a r  o u t  the  p re v io u s  comments. They a r e  not  
compared w i t h  e x p e r i m e n t a l  r e s u l t s  because w i t h  such s m a l l  c y l i n d e r  
d ia m ete r s  a q u a r t e r  wave monopole can not  be c o n s id e r e d  as s h o r t .
5.  A s c a t t e r i n g  r e p r e s e n t a t i o n  o f  the e f f e c t  o f  s t r u c t u r e s  n e a r  antenn as
A s c a t t e r i n g  r e p r e s e n t a t i o n  o f  the  e f f e c t  o f  s t r u c t u r e s  n e a r  
antennas is proposed.  The method has been deve lo ped  f o r  problems t h a t  
a r e  i n v a r i a n t  in one dimension such as a l i n e  source n e a r  a c y l i n d e r .
The prob lem is thus reduced t o  two dimensions and much s i m p l i f i c a t i o n  
is a c h i e v e d .  T h is  is n o t  a n ecessary  c o n s t r a i n t  and i t  is  hoped t h a t  
i t  w i 11 be removed.
The s t r u c t u r e  to  be i n v e s t i g a t e d  must s c a t t e r  in a known manner 
r e l a t i v e  t o  some o r i g i n  o r  be capab le  o f  dec omposi t ion  i n t o  such 
s c a t t e r e r s .  The f i e l d  i n c i d e n t  upon the  s t r u c t u r e  is expanded as a 
s e r i e s  o f  incoming c y l i n d r i c a l  waves:
I  an h / >  (kr2> 
n
J '
where ( ) is a Hankel f u n c t i o n  o f  the f i r s t  k i n d  and r„ is d e f i n e dn 2 .
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r e l a t i v e  to the  o r i g i n  o f  t h e  s c a t t e r e r  ( F i g u r e  8 ) .  S i m i l a r l y  the  s c a t ­
t e r e d  f i e l d  is expanded, as a s e r i e s  o f  o u tg o i n g  c y l i n d r i c a l  waves:
I  b H<2 > ( k r , )n n
I t  is  assumed t h a t  the  s c a t t e r i n g  m a t r i x  c o n n e c t in g  these s e r i e s  is  
known. ' i e . ,
b H ^ ( k r J  no 2
bNHN ^
oo oN
No . .  SNN
a n H<1 ) ( k r 2 )
aNHN1>(kr2)
w i t h  S known. This  is re a s o n a b le  f o r  some s c a t t e r e r s  such as a c y l i n d e r .  
A c y 1i n d r i c a l l y  symmetr ic  wave s y m m e t r i c a l l y  i n c i d e n t  upon a c y l i n d e r  
w i l l  be s c a t t e r e d  as a c y 1i n d r i c a l l y  s y m m e t r i c ’wave. This  means the  
m a t r i x  is d iagonal  f o r  a c y l i n d e r  and th e  boundary c o n d i t i o n s  g i v e  the  
e l e m e n t s .
For the  two d im ens io na l  p rob lem a l i n e  source is  c on s id er ed  which
(2)
r a d i a t e s  a c y 1i n d r i c a l l y  s ym m etr ic  f i e l d  FT ( k r ^ ) .  This  is then  
expanded about  the o r i g i n  o f  th e  s c a t t e r e r  by means, o f  a d d i t i o n  theorems  
( R e fe re n ce  6 ) .  i e . ,
H ^ t k r , )  = - f e — * [ f e ( k r 2 ) + Y 2 ) ( k r 2 ) ]
+ I  Hn ( kD) LHn ^  (k r - j )  .+ ( k r .  ) ] c o s n  (0-i|>) 
n-1
where D is  th e  s e p e r a t i o n  o f  t h e  l i n e  source  and t h e  o r i g i n  o f  the  
s c a t t e r e r ,  ij> is  th e  d i r e c t i o n  o f  th e  s c a t t e r e r  f rom t h e  l i n e  s o u rc e .
However the  p r o p e r t i e s  o f  the  s c a t t e r e r  a re  known so i f  f i e l d s  
 ^ (k r i ) a r e  i n c i d e n t  upon i t  the  f i e l d s  s c a t t e r e d  0<r2 ) a r e
known. The r e q u i r e d  m o d i f i c a t i o n s  to  acc ount  f o r  th e  pre sence  o f  
the  s c a t t e r e r  a r e  made t o  both s id es  o f  t h i s  l a s t  e q u a t i o n .
I f  the  m o d i f i c a t i o n  t o  the  l e f t  hand s i d e  is r e -e xp a h de d  about  
the l i n e  sourc e  i t s  r e f l e c t i o n  c o e f f i c i e n t  may be c a l c u l a t e d  in the  
presence o f  th e  s c a t t e r e r .  It. is assumed the  source would be matched  
in f r e e  space .  The r a d i a t i o n  p a t t e r n  o f  the  l i n e  sourc e  may be 
c a l c u l a t e d  in a s i m i l a r  manner but  c a r e  is needed because t h e  o r i g i n a l  
a d d i t i o n  theorem was o n l y  s t r i c t l y  a c c u r a t e  o v e r  a l i m i t e d  range o f
r .  However ,  i t  is b e l i e v e d  t h a t  i f  the  m o d i f i c a t i o n  is made t o  the
• * * • •
ou tg o in g  waves i t  is i n v a r i a n t  under  the  change kD -e k r  and a p p l i e s  to
a l l  o f  space .
One prob lem c o n s id e r e d  using t h i s  method was a l i n e  sourc e  above
an i n f i n i t e  s e m i - c y l i n d r i c a l  boss on a ground p la n e  as shown in f i g u r e
9 .  Th is  cor responded  to  the  r o l l  p la n e  b e h a v i o u r  o f  a w i r e  a e r i a l  
above an a i r c r a f t  f u s e l a g e  f i t t e d  w i t h  i n f i n i t e  w i n g s .  The prob lem
was s o l ve d  c o n s i d e r i n g  a c y l i n d e r  w i t h  a source and an image.
The r e f l e c t i o n  c o e f f i c i e n t  o f  the  a e r i a l  was c a l c u l a t e d  as:
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and the radiation pattern as:
r InI H^(kp) /2v
I  e [2J (kD) -  . { 1 +  — -------  }H ' ( k D ) ] c o s n 0
n=1 . 3 . 5  n HnU } (k P ) n
where p is the  ra d iu s  o f  the  f u s e l a g e  and D the h e i g h t  o f  th e  l i n e  
source above the w in g s .
A more c o m p l i c a t e d  p ro b le m  which has been c o n s id er ed  is t h a t  o f  
a l i n e  source above one s e m i - c y l i n d r i c a l  boss on a ground p l a n e  w i t h  
two o t h e r  s e m i~ c y 1 i n d r l c a l  bosses on e i t h e r  s i d e .  Th is  cor responds  
to  the case o f  a l i n e  s ou rc e  above a f u s e l a g e  w i t h  i n f i n i t e  wings and
as m u l t i p l e  r e f l e c t i o n s  sho u ld  be c o n s i d e r e d .  These i n t e r a c t i o n s  
have not  been i n c l u d e d .  The e x p r e s s i o n  given below in c lu d es  energ y  
r e f l e c t e d  in one curved  s u r f a c e  and one f l a t  s u r f a c e  but  does not  
in c lu d e  energy r e f l e c t e d  in  two curve d  s u r f a c e s .  By ano logy  w i t h  
G .T .D .  t h i s  is  l i k e l y  to  be a sm al l  e f f e c t .
The e x p r e s s io n  d e r i v e d  f o r  t h e  r a d i a t i o n  p a t t e r n  i s :
°° n (?) H^Ckp)
I  ( i )  cosn0{AJ (kD) -  2HT (kD) (1+ —pp:------- )
n = l . 3 - 5  n n H ( k p )
H (1 )  (kR)
+2H^2 h k F ) ( 1 +  - N i   ) c o s n ^ [ 2 n+1r ( n )  x
n * H (kR)n
00 J (kE ) / \ ---------- -
1 (n+U.) i ~ — - — • C n (cos0-  y ) ]  } . 
Z~o (kE)  1 2
H ^  (kR) .
J ( i  ) ns i nn0s i nnijjH (kF) (1+ —7TV--------- ) x 2 n+ r ( n )  x> L A h'z' AxDV+ n = 274 .6  H ^ ( k R )
I (n+Jl) A  C/ ) (cos0+i)
(kE)  *■ 2
engines and is  shown in f i g u r e . 11.  The problem is  more c o m p l i c a t e d  |
I
where p and R a r e  t h e  r a d i i  o f  t h e  f u s e l a g e  and e n g i n e s .  9 ,  ip, D, E
(n)and F a r e  shown in  th e  f i g u r e  and (fa ( ) a r e  u l t r o s p h e r i c a l  o r
Gegenbauer p o l y n o m i a l s .
I f  R-H) a l l  t h e  terms c o n t a i n i n g  i t  van is h  and th e  w i t h o u t - e n g i n e s  
e x p r e s s io n  is r e c o v e r e d .  S i m i l a r l y  i f  p-*0 in t h i s  r e s u l t  th e  e x p r e s s i o n  
f o r  a sourc e  o ve r  a ground p l a n e  is  l e f t .
As y e t  none o f  t h e s e  e x p r e s s io n s  have been programmed f o r  
computer e v a l u a t i o n ,  so t h a t  the  v a l i d i t y  o f  the  e x p r e s s i o n s  in  the  
f i e l d  has not  been f u l l y  e s t a b l i s h e d .  I t  is however th o u g h t  t h a t  the  
tec h n i q u e  is  s u b s t a n t i a l l y  c o r r e c t  as in many re s p e c t s  the  argument  
is s i m i l a r  t o  t h a t  dev e lo pe d  by Kahn and W as y lk iw s ky j  ( R e f e r e n c e  7)  
f o r  mutual c o u p l i n g  among a c e r t a i n  c l a s s  o f  a n te nn a s .
The t e c h n i q u e  has i n i t i a l l y  been developed  f o r  two d im e n s io n a l  
problems w i t h  l i n e  sou rce  e x c i t a t i o n  because o n ly  one p o l a r i s a t i o n  is 
i n v o l v e d  and o n ly  two c o o r d i n a t e s  a r e  r e q u i r e d .  For t h r e e  d im ens io na l  
problems the  second p o l a r i s a t i o n  must be c o n s i d e r e d ,  w i t h  p o l a r i s a t i o n  
c on v ers io n  and the  t h i r d  space d im ens io n .  I t  is hoped t h a t  problems  
o f  t h i s  typ e  w i l l  e v e n t u a l l y  he handled but  f i r s t  o t h e r  two d im ens io na l  
problems w i l l  be i n v e s t i g a t e d .
The method c o n s i d e r s  th e  composi te  problem as a s e t  o f  s i m p l e  
s c a t t e r e r s ,  the  p r o p e r t i e s  o f  which a re  known. I f  th e  r a d a r  c r o s s -  
s e c t i o n  o f  each s c a t t e r i n g  component is .k no w n ,  i t  may be p o s s i b l e ,  
by a t e c h n i q u e  s i m i l a r  t o  t h a t  d e s c r i b e d ,  to  d e te r m in e  th e  composi te  
rad ar  c r o s s - s e c t i o n .  I t  is f e l t  t h a t  the  s c a t t e r i n g  approach may 
e n a b le  the  p er fo rm ance  o f  an a i r c r a f t  a n tenn a ,  and th e  a i r c r a f t  r a d a r  
c r o s s - s e c t i o n ,  to  be l i n k e d .
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The problem o f  p r e d i c t i n g  th e  p er fo rm an ce  o f  a i r c r a f t  antennas  
in  the  H .F .  and V . H . F ,  reg io ns  have been c o n s id e r e d  f rom s e v e r a l  
p o i n t s  o f  v ie w .  I n i t i a l l y  i t  was shown t h a t  a measured r a d i a t i o n  
p a t t e r n  o f  a p a r t i c u l a r  a i r c r a f t  c o u ld  be g e n e r a t e d  s im p ly  by adding  
two m u l t i p o l e  f i e l d s  in the c o r r e c t  a m p l i t u d e  and phase.  This  
suggested a method o f  removing a ccum ula ted  nu m er ic a l  e r r o r s  from 
th e  r a d i a t i o n  p a t t e r n s  computed us ing  w i r e  g r i d  m o d e l l i n g .
The p a r t i c u l a r  problem c o n s i d e r e d  n e x t  was t h a t  o f  a source on 
an i n f i n i t e l y  long c y l i n d e r .  I t  was shown t h a t  the  f i e l d  could be 
expanded in terms o f  a few m u l t i p o l e s .  From t h i s  expans ion  an 
e q u i v a l e n t  d i p o l e  r e p r e s e n t a t i o n  o f  the  prob lem emerged which has 
been shown to  be v a l i d  f o r  c y l i n d e r s  less  than about  h a l f  a w a ve le ng th  
in d i a m e t e r .  A l though o n ly  v a l i d  f o r  t h i s  l i m i t e d  range o f  c y l i n d e r  
s i z e s  i t  is f e l t  t h a t  t h i s  t yp e  o f  r e p r e s e n t a t i o n  is v a l u a b l e  as i t  
r e - f r a m e s  the  problem in terms t h a t  a r e  r e a d i l y  understood  by a l l  
antenna  e n g i n e e r s .  I t  is  f e l t  t h a t  a s i m i l a r  t yp e  o f  r e p r e s e n t a t i o n  
cou ld  be d e r i v e d  f o r  many d i f f e r e n t  problems and some o f  these  
problems w i l l  be c o n s id e r e d .  The r e p r e s e n t a t i o n  is p a r t i c u l a r l y  
u se fu l  in c o n s i d e r i n g  the  p r o p e r t i e s  o f  antennas on a i r c r a f t  as the  
i n t r o d u c t i o n  o f  " i n f i n i t e  w in g s "  s im p ly  removes a d i p o l e .
F i n a l l y  a s c a t t e r i n g  approach has been adopted which due t o  i t s  
c o m p l ic a te d  n a t u r e  has i n i t i a l l y  been used to  s o l v e  two dim ensional  
problems.  Th is  method is p a r t i c u l a r l y  u se fu l  f o r  problems which can 
be decomposed i n t o  a system o f  sources and c y l i n d e r s .  In t h i s  c o n t e x t  
the. problem o f  a w i r e  antenna  o v e r  the  f u s e l a g e  o f  a " t w i n  engined  
a i r c r a f t "  has been s o l v e d .  Th is  method is  l i k e l y  to  be e x t r e m e l y
6. Conclusions and Future Work
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powerful  and i t  is  hoped t h a t  i t  w i l l  be f u r t h e r  d e v e l o p e d ,  so t h a t  
much more c o m p l i c a t e d  problems can be t a c k l e d .  In some re s p e c ts  
the method is l i k e  G . T . D .  in  t h a t  the  d i f f i c u l t  pro b lem is  broken  
down i n t o  s i m p l e r  p ro b le m s.
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F i g u r e s
1T h i s  r e p o r t  i s  c o n c e r n e d  w i t h  p o s s i b l e  n e w  a p p r o a c h e s  t o  t h e  
p r o b l e m  o f  p r e d i c t i n g  t h e  r a d i a t i o n  p a t t e r n s  o f  a n t e n n a s  m o u n t e d  o n  
a i r c r a f t .  T h e  p r e v i o u s  r e p o r t  ( R e f e r e n c e  1 )  i n d i c a t e d  t h a t  s u c c e s s ­
f u l  t e c h n i q u e s  e x i s t  f o r  b o t h  t h e  l o w  a n d  h i g h  f r e q u e n c y  r a n g e s ;  t h i s  
w o r k  i s  c o n c e r n e d  w i t h  t h e  i n t e r m e d i a t e  o r  r e s o n a n t  r a n g e .
T h e  m a i n  a p p r o a c h e s  w h i c h  w e r e  i n v e s t i g a t e d  i n  t h e  p r e v i o u s  
r e p o r t  ( R e f e r e n c e  1 )  w e r e  a  d i p o l e  r e p r e s e n t a t i o n  o f  a  s o u r c e  o n  a  
c y l i n d e r  a n d  a  s c a t t e r i n g  d e s c r i p t i o n  o f  t w o  d i m e n s i o n a l  p r o b l e m s .
I t  w a s  s h o w n  f r o m  W a i t ' s  d e s c r i p t i o n  ( R e f e r e n c e  2 )  o f  a  s o u r c e  
o n  a  c y l i n d e r  t h a t  a  s e t  o f  s i m p l e  d i p o l e s  c o u l d  b e  u s e d  t o  g i v e  t h e  
s a m e  r a d i a t i o n  p a t t e r n s .  U n f o r t u n a t e l y  t h i s  s i m p l e  d e s c r i p t i o n  i s  
o n l y  v a l i d  f o r  c y l i n d e r s  l e s s  t h a n  h a l f  a  w a v e l e n g t h  i n  d i a m e t e r .
T h e  t e c h n i q u e  c o u l d  b e  . e x t e n d e d  b y  i n c l u d i n g  d i p o l e s  w i t h  c o m p l e x  
d i m e n s i o n s  b u t  t h e n  t h e  e s s e n t i a l  s i m p l i c i t y  o f  t h e  m e t h o d  i s  l o s t .
T h e  r e s u l t s  o b t a i n e d  b y  t h i s  a p p r o a c h  a r e  p r e s e n t e d  i n  t h i s  r e p o r t  
b u t  f u r t h e r  w o r k  o n  t h i s  i d e a  h a s  c e a s e d .
T h e  m a j o r  e f f o r t  s i n c e  t h e  l a s t  r e p o r t  h a s  b e e n  d e v o t e d  t o  t h e  
s c a t t e r i n g  d e s c r i p t i o n  o f  t h e  p r o b l e m .  T h e  m e t h o d  f o r  t w o  d i m e n s i o n a l  
p r o b l e m s  i n v o l v e s  i n w a r d  a n d  o u t w a r d  t r a v e l l i n g  c y l i n d r i c a l  w a v e s  w h i c h  
a r e  c o n n e c t e d  b y  a  s c a t t e r i n g  m a t r i x .  T h i s  m e t h o d  h a s  b e e n  e x t e n d e d  s o  
t h a t  b o t h  t h e  r a d i a t i o n  p a t t e r n s  o f  a n t e n n a s  n e a r  a n  o b j e c t  a n d  t h e  
r a d a r  c r o s s  s e c t i o n  o f  t h e  o b j e c t  m a y  b e  c a l c u l a t e d .  I n  a d d i t i o n  f o r  
t w o  d i m e n s i o n a l  o b j e c t s  t h e  m e t h o d  h a s  b e e n  e x t e n d e d  t o  b o d i e s  o f  
a r b i t a r y  c r o s s - s e c t i o n .  T h e  m e t h o d  i s  c u r r e n t l y  b e i n g  i n v e s t i g a t e d  
f o r  t h r e e - d i m e n s i o n a l  o b j e c t s .  I t  i s  b e l i e v e d  t h a t  t h e  e s s e n t i a l  
t r a n s l a t i o n  t h e o r e m  r e q u i r e d  b y  t h e  m e t h o d  i s  m o s t  r e a d i l y
1. Introduction
2a v a i l a b l e  f o r  c o m p u t a t i o n  f r o m  a  p l a n e  w a v e  s p e c t r u m  
d e s c r i p t i o n .  I n  t h i s  m a n n e r  i t  i s  t h o u g h t  t h a t  t h e  m e t h o d  w i l l  
n a t u r a l l y  l i n k  w i t h  t h e  G e o m e t r i c a l  T h e o r y  o f  D i f f r a c t i o n .
2 .  A  S c a t t e r i n g  D e s c r i p t i o n  o f  R a d i a t i o n  P r o b l e m s
A  s c a t t e r i n g  d e s c r i p t i o n  o f  s o m e  r a d i a t i o n  p r o b l e m s  w a s  
i n t r o d u c e d  i n  t h e  l a s t  r e p o r t  ( R e f e r e n c e  1 )  .  T h e  d e r i v a t i o n  g i v e n  
t h e n  c o n t a i n s  s o m e  p o i n t s  w h i c h  t h o u g h  c o r r e c t  a s  d e f i n e d  d i d  n o t  
h e l p  i n  t h e  e x t e n s i o n  o f  t h e  m e t h o d .  T o  i n t r o d u c e  t h e  e x t e n s i o n s  
o f  t h e  m e t h o d  a n d  t h e  a l t e r a t i o n s  i n  t h e  t e c h n i q u e  t h e  m o d e l  w i l l  
b e  p r e s e n t e d  a n e w .  T h e  m e t h o d  w i l l  f i r s t  b e  c o n s i d e r e d  i n  t w o  
d i m e n s i o n s  a s  i t  i s  c o n c e p t u a l l y  m u c h  s i m p l e r  b u t  t h e  d e v e l o p m e n t  
i n  t h r e e  d i m e n s i o n s  i s  i n  p r o g r e s s  a n d  w i l l  b e  i n d i c a t e d .
a )  T h e  c o n c e p t  o f  a  t w o  d i m e n s i o n a l  s c a t t e r i n g  m o d e l
T h e  u s e  o f  a  s c a t t e r i n g  d e s c r i p t i o n  o f  r a d i a t i o n  p r o b l e m s  i s  n o t  
n e w  a s  f o r  i n s t a n c e  K a h n  a n d  W a s y l k i w s k y j  ( R e f e r e n c e  3 )  u s e d  m u l t i p l e  
s c a t t e r i n g  t o  p r e d i c t  t h e  m u t u a l  i m p e d a n c e  b e t w e e n  t w o  l i n e  a n t e n n a s .  
R e f e r r i n g  t o  F i g u r e  1  t h e y  c o n s i d e r e d  t w o  l i n e  a n t e n n a s  w i t h  a n t e n n a  
1  r a d i a t i n g .  T h i s  a n t e n n a  r a d i a t e s  a  c y l i n d r i c a l  w a v e  d e s c r i b e d  b y :
ho2> (kri> (1)
b u t  b y  t r a n s l a t i o n  t h e o r e m s  ( R e f e r e n c e  4 )  t h i s  c a n  b e  e x p a n d e d  a b o u t  
t h e  o r i g i n  o f  t h e  s e c o n d  a n t e n n a .
3OO
+  a  v ' w i l  I  H ^ ( k D ) J  ( k r _ ) c o s n 0 o  ( 2 )
1  .  n  n  2  2n=l
w h i c h  c o n v e r g e r s  f o r  T h e  B e s s e l  f u n c t i o n s  c a n  b e  e x p r e s s e d  a s
c y l i n d r i c a l  w a v e s  s o  t h a t :
+  ~ ~ —  I  H < 2 )  ( k D )  [ H ( 1 )  ( k r  ) + H ( 2 )  ( k r  ) ] c o s n 0  
I  ,  n  n  2  n  2  2
n = l
(3)
T h e  f i e l d  a t  0  i s  t h e n  i n t e r p r e t e d  a s  i n w a r d  ( k r _ )  a n d  o u t w a r d
2  n  2
(2)
H  ( k r  )  t r a v e l l i n g  c y l i n d r i c a l  w a v e s .  K a h n  a n d  W a s y l k i w s k y j  m a d e  
n  *
t h e  e x p l i c i t  a s s u m p t i o n  t h a t  t h e  l i n e  s o u r c e s  c o u l d  b e  r e g a r d e d ,  a s
c a n o n i c a l l y  m i n i m u m  s c a t t e r i n g .  T h i s  i s  a  r e a s o n a b l e  a s s u m p t i o n  a n d
i s  i m p l i c i t  i n  m o s t  a t t e m p t s  a t  d e r i v i n g  m u t u a l  i m p e d a n c e  s u c h  a s
t h e  i n d u c e d  E . M . F .  m e t h o d .  W h e n  s t a t e d  e x p l i c i t l y  t h e  m o d a l  p r o p e r t i e s
o f  t h e  a n t e n n a  f o l l o w  i m m e d i a t e l y  a n d  i n  t h i s  c a s e  i n d i c a t e  t h a t  t h e  
(1)
i n c i d e n t  E Q  w a v e  w o u l d  b e  t o t a l l y  a b s o r b e d . *  I f  t h i s  i n c i d e n t
(2)
m o d e  i s  a b s o r b e d  t h e  H q  ( k r f e  w a v e  w i l l  n o t  b e  r a d i a t e d  a n d  t h e  t o t a l  
f i e l d  s h o u l d  b e  a p p r o p r i a t e l y  m o d i f i e d  i e .
n = l
(4)
4I n  t h i s  m a n n e r  b y  m u l t i p l e  s c a t t e r i n g  b e t w e e n  t h e  t w o  a n t e n n a s  
t h e  s c a t t e r i n g  m a t r i x  m a y  b e  d e r i v e d .  H o w e v e r  u s i n g  a n  i m p e d a n c e  
d e s c r i p t i o n  t h e  m a t r i x  m a y  b e  d i r e c t l y  d e r i v e d ;  f r o m  t h i s  a n y  o t h e r  
d e s c r i p t i o n  c a n  b e  o b t a i n e d .
I n  t h i s  c a s e
S11 = S22 = 1 c2 (5)
a n d  S 1 2  =  S 2 1  =  - f e  ( 6 )
H < 2 > ( k D )
where; C =--- -—  (7)
O n c e  t h e  m u t u a l  i m p e d a n c e  h a s  b e e n  f o u n d  t h e  d e r i v a t i o n  o f  t h e  f a r  
f i e l d  r a d i a t i o n  p a t t e r n  w i t h  o n e  a c t i v e  a n d  o n e  p a s s i v e  l i n e  s o u r c e  
b e c o m e s  t r i v i a l .  A l t h o u g h  t h e  o r i g i n a l  t r a n s l a t i o n  t h e o r e m  ( e q u a t i o n  
( 2 ) )  w a s  o n l y  v a l i d  f o r  t h e  r a n g e  t h i s  d o e s  n o t  p r e v e n t  t h e  f a r
f i e l d  b e i n g  f o u n d .
T h e  p r o p o s e d  m e t h o d  o f  f i n d i n g  t h e  r a d i a t i o n  p a t t e r n s  o f  a n t e n n a s  
i n  t h e  v i c i n i t y  o f  c o n d u c t i n g  b o d i e s  i n v o l v e s  a  g e n e r a l i s a t i o n  o f  
K a h n  a n d  W a s y l k i w s k j y i ' s  m e t h o d .  I n  t h e  p r o b l e m  t h e y  s o l v e d ,  o n e  o f  
t h e  i n c i d e n t  m o d e s  w a s  s i m p l y  a b s o r b e d .  F o r  m o r e  c o m p l i c a t e d  s c a t t e r e r s ,  
a  m o r e  g e n e r a l  d e s c r i p t i o n  o f  t h e  m o d i f i c a t i o n  t o  t h e  f i e l d  i s  r e q u i r e d ,  
a n d  a  m a t r i x  d e s c r i p t i o n  s e e m s  m o s t  s u i t a b l e .
T h e  f i e l d  i n c i d e n t  u p o n  t h e  o r i g i n  o f  t h e  s c a t t e r e r  c a n  b e  
e x p r e s s e d  a s  a  s u m  o f  i n c o m i n g  c y l i n d r i c a l  w a v e s :
r (1)
)  a  H  —  ( k r ) c o s n 0 ^  - ( 8 )
L  n  n  z  Z .  v '
n
5o f  a m p l i t u d e  ( c o m p l e x )  a ^ .  S i m i l a r l y  t h e  f i e l d  s c a t t e r e d  a w a y  f r o m  
t h e  o b j e c t  m a y  b e  e x p r e s s e d  a s :
7  b  ( k r ) c o s n 0 ,  ( 9 )
n  n  z  zn
T h e  a m p l i t u d e s  o f  t h e  i n c i d e n t  a n d  s c a t t e r e d  c y l i n d r i c a l  w a v e s  m a y  
t h e n  b e  c o n n e c t e d  v i a  a  s c a t t e r i n g  m a t r i x .
b
0*t
t
•
1:
b. n
S 0 0  S 0 N
s  s
N O   N N
d o )
I f  t h e  s c a t t e r e r  i s  s i m p l y  f r e e  s p a c e  t h e  m a t r i x  i s  d i a g o n a l  a n d  
u n i t a r y .  S i m i l a r l y  f o r  t h e  l i n e  s o u r c e  c o n s i d e r e d  e a r l i e r  t h e  m a t r i x  
i s  d i a g o n a l  w i t h  a l l  t h e  e l e m e n t s  e x c e p t  S -Q 0  e q u a l  t o  o n e .  S Q 0  i s  
z e r o .  I n  g e n e r a l  t h e  m a t r i x  w i l l  n o t  b e  d i a g o n a l  a n d  t h e  m a j o r  p r o b l e m  
w i l l  b e  t o  d e r i v e  t h e  e l e m e n t s :  t h i s  w i l l  b e  c o n s i d e r e d  l a t e r .  H o w e v e r  
o n e  c a s e  o f  p r a c t i c a l  i n t e r e s t  f o r  w h i c h  t h e  s c a t t e r i n g  m a t r i x  i s  
p a r t i c u l a r l y  s i m p l e  i s  t h a t  o f  a  c y l i n d e r  w i t h  t h e  o r i g i n  a t  i t s  c e n t r e ,  
B y  v i r t u e  o f  t h e  s y m m e t r y  o f  t h e  o b j e c t  a  c y l i n d r i c a l  w a v e  r e t a i n s  i t s  
c h a r a c t e r  a f t e r  s c a t t e r i n g  s o  t h a t  t h e  m a t r i x  i s  d i a g o n a l ,  w i t h  a l l  
n o n - d i a g o n a l  e l e m e n t s  z e r o .  T h e  n o n - z e r o  e l e m e n t s  a r e  r e a d i l y  d e t e r ­
m i n e d  b y  a p p l i c a t i o n  o f  t h e  b o u n d a r y  c o n d i t i o n s .  F o r  a  w a v e  p o l a r i z e d  
p a r a l l e l  t o  t h e  a x i s  o f  t h e  c y l i n d e r  o f  r a d i u s  p  t h e  e l e m e n t s  a r e :
n n
H * 1 ’  '  ( k p )
7 2 ) ' (kp)
(11)
w h e r e  t h e  * i n d i c a t e s  t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  t h e  t o t a l  . a r g u m e n t ,
6Similarly for the orthogonal polarization,
H ( 1 ) ( k p )
s = - -72}  <12)
H  ( k p )  
n
b )  T h e  c a l c u l a t i o n  o f  t h e  f i e l d  r a d i a t e d  b y  a  l i n e  s o u r c e  i n  t h e  
p r e s e n c e  o f  a  s c a t t e r e r .
C o n s i d e r  a  l i n e  s o u r c e  a d j a c e n t  t o  a  g e n e r a l  t w o  d i m e n s i o n a l  
s c a t t e r e r  a s  s h o w n  i n  F i g u r e  2 .  A s  w i t h  t h e  t w o  l i n e  s o u r c e s  c o n ­
s i d e r e d  e a r l i e r  t h e  f i e l d  r a d i a t e d  b y  t h e  l i n e  s o u r c e  m a y  b e  e x p a n d e d  
a b o u t  t h e  o r i g i n  o f  t h e  s c a t t e r e r :  ( e q u a t i o n  3 )
/ 2 \  a  v ^ w y "  > 2 )  n )  / 2 \
~ T "  H 0  ( k r l >  -  - 4 —  H 0  ( k D )  t » 0  < k r 2 ) + H 0  ( k r 2 »
a  / w y  00
+ U?—   ^ Hn2 ^*kD  ^ k^r2^+Hn2^ <kr2)]cosn02
n = l
W h e n  t h e  s c a t t e r e r  i s  i n t r o d u c e d  a t  o r i g i n  2  t h e  u n i t a r y  s c a t t e r i n g  
m a t r i x  o f  f r e e  s p a c e  m u s t  b e  r e p l a c e d  b y  t h e  m o r e  c o m p l i c a t e d  m a t r i x  
a s s o c i a t e d  w i t h  t h e  s c a t t e r e r .  W i t h  f r e e  s p a c e :
bo = ao (13)
b u t  w i t h  t h e  s c a t t e r e r  p r e s e n t :
=  7  a  ( 1 4 )
O  f e  O n  n  '  1
n = 0
s o  t h a t  t h e  m o d i f i c a t i o n  t o  t h e  l o w e s t  o r d e r  m o d e  i s :
7to On n O O 2 n=0
{ 7 a -a  }p/ (kr„) (15)
and'for the general -path order mode:
{ y S a -a }h (kr„)cosm0 to mn n m m 2 mn=0
(16)
The total change in the field is then
CO 0 0
y { y S a -a }H (kr_)cosmOto to mn n m m 2 mm=0 n=0
(17)
For the special case of a cylindrical scatterer the modification to 
the field for an electric line source is:
1+
H (1)'Ho (kp) H™(kD)
H (2)'
Ho (kp)4
2
+ In=l
1+
TT (1)
hn (kp)
h (2)'hn (kp)
Ho21
(2) (2)H (kD) H (kr )cosn(0o-7r) n n 2 2 (18)
When this modification is re-expanded about the line source the 
energy received by it may be calculated. Thus the voltage reflection 
coefficient T of the line source in the presence of the cylinder may 
be calculated as:
n2rt (19)
where
(l-c2d)
H<2> (kD) 
c - -to  and d - 1 +
u(1) 1
Ho (kp)
h (2)’
Ho (kp)
(20)
In the far field the radiation from the line source may be expanded
about the origin as proportional to:
8ni2) (krjJA (kD)+2 I H u > (kr_)J (kD) cosn (0-?r) u 2 o “ n 2 nn=l
(2) (21)
so that the total field including the modification is for an electric 
line source near a cylinder:
f a  <kr2>
H<2) (kD) 
J0 (kD) 5---- 1 + f a '
(kp)
f a ’(kp)A
(9) H (2)(kD)+ 2 I Hfa (kr2)cosn(0-Tr) J (kD) - — —  ---
n=l n
1+
„(i)'
hn (kp)
(2)'Hn (kp)4
(22)
but in the far field as r2
   -i (kr- —  _(2) n  2 4H (kr )-+ /fa—  e 2 4n 2 / irkr„ (23)
so that the far field is given by:
H*2) (kD) 
J0 (kD) - f a ---- 1+
H(1)Ho
/
CL
h (2)
Ho (kp) 4
00 in X 
+ 2 £ a
n=l
cosn (0—tt ) J (kD)- n
H (2) (kD) n 1+
„(2) * 
hn (kp)
h (2)'
n (kp)4
For a more general scatterer the far field is given by:
(24)
(2)
f a  (kD) ” ,71Jo (k D )+ _ _ ------  18 -1) + I  s f a 2) (kD)
n=l
00 in —V 2+ i e cosnO
n=l
f a  (kD) (2)
2Jn (kD,+ 2 SNO-HN (kD)
+ I H (2)(kD)S ", mm=l nm
(25)
9Zn two dimensions the radar cross-section of objects may"be 
calculated using the generalised scattering matrix. The bistatic 
radar cross-section of an object gives a measure of the energy 
scattered in the direction 0 when a plane wave is incident upon it 
from direction <j>. In most cases the monostatic radar cross-section 
is of primary interest and in this case 0 and <j> correspond to the 
same direction.
Consider a plane wave incident upon an origin in the direction 
<j:. This may be specified by:
i^krcoscf)
which may be expanded into incoming and outgoing cylindrical waves:
eikrcos<|> _ (kr) +2 £ inj (kr) cosncf>u ", nn=l
OO
= 32[H(J1) (kr)+H^2) (kr) ] + £ in [H(1) (kr)+H(2) (kr)]cosn<}>
n=l n n
The amplitudes of the incoming waves are given by:
, . n cosn<f>a = h a = i  r-o n cosn0
°) The two dimensional radar cross-section
so that:
Sh _ 00 + Y inq cosn<f>0 2 fe ON cosn0n=l
b = ^ +  l- iV ~ £ 2 2 2 ip 2 , n cosn0n=l
(26)
(27)
(28)
(29)
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The modification to the total field or the scattered field 
is then given by
S —I 00
h <2> (kr) t o -  + I ins_., S2SS*0 1 2  , ON cosn0n=l
+ In=l
NO incosn(}> + y cosm(f>
L nm cosm02 cosn0 m=l
H ^  (kr)cosn0 n
For the monostatic radar cross-section
o r
0 « IT +
cosn<f> = CQsnircosn0
and the monostatic R.C.S. is:
j n=l
f l(~i)nSON
oo (  g  o o
+ I %  (kr) cosn01 ——  (-i)n + J
n=l 1 m=l J
which becomes as r -> 00
S -1 »00 + l (-i)ns
n=l ON
imr
+ y e cosn0 
n = l
NO
2 - (-un + i (-i)m (i)ns„; m=l nm
(30)
(31)
(32)
(33)
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I t . has been shown th a t the ra d ia tio n  p a ttern  o f  a l in e  source 
near a two dim ensional o b jec t and the radar c r o s s - s e c t io n  o f  th a t  
o b je c t  are e s s e n t ia l ly  known once the elem ents o f  the sc a tte r in g  
m atrix are determ ined. For c e r ta in  sim ple o b je c ts  the m atrix i s  
easy to  f in d . The obvious example i s  a c y lin d e r , i t s  m atrix i s  
sim ply determined as i t  can be made to  c o in c id e  w ith  a coord inate  
su rfa ce . In a s im ila r  manner the s c a t te r in g  m atrix o f  an e l l i p t i c a l  
cy lin d er  could be determined i f  the problem was considered  in  terms 
o f  in c id e n t  and sca ttered  e l l i p t i c a l  waves. Although t h is  would be 
a v a lid  so lu t io n  i t  would not be o f  much use in  more com plitcated  
s itu a t io n s  such as a ir c r a f t  w ith an e l l i p t i c a l  fu se la g e  and c y lin d r ic a l  
en g in es. The coord inate transform ations would not on ly  in vo lv e  a s h i f t  
in  o r ig in  but a change o f  coord inate ty p e . A method i s  required to  
determ ine the sc a tte r in g  matrix o f  an a rb itra ry  two dim ensional body 
in  terms o f  in c id e n t and sc a ttered  c y l in d r ic a l  waves. F ortunately  
such an approach can be made by a s l ig h t  m o d ifica tio n  to  the recen t  
work o f  W ilton and M ittra (R eference 5) . They were s p e c i f i c a l ly  
in te r e s te d  in  fin d in g  the two dim ensional radar c r o s s - s e c t io n  o f  a 
s c a tte r e r  w ith  a rb itra ry  shape.
The f i e l d  o u tsid e  a cy lin d er  t o t a l l y  en c lo sin g  the sc a tte r e r  
must be continuous in  the absence o f  a d d it io n a l so u rces . However 
the f i e l d  on ly  d iverg es  a t  p o in ts  on or in s id e  th e su rface  o f  the 
o b je c t . W ilton and M ittra a n a ly t ic a l ly  con tinue the f i e l d  in to  the 
reg ion  between the en c lo sin g  cy lin d e r  and the o b je c t . In th is  way 
the f i e l d  i s  continued to  the su rface  o f  the s c a t te r e r  where the 
appropriate boundary co n d itio n s are a p p lied .
d) Bodies of arbitrary, shape
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W ilton and M ittra considered  the sc a tte r e d  f i e l d  to  be o f  the 
form: 00 s-nrT (2)^(P) “ 1 an3 (kp) exp(jncf)) (34)
n=-oo
w ith the geometry as s p e c if ie d  in  F igure 3. They l e t  n be both 
p o s it iv e  and n egative  but i t  i s  a sim ple m atter to  r e c a s t  the problem 
w ith  n on ly  p o s it iv e .  The problem could  be so lved  in  the tran sla ted  
coord inate system
oo
E » - ’ ) = I a^j (k p ') exp( jm<f>')m=-oo m m
(35)
Equation (34) can be put in to  the form o f  equation (35) and re ta in  
i t s  o r ig in a l form v ia  the tr a n s la t io n  formula:
(kp) exp(jn(|>) = y Hn^m*kpO*0Xp(2)m = —00
(36)
so th a t
[j (n-m)<j>J (kp' )exp ( jm<j>' ) f
cO .
+P-) -  l  a j 1
n=-co
I Jn_m k^p0^eXp P  (n-m) *kp' * exPl3m$' ^ (37)
I f  the coord inates P , P and P 1 are d esign ated  by the su b scrip t i  
to  demote th e ir  value a t  the i t h  p o in t th ere  i s  a s e t  o f  equations 
fo r  the d if fe r e n t  p o in ts  which may be w r itten  in  m atrix form as i
ES = [B. ][a ] _ i _L inJ L nJ (38)
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or applying the boundary condition that
ElnC + ES « 0 (39)x x
„xnc r -| r i E. = [B. ] [a ] x L xnJ L nJ
[a ] = -  [B. ] _1 [E /nc] L nJ L xnJ *• i  J
(40)
The sca ttered  f i e l d  i s  thus determined in  terms o f  the in c id e n t f ie ld *
However i f  Ein c i s  taken as a f i e l d  o f  form H ^  (kp) th e a 's  c a l -  x O n
cu lated  correspond to  th e SQN elem ents o f the sc a tte r in g  m atrix . Thus 
i f  the B m atrix i s  f i r s t  s e t  up a t  a s u f f ic ie n t  number o f  p o in ts  and 
inverted  a l l  the elem ents o f  the sc a tte r in g  m atrix may be ca lcu la ted  
by m u ltip ly in g  by the mode fu n ctio n s  in  turn.
Using t h is  a n a ly t ic a l  con tin u ation  method the s c a tte r in g  m atrices  
and then the other ra d ia tio n  p ro p ertie s  o f bodies o f  arb itra ry  c r o s s -  
se c tio n  can be in v e s t ig a te d . The c h ie f  advantages o f  th e  method are 
th a t
1) the c a lc u la t io n  u ses  the e l e c t r ic  f i e l d  rather than the current 
so th a t problems due to  the current d is c o n t in u it ie s  a t  corners 
and edges are avoided .
2) the Hankel fu n ctio n s  in volved  behave in  a w e ll d efin ed  manner.
The p o in t a t  which the in f i n i t e  summation can be truncated  can be
p red icted  b efore th e  c a lc u la t io n  i s  s ta r te d . For f a 2  ^ (kp) them
most important terms occur when m 'v kp so the summation can 
be stopped a f te r  in c lu d in g  a few terms with m la rg er  than kp
3) no in te g r a tio n  i s  n ecessa ry .
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The f i r s t  problem th a t was in v e s t ig a te d  num erically  was th a t  
o f  a l i n e  source above a se m i-c y lin d r ic a l boss on an in f in i t e  ground 
plane a s  shown in  F igure 4. The ground p lane was regarded as an 
image p lane so th a t th e problem a c tu a lly  considered  was th a t o f  a 
c y lin d e r  w ith two l in e  sou rces. The f i e l d  o f  both sources was 
expanded about the cen tre  o f the c y lin d e r . The s c a tte r in g  m atrix  
was then used to  work out the m o d ifica tio n s  to  th e f i e l d  and a l l  
component summed. The r e s u lt  for  the r a d ia tio n  p a ttern  w ith  an 
e le c t r ic  l in e  source was:
e) Composite problems and numerical results
where p i s  the radius o f  the fu se la g e  and D th e h e ig h t o f  the l in e  
source above the wings. S im ila r ly  fo r  a m agnetic l in e  source the  
r a d ia tio n  p attern  i s  g iven  by:
These exp ression s have been programmed fo r  computer ev a lu a tio n .
t
The s e r ie s  was truncated when n was g rea ter  than k and the amplitude
im portant term. The p a ttern s obtained  togeth er  w ith  th e number o f  
terms used and the v o lta g e  r e f le c t io n  c o e f f i c ie n t  o f  th e  source  
(assumed matched in  fr e e  space) are shown in  F igures 4 to  9 . The 
F igures show th a t in  two dim ensions th e  r a d ia tio n  p a ttern s  obtained  
by s c a tte r in g  in  q u ite  la rg e  cy lin d e rs  can be c a lc u la te d  w ith  on ly
n = l ,3 ,5
00
I
j.tip
e [2Jn (kD)- 1+
.  *
‘ H<2) (kD) ]cosn0
n = l,3 ,5
00
I •
. * 
in2 >H ^  (kD)IcosnQ j n J
o f  th e  e x c ita t io n  o f  the co s in e  was l e s s  than 2% o f  th a t  o f  the mojst
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a few term s. The predominant behaviour o f  the c y lin d r ic a l fu n ctio n s  
when n ra kp i s  shown e x p l i c i t l y  in  Figure 10 but may be deduced 
im p lic i t ly  from the number o f  lo b es  in  each ra d ia tio n  p attern .
This computer program was fu rth er  developed to  include the  
e f f e c t  o f  c y lin d r ic a l en g in es . The exp ression  developed for  the  
ra d ia tio n  pattern  o f  an e l e c t r ic  l in e  source above a "twin engined  
a ir cra ft"  was:
y ( i ) ncosn0 i 
n = l#3,5
4J (kD)-2H( 2 ) (kD) n n 1+
H(1 ) ' (kp) n
h <2) ’ (kp,
+ 2H*2 ) (kF) n 1+
H ‘ 1 J  ' (HO 
n
cosncj)K
J , (kE)
[2n+1r(n) I  (n-U)!* —  ■ C.(n) (cose- ±) ]
4=0 (kE) * ^
+ y ( i ) nsinn0 < 
n~2f 4,6
1+
Hu > '
n <kR>]
h (2>'n (kR) j
(2)fa  (kF) sinn(j> x
ron+2_, . v . Jn+ (n) , , i t ,[2 T(n) j (n*Hi)i -------- -— C v (cos + - )  ]
1=0 (kE) * £
where R i s  the radius o f  th e  en g in es E the sep aration  o f  the engine  
and fu se la g e  ce n tr e s , F th e sep ara tio n  o f  th e source and the engine  
c e n tr e s , (j) was the angle o f  th e  engine cen tre s  from the source and
( r\\
the (fa ( ) were u ltr a sp h e r ic a l or Gegerbauer polynom ials.
Num erically the m o d ifica tio n  to  the p a ttern s  caused by the  
engines was dominated by th e  behavior o f  the term:
n (2) (kF) n 1+
n (kR)
H <2>* n (kR) 4
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With the fuselage diameter of 4 wavelengths F was in excess of six
mately forty would be required. In fact the terms in kR are decaying 
so rapidly in this region that it entirely dominates the behaviour of 
the expression. The terms with n approximately kR are by far the most
Physically this corresponds to a plane wave being incident upon the
Geometrical Theory of Diffraction. Thus the scattering method 
naturally turns into the Geometrical Theory of Diffraction at 
sufficiently high frequencies.
The radiation patterns of the "twin engined aircraft" are shown 
in Figures 6 to 9 and 11 to 13. .........
Currently the radiation properties of a two dimensional square 
object are being investigated numerically to test the analytic conti­
nuation method.
f) Extension of the method to three dimensional problems
In principle the extension of the method to three dimensions 
does not pose any major problems, however the increase in computation 
is such that major difficulties do arise. Corresponding to the 
cylindrical waves in two dimensions are the multipoles in three 
dimensions. As it requires two numbers to designate a multipole
wavelengths so that it might be expected that terms with n approxi-
(2)im portant. Thus in  the Hn (kF) term th e kF i s  much larg er  than n and 
the asym ptotic form can be used
engines and corresponds exactly with the description used in the
17
The major difficulty is the translation theorems in three dimensions, 
The usual ones (References 6 and 7) which have probably come from 
quantum angular momentum theory require the calculation of terms 
involving products of Legendre functions:
there are many more of them than the simple cylindrical waves.
Pn*x)Pv (x) = E a(m,n-m,v,P)P (x) 
P P
where the coefficients are products of two 3j - Wigner groups:
h
m „  Dl _  r (n+m) I (v -m )
m'V/P) (2p+1) I (n-m) ! (v+m)
n V P
«
n  V p'
0 0 0 m-m 0 ✓
where the 3j Wigner groups are defined to be (Reference 8)
h  j3
mn m~ m- • 1 2  3
= (-1) -,l'"-32“m3
x
( J j + V V  ! ( V V V  ! <-j1+j2+j3) ! ( j ^ )  ! 
X 1 ^ 2 +m2) 1 ^ 2~m2) ! ^ 3+m3> 1 1
<3l+j2+j3+1)!
X
(-1)K
k k.# (j1+j2“93“k) 1 1 (j2+m2”k) !
x (j3-j2+m1+k) i (j3*-j1-m2+k) 1
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Obviously many calculations of this type are going to take a 
lot of computer time. Fortunately however Bruning and Lo (Reference 
9) have recently developed a recursive relationship in p for the a 
coefficients. If this type of calculation proves necessary this will 
reduce the computer time drastically. Currently a plane wave 
spectrum representative of the translation is being considered as 
used by Wasylkiwskyj and Kahn (Reference 10) , The translation will 
require an integration but it is thought that this might be the 
most straightforward approach, as the functions involved are simple.
In calculating the properties of a real three dimensional 
aircraft at all but the lowest frequencies the problem is to limit 
the number of modes required. The analytic continuation required 
may be preformed as indicated in Figure 14 but this does not take 
advantage of the major symmetric present in the structure. The 
longest single dimension in an aircraft is the fuselage lenth. This 
will influence the number of modes required. However it is thought 
that a major reduction in the number of terms required may.result 
if the fuselage can be regarded as a long thin object with cylindrical 
symmetry* The wings and tail can then be added to make a composite 
scattering body. If each wing is treated separately the translation 
to two scattering centres symmetrically placed relative to the 
fuselage reduces the number of terms involved. The reduction is 
two fold as a single wing is a smaller object than a pair of wings 
it requires fewer terms and the symmetry of the pair also reduces 
the number of terms.
The first multipole the fuselage can excite is the (1,0) one 
and the" first one the wings can excite is the* (2,0) so that in the
yaw plane at low frequencies the radiation pattern will be given 
by:
sin0 + asinGcos© 
as indicated in the first report (Reference 1).
The Dipole Representation of a Source on a Cylinder
- - - it was shown in the -.previous ^ progress --report**(Referencerl) .-that = 
the concise raultipole expansion of Wait (Reference 2) for a source
on a cylinder could be truncated. If the truncation included only 
four terms then the source on a cylinder could be replaced by a* - ■ - • «-•-
system of four dipoles as shown in Figure 15. The appropriate 
equations have now been solved numerically so that the dimensions 
of the dipoles concerned can be given: The-results obtained are shown
in Figures
Dipoles one and two approximate the <J) component of the field 
while the third and fourth dipoles approximate the 0 component. The 
length of the first dipole increases progressively with cylinder size 
up to a value of (2iTasin0) of approximately 1.4. At this point the 
dipole length jumps to a larger value. This is accompanied by a 
discontinuity in the amplitude and phase of the current. The phase 
of the current can no longer be regarded as approximately real 
and the simplicity of the approach is lost. Discontinuities occur 
in both the lengths and currents of the third and fourth dipoles. 
However the field remains bounded as infinite current occurs in 
dipoles of zero length and zero current flows in dipoles of
—  infinite—length.
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Comparison o f  some Computed and Experim ental R esu lts  fo r  a Monopole 
on a C ylinder
In the previous report (Reference 1) the results of Wait's 
(Reference 2) analysis of a short monopole on a cylinder were used 
to derive an approximate series for- the electric field. This enabled 
the dipole representation to be derived.' Some experimental radiation 
patterns of a quarter wavelength long monopole on a cylinder, were 
provided for the University of Surrey by'the Royal Aircraft Establish­
ment. Wait's concise analysis for a short monopole assumed that the 
cylinder was of infinite length however the experimental cylinder was 
of necessity finite; its ends were covered in radar absorbent material." 
Figures 22 to 30 show the comparison of the theoretical results with 
experimental results for the three principal planes at various fre­
quencies. In some cases the assumption of a short monopole has been 
removed by integrating along the length of the monopole assuming a 
suitable sinusoidal current distribution.
In general th ere i s  a ccep tab le  rath er than good agreement between 
theory and experiment in  th e r o l l  p la n e . In the two o th er major planes 
which in clu d e the cy lin d er  a x is  th e  agreement i s  not good. This i s  
thought to  be due to  the assumption o f  an i n f in i t e  cy lin d e r  in  the  
theory compared to  the f i n i t e  one used in  the experim ents.
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Figure 1. The geometry of two line antennas
Figure 2. The geometry of a line source near a scatterer
Figure 3. The geometry for inside expansion using analytic 
continuation
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5 terms were used in the expansion; (up to cos 9 0)
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Figure 5. The radiation pattern of an electric line
source a quarter of a wavelength above an 
infinite semi.~cylindrical boss on a ground plane
Figure 6. The radiation pattern of an electric line 
source a quarter of a wavelength above an 
infinite semi-cylindrical boss on a.ground plane
(without engines)
The voltage reflection coefficient = -0.2081 + j0.1303
Figure 7. The radiation pattern of a magnetic line 
source above "an aircraft"
(without engines)
Terms in cos 13 0 are included
The voltage reflection coefficient = 0.0348 + jO.1235
Figure 8: The radiation pattern of a magnetic line
source above "an aircraft"
(without engines)
Terms in cos 23 are included
The voltage reflection coefficient = 0.0438 - j0.0714
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Figure 9. The radiation pattern of a magnetic line 
source above "an aircraft"
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Figure 10. The relative amplitudes of the excitation 
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cylinder

Figure 12. The radiation pattern of an electric line 
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Figure 14. A possible two dimensional description of an
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The roll plane radiation pattern of a quarter-wave monopole on a cylinder
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x Computed using a concise expansion and assuming a short monopole
0 Computed using a concise expansion and integrating along the length of the
monopole Figure 22
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Measured patterns
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x Computed using a concise expansion and assuming a short monopole
0 Computed using a concise expansion and integrating along the length
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Figure 26
The roll plane radiation pattern of a quarter-wave monopole on a cylinder
Figure 27
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11. INTRODUCTION
This re p o rt is  concerned w ith  p re d ic tin g  the ra d ia t io n  pa tte rns 
o f antennas near s c a tte r in g  ob jects  such as a i r c r a f t .  The previous 
re p o rt (Reference 1) ind ica te d  th a t a s c a tte r in g  m a trix  was use fu l 
in  the two dimensional problem o f a l in e  source near a c y lin d e r.
This re p o rt presents the work concerned w ith  considering a l in e  
source near a more general s ca tte re r such as a conducting square 
and the extension o f the method to  three dimensional problems.
2A S ca tte rin g  D escrip tio n  o f R adiation Problems was introduced 
in  a previous re p o rt (Reference 2) and fu r th e r  developed in  the la s t  
re p o rt (Reference 1 ). The d e riv a tio n  presented then invo lved  an 
angular dependence g iven by functions l ik e  cosn0. This form o f the 
angular fu n c tio n  im p lies  a c e rta in  symmetry in  the problems th a t can 
be considered. This symmetry is  present in  the c ir c u la r  c y lin d e r, 
bu t l im i t s  the problems th a t can be considered because a complete 
orthogonal se t o f expansion functions is  no t being used.
The complete se t o f functions includes temis in v o lv in g  sinnO 
as w e ll as cosnQ. Rather than using two m atrices i t  is  b e tte r  to  
work w ith  one se t o f fu nc tion s  expressed as exp(jnO) w ith  n p o s it iv e  
and negative . An o u tlin e  o f  the m odified method w i l l  be presented, 
in  terms o f a cr m a trix  to  avoid confusion w ith  the S m a trix  p rev ious ly  
used. .. -.
a) The general two dimensional s c a tte rin g  model.
The f ie ld  in c id e n t upon the o r ig in  o f a s c a tte re r can be expressed 
as the sum o f incoming c y l in d r ic a l waves
CO
Y a j  ^ ^  (k r)e xp (jn0) ^ n nn =_oo
o f complex am plitude a^.
S im ila r ly  the f ie ld  scattered away from the o b je c t can be 
sp e c ifie d  as:
00
y Bnj  nH^2  ^ (k r)e xp (jn0) 
n=-°°
2. A SCATTERING DESCRIPTION OF RADIATION PROBLEMS
The amplitudes o f the in c id e n t and sca tte red  f ie ld s  may be connected 
v ia  a s c a tte r in g  m a tr ix  a f te r  the in f in i t e  sums have been s u ita b ly  
truncated.
?-N
. .  • a.-N ,-n . . .  a ..-N ,o • ••CJ ••• . -N , n *?-N,No • • • • •• • • • • •
• • • • • • !
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b) The c a lc u la tio n  o f the f ie ld  rad ia ted  by a l in e  source in  the 
presence o f a general s c a tte re r.
Consider a l in e  source adjacent to  a two dimensional sca tte re r, 
The f ie ld  rad ia ted  is  p ro p o rtio n a l to :
H(2) (k r ) o 1
but may be expanded about the o r ig in  o f the sca tte re r by
(2 ) (kr_) = H ^ ; (kD)J (ka)+2 T (kD)J (kr j  cosnQo l o  o , n  n 2
(2) (2)
n=l
^  (kfa) = y (kD) faOafa exp( jn0)(2)
n=-<»
The in c id e n t f ie ld  upon the o r ig in  is  then
« H(2 ) (kD)
£ -JL_  — OcrJexp(jnG)
n=-°° ' ~ z
ie .  a = j
H(2) (kD) .n n
n 2
From the sc a tte r in g  m a tr ix :
+N
3 = 1 a ao u „  on n n=-N
So th a t the m o d if ic a tio n  to  the Zeroth order mode is
+N
{j] a a -a  } fe 2  ^ (kr ) u „  on n o o 2n=-N
and fo r  the general m the mode
+N
7 {a a ~a } j  mH (kr)exp(jm0) „  mn n m J m n=-N
The to ta l  change in  the f ie ld  is  then:
+N +N _
J {y a a -a  } j  mH (kr)exp(jm0) L L mn n m m ^  Jm=-N n=-N
This change in  the f ie ld  is  v a lid  fo r  a l l  regions, 
In  the fa r  f ie ld
N
H^2fe k rq) = y f e 2fe k r)J  (kD)exp(jnG) 
n=-N
The to ta l  f ie ld  is  then:
5N N
I { Y a a -a  + jmJ (kD )}j mexpjm0.H (kr) . „  mn n m m J nm=-N n=-N
N N
= I  I  I  © a +3 *^1 (kD)} j mH (kr)exp(jm0) u u „ mn n m m mm=-N n=-N
H(2 ) (kr) = ( - l ) mH(2) (kr) -m m
,  ^  rT(2) ,  y  ^/2 r . ,  m* tt.  ib u t ' H (z.) • + /—  exp[-x(z- — —) 1m V n z L 2 4 J
aexp[im -j]
„ (2) . . . _. m r , tt.H (kr) a (-1) expfrm -m L 2
7Ta exp(-nnri) exp[im —]
a exp[im [-|- - tt] ]
r • * i  a exp[-im  ~]
ie .  the to ta l  f ie ld
+N +N
a J {Y a a ~a + jmJ (kD) } j  mexp[jm(0+ —•) ]rr M mn n m m 2m=-N n=-N
c) C a lcu la tion  o f the two dimensional R.C.S.
Consider a plane wave in c id e n t upon the o r ig in  o f a 
in  the d ire c t io n  (j>. This is  g iven by
sca tte re r
exp ( jkrcos<{>)
which may be expanded into cylindrical waves.
exp(jk rcos ) = J (k r )+2 £ j nJ (kr) cosncj)
n=l n
= J (k r)+  y j nJ Qcr) [e^n(^ +e ^n(^]o .j nn=l
+00
= y j nJ (kr)exp (jn<j>) nn=-°°
+°° .n => n .
I  i~  [H (kr) +H (kr) ]exp( jncjQz n nn=-oo
ie  the inward t r a v e l l in g  f ie ld  is  given by:
oo . n
y ip- H ^ fe k r)  exp( jn<j>)n=-oo
and th is  equals
oo
y a j  nH ^  (kr) exp( jn<J>)n nn =-oo
so th a t
.n
a j  nexp(jn6) = exp(jn<|>)
(-1) na =  r—  exp jn(d)-0)n z
+N
Now 3 = y a ao o 7n nn=-N
+N
and 3 = 1  a am u „  mn n n=-N
So rthat the change in the zeroth mode is
+N
(£ a a -a )H (kr) u „  on n o o n=-N
and in  the ip th  mode:
+N
<1 >3 V  (k r )exp(jn6)„  mn n m m n=-N
So th a t the to ta l  change in  the f ie ld  is :
+N +N .
I  d  0 « - a J j ' V 2' (kr)exp(jm8)„  mn n m  ^ mm=-N n=-N
S u b s titu tin g  fo r  a
+N +N (-nn
I (I dmn — 2—  exp[jn(<j)-0)]-----fa—  exp[ jm (<f>-0) ] )
m=-N n=-N
j  (kr)exp(jmO)
For the m onostatic case
(j) = 0 +7f
So th a t
+N +N
R.C.S. a y (y a - l ) j  H (kr)exp(jmO) 
m=-N n=-N mn “
which in  the fa r  f ie ld  becomes:
8+N +N
£ h ) - l ] j ” me xp [jm (0 + ^ )]
m=-N n=-N
fo r  the b is ta t ic  case the R.C.S. is  given by:
+N +N
y (J o ( - l ) nexp[jn(<j>-0) ] - ( - l ) mexp[jm(<|>-0) ])  
m=-N n=-N mn
x j*"mexp[jm(0+ j ) ]
d) P roperties o f the sca tte r in g  m a trix
The concept o f a sca tte rin g  m a trix  was o r ig in a l ly  introduced 
by Montgomery, Dicke and P u rc e ll (Reference 3) in  terms o f incoming 
and outgoing spherica l modes. More genera lly  the f ie ld s  can be 
expanded in  terms o f a rb it ra ry  basis func tio n s , fo r  example an e l l i p t i c  
c y lin d e r could be analysed in  terms o f e l l i p t i c a l  fu n c tio n s . However 
fo r  a rb it ra ry  shapes i t  is  most use fu l to  consider two dimensional 
problems in  terms o f c y l in d r ic a l waves and three dimensional problems 
in  terms o f sphe rica l waves.
In  general i f  the c h a ra c te r is tic  f ie ld s  E^ are outgoing waves and 
chosen to  be the basis functions then:
e = y 3 Eout u n n n
The ir conjugates are incoming waves so th a t:
E4 = y a E* in  u n n n
9When no ob je c t is  present 3 = a. This is  so because + E* 
represents a free  space source free  f ie ld .
H arring ton (Reference 4) shows th a t fo r  p e r fe c t ly  conducting 
bodies the o m a trix  is  d iagonal. He a lso shows th a t these 
eigenvalues are simply re la te d  to  the eigenvalues o f the c h a ra c te r is tic  
modal cu rren t m a trix . The eigenvalues or diagonal elements o f the a 
m atrix  are given by:
( i - j y
-  u +j y
where X are the real eigenvalues of the modal current matrix, n
This re la t io n s h ip  provides va luab le  numerical checks when
c a lc u la tin g  a p a r t ic u la r  cr m a trix . In  the modal cu rren t m a trix
d e sc rip tio n  im portant modes have X^ small w h ile  fo r  unimportant
modes X la rg e . For the a m a trix  the eigenvalues should always be n
u n ity  in  magnitude bu t v a r ia b le  in  phase. Modes im portant in  the 
sc a tte rin g  have eigenvalues near -1  w h ile  unimportant modes have 
eigenvalues close to  +1. By f in d in g  the eigenvalues o f the a 
m a trix , an im portant numerical check is  a va ila b le . The d iffe re n ce  b 
between the modulus o f the eigenvalue and u n ity  ind ica te s  the 
numerical accuracy w h ile  the phase o f the eigenvalue ind ica te s  i f  
a l l  the im portant modes have been included.
e) Numerical computation
I t  has been shown th a t the sca tte rin g  d e sc rip tio n  o f ra d ia tio n  
problems can be applied to  bodies o f a rb it ra ry  shape. However when
and | 31 = | cr | | a |
10
performed in  the manner ind ica te d  the method is  e s s e n tia lly  a numericaly 
technique and an apprec ia tion  o f the l ik e ly  e rro rs  is  requ ired . To 
implement the technique a computer program has been developed to  analyse 
the behaviour o f 'a  two dimensional conducting s c a tte re r. A f u l l  descrip ­
t io n  o f the program together w ith  the l is t in g  and nam elists appears in  
Appendix A. A simple review o f the procedures invo lved  w i l l  be given 
here so th a t the im portant fea tures can be ind ica te d .
The program has been developed w ith  a square conducting o b je c t.
This was regarded as a severe te s t  o f the method w ith  i t s  fo u r fo ld  
symmetry and sharp corners. However the program developed is  s u ita b le  
fo r  much more general o b jec ts . The geometry o f  the s c a tte re r is  se t 
up by a sho rt section  o f  one sub-rou tine  and could simply be re-programmed 
to  g ive  o ther shapes. In  a d d itio n  the subroutine could be re -w r it te n  so 
th a t a geometry defined by a se t o f given p o in ts  could be evaluated.
When considering d if fe re n t  shaped ob jects the problem is  one o f
geometry. The ob je c t is  simply enclosed in  the c ir c le  o f sm allest
rad ius centred a t the most s u ita b le  o r ig in .  The po in ts  where the
boundary cond itions are to  be app lied  must be se lected . This is  ra th e r
an a rb it ra ry  procedure b u t i t  must be remembered th a t i f  the symmetry
o f the ob je c t is  to  be preserved in to  the sca tte r in g  m a trix  th is  can
on ly be done through the po in ts  where the boundary conditions are
app lied . For the case o f the square, the coordinate axes were se lected
to  coincide w ith  lin e s  o f  symmetry. The angular va r ia b le  was then
d iv ided  up in to  equal d iv is io n s , as shown in  f ig u re  1 . The number o f
d iv is io n s  was d iv is ib le  exac tly  by fo u r, to  preserve the symmetry.
P o in t on the enclosing c ir c le  were then sp e c ifie d  by p . and them m
angular coordinate From these po in ts  perpendiculars to  the
Figure 1 The Geometry used to  Apply the Boundary Conditions 
to  a Square Conductor
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squares were constructed and where these crossed the square the 
boundary cond itions were app lied . To complete the geometry the length  
and d ire c t io n  o f p ’ were ca lcu la ted .
I t  was found th a t the s c a tte r in g  m a trix  could no t be found 
i f  a p o in t where the boundary cond itions was to  be applied la y  on the 
enclosing c ir c le .  To overcome th is  numerical problem i t  was found 
necessary e ith e r  to  increase the s ize  o f  the enclosing c ir c le  by a 
very sm all bu t f i n i t e  amount o r to  s l ig h t ly  ro ta te  the square.
Before the c a lc u la tio n  can proceed, the s ize  o f the sca tte rin g  
m a trix  requ ired  fo r  accurate c a lc u la tio n  must be determined. To do 
th is  the p ro pe rtie s  o f  the Hankel func tions  used fo r  the expansion 
must be considered. Hankel functions are the complex sum o f Bessel 
func itons  o f the f i r s t  and second k ind
(1)
H<2) (z) = Jv (z)± iYv (z)
Now fo r  s u f f ic ie n t ly  la rge  V, the Bessel fu n c tio n  o f the f i r s t  
k ind  is  n e g lig ib ly  sm all fo r  values o f z up to  about v. When z 
approaches v, the J fu n c tio n  increases in  amplitude and s ta r ts  
o s c i l la t in g .  S im ila r ly  fo r  the Bessel fu n c tio n  o f  the second kind 
when z is  small fa (z ) is  very la rge  and negative.
As z approaches v the fu n c tio n  decreases in  amplitude and 
s ta r ts  o s c il la t in g .  For s u f f ic ie n t ly  large z both p a rts  o f the Hankel 
fu n c tio n  tend to  a ttenua ting  s inuso ida l form.
P h ys ica lly  w ith  z much la rg e r than v the Hankel fu n c tio n  
represents as propogating c y l in d r ic a l o r spherica l wave. When z
12
stored f ie ld .  In  the neighbourhood o f z ^  v th is  changes to  a free
space propogating f ie ld .  I t  is  thus reasonable to  suppose th a t i f  an
incoming c y l in d r ic a l wave is  sym m etrica lly sca tte red  by a c y l in d r ic a l
s ca tte re r o f rad ius p wavelengths, the most im portant change w i l lo
occur when v 2?rp. This e f fe c t  was demonstrated in  the la s t  re p o rt
(Reference 1 f ig u re  10). From th is  the probable s ize  o f the requ ired
sca tte r in g  m a trix  can be ca lcu la ted . I f  p . is  the rad ius o f themm
enclosing c ir c le  then modes o f the order o f n 0/ 2ttp ^ are l ik e ly  to
be im portan t. In  fa c t  the importance o f the  modes drops ra p id ly  fo r
la rg e r values o f n so th a t n ^  2ttp . + 4 was i n t ia l l y  thought tomax min
be s u f f ic ie n t .  However since th a t tim e i t  has been ind ica te d  from
computing experience th a t the edge elements o f the m a trix  tend to
accumulate e rro rs . C u rren tly  i t  is  thought des irab le  to  ca lcu la te
the s c a tte rin g  m a trix  w ith  n © 2-rrp . + 6 bu t to  d isregard themax min
edge elements and use the m a trix  w ith  n 'v 2irp . + 4 .max mm
For each in c id e n t c y l in d r ic a l wave there are thus (2nma^ + l) complex
unknowns to  be found, each corresponding to  the amplitude o f a sca tte red
mode. To determine these unknowns a t le a s t (2n +1)d if fe re n t  complexmax .
equations are found. A d if fe re n t  equation is  generated a t each p o in t 
where the boundary cond itions are app lied , bu t in  the case o f the square 
the bounchry cond itions are best app lied  a m u lt ip le  o f fo u r o r e ig h t 
tim es. This means th a t more equations may be a va ila b le  than unknown, 
and some s o r t o f le a s t squares f i t  can be used.
The program th a t has been developed is  not c u rre n tly  capable o f 
making f u l l  use o f  the eigenvalues o f the s c a tte rin g  m a trix . I t  is  
hoped th a t fu tu re  development w i l l  c o rre c t th is ,  A l ib ra ry  ro u tine
is much smaller than v the Hankel function represents a large reactive
1 3
i s  used to  check th e  s c a t t e r in g  m a tr ix  b u t  i t  g iv e s  th e  e ig e n v a lu e s  
i n  an a r b i t a r y  o r d e r  and has n o t  been  used to  d ia g o n a lis e  th e  m a t r ix .
I t s  m ain v a lu e  is  t h a t  i t  checks th e  n u m e r ic a l a c c u ra c y  o f  th e  
c a lc u la te d  e ig e n v a lu e s . M anual c h e c k in g  o f  th e  phase e n a b le s  
con vergence  to  be e s ta b l is h e d .  E x p e r ie n c e  suggests  t h a t  th e  e ig e n v a lu e s  
a re  r e l a t i v e l y  u n a f fe c te d  by th e  n u m e r ic a l e r r o r s  t h a t  ap p ear to  accumu­
l a t e  around  th e  edges o f  th e  s c a t t e r in g  m a t r ix .  However th e  s c a t te r e d  
f i e l d  p a t te r n s  a re  m ost s e n s i t iv e  to  any e r r o r s  in  th e  s c a t t e r in g  m a tr ix  
and i t  i s  th o u g h t t h a t  th e  m ost c o r r e c t  r e s u l t  w i l l  be o b ta in e d  i f  th e  
d ia g o n a l form  o f  th e  m a tr ix  can be u se d . T h is  is  how ever a com puting  
r a t h e r  th a n  an e le c tr o m a g n e t ic  p ro b le m .
The e r r o r  acc u m u la tes  a t  th e  edge o f  th e  m a tr ix  when th e  p e r o d ic i t y  
i n  th e  p o s i t io n  o f  th e  p o in ts  w here th e  boundary  c o n d it io n s  a re  a p p lie d  
co rresp o n d s  w ith  t h a t  o f  th e  fu n c t io n s  c o n s id e re d . S m a ll e r r o r s  can  
th e n  add in  p h as e . An a l t e r n a t i v e  m ethod o f  e l im in a t in g  th e  e r r o r  i s  
to  a p p ly  th e  bo u dary  c o n d it io n s  a t  more p o in ts .
\
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The e x te n s io n  o f  th e  m a tr ix  m ethod to  th r e e  d im en sio n s  does 
n o t  p re s e n t  many c o n c e p tu a l p rob lem s b u t  does pose m a jo r p rob lem s in  
h a n d lin g  th e  t o t a l  number o f  modes in v o lv e d . F o r two d im e n s io n a l prob lem s  
a c y l i n d r i c a l  wave i s  c o m p le te ly  s p e c i f ie d  by th e  o rd e r  o f  th e  H an k e l 
fu n c t io n  and th e  p o la r is a t io n .  The two p o la r is a t io n s  can in  g e n e r a l be 
c o n s id e re d  s e p a r a te ly  as no mechanism e x is ts  f o r  c o n v e rs io n  from  one  
p o la r is a t io n  to  th e  o th e r .
In  th r e e  d im e n s io n s , s p h e r ic a l  modes m ust be  s p e c i f ie d  in  te rm s
o f  m u lt ip o le s  w h ich  r e q u ir e  two numbers to  be d e s ig n a te d . In  a d d i t io n
th e  modes can be e i t h e r  e l e c t r i c  o f  m a g n e tic  in  n a tu re  and e i t h e r  even
o r  odd r e l a t i v e  to  a c o o rd in a te  a x is .  F o r each H an ke l fu n c t io n  in d e x
n , th e r e  a re  (4n  + 2) s p h e r ic a l  modes as opposed to  4 c y l i n d r i c a l  modes.
U n lik e  th e  c y l i n d r i c a l  case  a l l  th e  modes have to  be c o n s id e re d  s im u l-
ta in e o u s ly  as in  th r e e  d im e n s io n a l case i t  i s  p o s s ib le  to  o b ta in
p o la r is a t io n  c o n v e rs io n  in  s c a t t e r in g .  T h is  means t h a t  th e  r e q u ir e d
number o f  modes in c re a s e s  d r a m a t ic a l ly  w ith  th e  s iz e  o f  th e  s c a t t e r e r  as
shown in  f ig u r e  2 . I f  f o r  in s ta n c e  50 modes can be c a lc u la te d  th e n  f o r
two d im e n s io n a l p rob lem s l nm axl 4s a p p ro x im a te ly  tw e lv e  and o b je c ts
tw o w a v e le n g th s  in  r a d iu s  o r  fo u r  w a ve le n g th s  e x t e n t ,  can be h a n d le d .
However in  th r e e  d im en sio n s  in  is  red u ced  to  fo u r  and o b je c ts  e n c lo s e d
1 m ax1
b y a s p h ere  o n ly  two t h i r d s  o f  a w a v e le n g th  in  r a d iu s  can be c o n s id e re d .
I f  th e  number o f  modes is  g r e a t e r  th e  d escrep ancy  betw een  th e  two and th r e e  
d im e n s io n a l cases w i t h  re g a rd  to  th e  maximum s iz e  o f  th e  s c a t t e r e r  becomes 
l a r g e r .  I f  th e  number o f  modes i s  d o u b le d , in  two d im e n s io n s , an o b je c t  
o f  tw ic e  th e  s iz e  can be in v e s t ig a t e d ,  b u t  in  th r e e  d im en sio n s  th e  o b je c t  
s iz e  can o n ly  be in c re a s e d  by f i f t y  p e r c e n t .
3. APPLICATION TO THREE DIMENSIONAL PROBLEMS
Figure 2 The Total Number of Modes Required for Different
15
I t  i s  u n l ik e ly  t h a t  th e  f u l l  th r e e  d im e n s io n a l s c a t t e r in g  m a tr ix  
i s  v e r y  u s e f u l .  F o r o b je c ts  l a r g e r  th a n  a w a v e le n g th  in  e x te n t  th e  
number o f  modes is  l i k e l y  to  b e  p r o h i b i t i v e .  F o r s m a lle r  o b je c ts  
j u s t  th e  c o m p le x ity  o f  th e  c o o rd in a te s  t r a n s fo r m a t io n s , r e q u ir e d  f o r  
th e  p ro ce ss  o f  a n a l y t i c a l l y  c o n t in u in g  th e  f i e l d ,  m akesthe f u l l  th r e e  
d im e n s io n a l m a tr ix  d i f f i c u l t  to  p ro g ram . A summary o f  th e  c o o rd in a te  
t ra n s fo rm a t io n s  r e q u ir e d  a re  g iv e n  in  A ppendix  B . F o r th e  s m a lle r  
o b je c ts  w ir e  g r id  m o d e llin g  is  p ro b a b ly  th e  m ost s u c c e s s fu l te c h n iq u e .
T h is  does n o t  how ever mean t h a t  th e  s c a t t e r in g  m a tr ix  te c h n iq u e  
i s  n o t  u s e f u l .  On th e  c o n tr a r y  chere a re  s e v e r a l  ty p e s  o f  p ro b lem  f o r  
w h ich  th e  m a tr ix  app ro ach  is  l i k e l y  to  be m ost s u c c e s s fu l.  The m ost 
im p o r ta n t  ty p e  o f  p ro b lem  in v o lv e s  f i n i t e  b o d ie s  w ith  c y l i n d r i c a l  
symmetry o r  b o d ie s  o f  r e v o lu t io n .  T h is  is  r e le v a n t  to  th e  p ro b lem  
o f  a i r c r a f t  an ten n as  as to  a f i r s t  a p p ro x im a tio n  a t  l e a s t  a i r c r a f t  
fu s e la g e s  a re  c y l i n d r i c a l .
I t  was shown e a r l i e r  t h a t  th e  s c a t t e r in g  m a tr ix  te c h n iq u e  was 
e q u iv a le n t  to  H a r r in g to n 's  m odel c u r r e n t  te c h n iq u e . In d e e d  he has  
a lr e a d y  in v e s t ig a t e d  b o d ie s  o f  r e v o lu t io n  w ith  c y l i n d r i c a l  e x c i t a t io n  
(R e fe re n c e  5 ) .  The s c a t t e r in g  m a tr ix  te c h n iq u e  how ever i s  more r e a d i l y  
a d a p ta b le  to  th e  p ro b lem  o f  a body o f  r e v o lu t io n  w ith  n o n - c y l in d r ic a l  
e x c i t a t io n ,  f o r  in s ta n c e  from  a d ip o le  o r  s l o t .  The f i e l d  in  each  
p la n e  m ust be computed in d i v i d u a l l y  b u t  t h i s  is  th e  p r ic e  p a id  f o r  
b e in g  a b le  to  w ork w ith  a two d im e n s io n a l s c a t t e r in g  m a t r ix .  The  
p r e d ic t io n  o f  th e  f i e l d  r a d ia t e d  by a d ip o le  a d ja c e n t  to  a f i n i t e  
c y l i n d r i c a l  o b je c t  i s  e s s e n t ia l l y  t h a t  o f  an a i r c r a f t  an tenn a  n e a r  
a fu s e la g e . To co m p le te  th e  p ro b lem  w ings and a t a i l  m ust be added.
I f  i n f i n i t e  w ings a re  added as a ground p la n e  th ro u g h  th e  c y l in d e r  a x is
\
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th e n  th e y  a c t  as a mode f i l t e r  so t h a t  c e r t a in  modes a re  n o t e x c i te d .  
I n  many s i tu a t io n s  th e s e  modes w i l l  s t i l l  n o t  be e x c ite d  i f  th e  w ings  
a re  mode f i n i t e ,  how ever th e  d i f f r a c t i o n  caused by th e  w ing  edges m ust
a) The modes e x c ite d  by a s o u rce  n e a r a f i n i t e  c y l i n d r i c a l  body
The use o f  th e  two d im e n s io n a l s c a t t e r in g  m a tr ix  to  s o lv e  th e  
p ro b lem  o f  a sou rce  n e a r  a f i n i t e  c y l i n d r i c a l  o b je c t ,  in v o lv e s  th e  
use o f  a d y a d ic  G re e n 's  fu n c t io n  to  p r e d ic t  th e  in c id e n t  f i e l d .  
C o n s id e r an e l e c t r i c  d ip o le  f o r  in s ta n c e  a t  P as shown i n  f ig u r e  3 ,  
The tra n s v e r s e  e l e c t r i c  f i e l d  a t  Q can be exp ressed  i n  term s o f  an 
i n f i n i t e  s e t  o f  s p h e r ic a l  modes r e l a t i v e  to  o v ia  th e  d y a d ic  G re e n 's  
fu n c t io n  Z (R e fe re n c e  6 ) w here
n o t  be in c lu d e d . T h is  may perhap s  be done by G .T .D .
e !i (+) ( r ' ) e !  (1) (r )+ e V  (+) ( r ' J e 1,1 (1) ( r )  , r < r 'i i i
= 1 ci
( r ' )  e ! (+) (r )+ e ':  {1) ( r ' ) e ' . '  (+) ( r )i i ie!l r > r '
where
r e !i
(-)
.<+>
(1)• / \ (1)
(k r )  e | ( e , <f>)- j u Z ^ H ^  (k r )  e ^  ( 0 , <f>)
(-) - (1)
re '. '(+ ) ( r )  = H (2) e" ( 0 , cf>) i  n i  Y
( r )  =  ^  ^ ( r )+ e ^ +  ^ ( r )  }i  i  l
F ig u re  3 An E l e c t r i c  D ip o le  w i t h  A r b i t a r y  P o s i t io n  and  
O r ie n t a t io n
e ' . ( 0 ,<J>) = r  Jn (n + 1 ) <i> 
r x  o nm
z , =  /n  (n+ 1 )
s i  rtoe
e'.' = e . x  r  
x 1  o
and
11, ( s , o)e . ( 0 , 9 ) = e x nm -r V t
- ( e , o )
nm
w here
1 r . ..cosmd),- —  { - r  VP (co s0) . T} N t n sxnmd)nm
^ 2  _ 47T (n+m) In  (n+ 1 ) _ Enm 1 ' m = 0
nm e ( 2 n + l ) ( m - n ) ! ' _ .nm e -2 ,  m/ 0nm
P^tcosO ) a re  a s s o c ia te d  Legendre  p o ly n o m ia ls ,
V = 0 ~  1 + d) — —— ——
t  o r  90 o r s i n 0  9<j>
0  and d> a re  u n i t  v e c to rs  in  th e  0  and <b d i r e c t io n s ,  o o
U sing  th e  d y a d ic  G re e n 's  fu n c t io n  th e  t ra n s v e rs e  e l e c t r i c  f i e l d  
a t  Q i s  exp ressed  a s :
1 8
which for r<r' can be expressed as:
(2)j —  , H (k r  ’ ) e ! ( 8  J tf>1) . u
t o  I  5  (k r )  { r t  £ ----------------^
-j t  n r ' ki
T in (n + 1)H (2 ) (k r ')< D . (0J<|>')r .u
-  -----------------»--------------— i------------ ^ } e : ( 8 ^ )
k r *  we 1
H (2) (k r  ’ ) e" ( 0  J4>*) .u
+ J  (k r )  {—  ------------  - ) e ' : ( 0 ^ )n k r '  x
To in d ic a t e  th e  in t e r p r e t a t i o n  o f  each mode th e  f i e l d  f o r  n = l  
w i l l  be f u l l y  expanded so t h a t :
r l  -  &  {
t  j  71
I  .. . H ‘ 2 ) ( k r ' ) e ^ ( 9 ; r ) . u o 2 n H f ) ( k r - , ^ ) ( 9 j r ) r o .u
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. t  „  v , 1  lo  o ' 1  lo  T o o , /rt 1X«r (kr)(   X T ------------ >eiote'*)
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When expanded in  t h i s  m anner, th e  f i r s t  th r e e  term s can be  
in t e r p r e t e d  as open c i r c u i t e d  e l e c t r i c  d ip o le s  a t  0  o r ie n te d  a lo n g  
th e  x ,  y  and z axes r e s p e c t iv e ly .  S i m i la r ly  th e  l a s t  th r e e  term s  
r e p r e s e n t  m a g n e tic  d ip o le s .
I t  can be seen from  t h is  t h a t  i f  a d ip o le  w ith  a r b i t a r y  lo c a t io n  
and o r ie n t a t io n  is  c o n s id e re d  a l l  th e  modes w i l l  be e x c ite d  a t  th e  
o r ig in  and th e  s i t u a t io n  w i l l  be v e ry  com plex. However in  m ost cases  
o f  p r a c t i c a l  i n t e r e s t  th e  p ro b lem  i s  much s im p le r .  I f  f o r  in s ta n c e  P 
can be made to  l i e  i n  a p r i n c i p a l  p la n e  th e  number o f  modes i s  h a lv e d .  
S im i la r ly  i f  can be made to  c o in c id e  w ith  th e  d i r e c t io n  o f  a 
p r in c ip a l  a x is  th e n  th e  number c f  modes is  d r a s t i c a l l y  re d u c e d . 
A l t e r n a t i v e ly  i f  o n ly  one p o la r is a t io n  is  c o n s id e re d  a t  a t im e  th e  
number o f  modes i s  re d u c e d . I n  m ost p r a c t i c a l  s i tu a t io n s  one o r  a l l  
th e s e  s i tu a t io n s  can e x is t  g r e a t ly  s im p l i f in g  th e  o r i g i n a l  p ro b le m .
In  some cases i t  w i l l  be s im p le r  to  r e s o lv e  th e  d ip o le  o r ie n t a t io n  
in t o  th e  c o o rd in a te  d ir e c t io n s  and superim pose th e  r e s u l t s  o f  th e  
th r e e  g r e a t ly  s im p l i f ie d  p ro b le m s .
To in d ic a t e  how th e  number o f  modes is  red u ced  v a r io u s  ta b le s  
have been p re p a re d  in d ic a t in g  u n d er d i f f e r e n t  c o n d it io n s  w h ich  modes 
a re  e x c ite d .  F o r an a r b i t a r y  lo c a t io n  and o r ie n t a t io n  a l l  modes a re  
e x c ite d .  However i f  th e  d ip o le  is  made z o r ie n te d  and p o s it io n e d  a t
TT
<j)' = — th e n  o n ly  th e  f o l lo w in g  modes a re  e x c ite d .
F o r th e  e l e c t r i c  modes, f o r  e v e ry  a llo w e d  c o m b in a tio n  o f  n and 
m one mode is  e x c ite d  w i t h  th e  same symmetry as m. F o r th e  m a g n e tic  
modes, f o r  e v e ry  a llo w e d  c o m b in a tio n  o f  n and m e x c e p t m = 0  one mode 
i s  e x c ite d  w ith  th e  o p p o s ite  symmetry o f  m.
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E l e c t r i c  Modes (z  o r ie n te d  d ip o le  a t  <j>' = ^
m O 1 2 3 4
n
1 E x c i te d  Odd
2 E x c i te d  Odd Even
3 E x c ite d  Odd Even Odd
4 E x c ite d  Odd Even Odd Even
M a g n e tic  Modes
m
n O
1 -  Even
2 -  Even Odd
3 -  Even Odd Even
4 -  Even Odd Even Odd
The number o f  modes e x c ite d  i s  h a lv e d  by s p e c ify in g  a d ip o le  
o r ie n t a t i o n  c o rre s p o n d in g  w i t h  a c o o rd in a te  d i r e c t io n .  The modes 
a re  f u r t h e r  d r a s t i c a l l y  red u ced  i n  number i f  th e  d ip o le  approaches  
one o f  th e  c o o rd in a te  a x e s . eg . 0 ' -* 0 .
ir
The E l e c t r i c  Modes E x c ite d  (z  o r ie n te d  d ip o le  <j> 1 = — 0" ■+ 0
m 0 1 2  3
n
1 E x c ite d
2 E x c ite d
3 ' E x c ite d  -
4 E x c ite d  -
No magnetic modes are excited
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F o r  a z o r ie n te d  d ip o le  a p p ro a c h in g  th e  z a x is  th e r e  is  one  
mode e x c ite d  a t  th e  o r i g in  f o r  each v a lu e  o f  n . T h is  re p re s e n ts  a 
m a jo r re d u c t io n  in  th e  r e q u ir e d  number o f  modes to  le s s  th a n  th e  
number r e q u ir e d  f o r  an a r b i t a r y  two d im e n s io n a l o b je c t .  T h is  case  
i s  a ls o  r e le v a n t  to  th e  p r e d ic t io n  o f  th e  r a d ia t io n  p a t te r n s  o f  H .F .  
a i r c r a f t  a n te n n a s . F o r  an a i r c r a f t  w i t h  a lo n g  t h in  fu s e la g e  and a 
t a i l  mounted a e r i a l  th e s e  c o n d it io n s  a p p ly  and may be  used to  p r e d ic t  
th e  e f f e c t  o f  th e  fu s e la g e  on th e  r a d ia t io n  p a t t e r n .
ITI f  th e  d ip o le  approaches th e  o th e r  a x is  (0 ' -> —) th e n  a 
d i f f e r e n t  s e t  o f  modes a re  s e le c te d :
7T 7TE l e c t r i c  Modes (z  o r ie n te d  d ip o le  (j) 1 = — 0 1 -+ —])
m
n
0
1 E x c ite d
2 -  Odd
3 E x c ite d  -  Even
4 -  Odd -  Odd
Magnetic Modes
m
n
1 -  Even
2 -  Odd
3 -  Even -  Even
4 -  Odd -  Odd
22
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F o r a y  o r ie n te d  d ip o le  a t  a g e n e ra l p o s i t io n  0 1 , <J>' -  — 
th e  same modes a re  e x c ite d  as f o r  a z o r ie n te d  d ip o le .  However f o r  
th e  extrem e  p o s it io n s  d i f f e r e n t  modes re m a in .
TT
E l e c t r i c  Modes (y o r ie n te d  d ip o le  a t  0 ‘ = 0  <j>' = —)
m
n
1 -  Odd
2 -  Odd
3 -  Odd -  Odd
4 -  Odd -  Odd
M a g n e tic  Modes
m
n
1 -  Even
2 -  Even
3 -  Even -  Even
4 -  Even -  • Even
TTF o r  th e  o th e r  ex trem e  case when 0 ' becomes — .
IT TT
E l e c t r i c  Modes (y o r ie n te d  d ip o le  a t  0 ’ = -  , (j)' = —)
O 1 2  3 4
n
1  -  Odd
2 E x c ite d  -  Even
3 -  Odd -  Odd
4 E x c ite d  -  Even -  Even
No magnetic modes are excited
2 3
T h is  is  a ls o  a case  r e le v a n t  to  an a i r c r a f t  and c o u ld  be used  
to  in v e s t ig a t e  th e  e f f e c t  o f  th e  fu s e la g e  on a w ing  r o o t  s l o t  a n te n n a .
I t  has been shown t h a t  f o r  s p e c i f i c  g e o m e tr ie s , some o f  w h ich  
a re  r e le v a n t  to  a i r c r a f t  a n te n n a  p ro b le m s , a g r e a t  re d u c t io n  can be  
made i n  th e  number o f  modes t h a t  have to  be c o n s id e re d . The re d u c t io n  
i s  sum m arised f o r  c e r t a in  cases in  f ig u r e  4  .
b ) The c a lc u la t io n  o f  th e  r a d ia t io n  p a t t e r n  o f  a sou rce  n e a r a f i n i t e  
c y l i n d r i c a l  s c a t t e r e r
Once th e  modes e x c ite d  by th e  sou rce  a t  th e  o r ig in  o f  th e  
c y l i n d r i c a l  o b je c t  have been c a lc u la te d  one can p ro c e e d  to  th e  
c a lc u la t io n  o f  r a d ia t io n  p a t t e r n s .  H ere  th e  assum ption  o f  a c y l i n d r i c a l  
s c a t t e r e r  o r  q u a s i - c y l in d r ic a l  s c a t t e r e r  i s  m ost im p o r ta n t .  The p o in t  
i s  t h a t  i f  a mode i s  in c id e n t  upon th e  o r ig in  th e n  th e  energ y  in c id e n t  
i n  a p a r t i c u l a r  4> p la n e  i s  s c a t te r e d  in  t h a t  p la n e . T h is  means t h a t  
th e  p ro b lem  can e s s e n t ia l ly  be red uced  to  two d im ensions  and th e  two  
d im e n s io n a l m a tr ix  u sed .
However each <j> p la n e  m ust be c o n s id e re d  s e p a r a te ly .  T h is  is  
n o t  n e c e s s a r i ly  a d is a d v a n ta g e  because  i f  means t h a t  th e  number o f  
in c id e n t  modes may be f u r t h e r  re d u c ed ; in  th e  p r in c ip a l  p la n e s  some 
o f  th e  modes have z e ro  i n t e n s i t i e s .  The number o f  modes may a ls o  
be re d u c ed  i f  th e  two p r in c i p a l  p o la r is a t io n s  a re  c o n s id e re d  sep­
a r a t e l y ,  p o la r is a t io n  c o n v e rs io n  is  n o t l i k e l y  to  be an im p o r ta n t  
mechanism f o r  c y l i n d r i c a l  o b je c ts ,  s y m m e tr ic a lly  e x c ite d .
I t  i s  a ls o  im p o r ta n t  to  r e a l i s e  t h a t  d i f f e r e n t  a p p ro x im a tio n s  
m ig h t be r e q u ir e d  in  d i f f e r e n t  p la n e s . An im p o r ta n t  exam ple o f  t h is  
o ccu rs  f o r  th e  t a i l  m ounted a i r c r a f t  a n ten n a  and s c a t t e r in g  from  th e
F ig u r e  4 The T o t a l  Number o f  Modes R e q u ire d  f o r  V a r io u s  T h ree
D im e n s io n a l S i tu a t io n s  as a F u n c tio n  o f  j n (©2ttp . )
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I n  th e  yav/ p la n e  th e  assum ptio n  t h a t  th e  an ten n a  approaches th e  
fu s e la g e  a x is  is  l i k e l y  to  g iv e  a c c u ra te  r e s u l t s ,  how ever t h is  
assum ptio n  may le a d  to  e r r o r s  in  p r e d ic t in g  th e  p i t c h  p la n e  r a d ia t io n  
p a t t e r n s .
The a n a ly s is  t o  g iv e ,  th e  m o d if ic a t io n  to  th e  r a d ia t e d  f i e l d ,  
caused by th e  s c a t t e r e r ,  i s  i n  essence i d e n t ic a l  to  th e  two d im e n s io n a l 
case p re s e n te d  e a r l i e r .  The o n ly  im p o r ta n t  d i f f e r e n c e  is  t h a t  th e  
f i e l d  i s  g iv e n  in  term s o f  SPHERICAL H an k e l fu n c t io n s  r a th e r  th a n  
c y l i n d r i c a l  H an k e l fu n c t io n s .  T h is  d i f f e r e n c e  is  n e c e s s a ry  to  g iv e  
th e  c o r r e c t  r a d i a l  d is t r i b u t i o n .
In  a p p ly in g  th e  m ethod as in d ic a t e d  to  th e  p ro b lem  o f  a i r c r a f t
a n tenn as  i t  i s  n ec es s ary  to  remember t h a t  f o r  th e  s c a t t e r in g  m a t r i r
m ethod to  a p p ly , th e  so u rc e  m ust b e  o u ts id e  th e  sph ere  e n c lo s in g  th e
s c a t t e r e r .  I f  th e  a n a lo g y  w i t h  th e  im pedance m a tr ic e s  i s  to  be c a r r ie d
f u r t h e r  th e  e n c lo s in g  s p h ere  i s  th e  " r e fe r e n c e  p la n e " .  T h is  i s  n o t  so
f o r  m ost a i r c r a f t  a n te n n a  b u t  does n o t  mean t h a t  th e  m ethod can n o t
be u se d , because th e  o r i g i n a l  3 . m a tr ix  i s  s t i l l  v a l i d .  However i fm
c a lc u la t io n s  a re  to  be  made u s in g  t h is  m a tr ix  i t  i s  recommended t h a t  
th e  s c a t t e r in g  m a tr ix  and i t s  e ig e n v a lu e s  sh o u ld  be c a lc u la te d  as a 
n u m e r ic a l check o f  co n v erg e n ce . The f i e l d  o f  th e  d ip o le  m ust be  
expanded to  g iv e  th e  in c id e n t  e l e c t r i c  f i e l d  a t  th e  s c a t t e r e r .
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The m ethod t h a t  has been d ev e lo p e d  in  t h is  w ork  app ears  to  be 
m ost u s e fu l  in  d e te rm in in g  th e  s c a t t e r in g  from  a r b i t a r y  b o d ies  o f  
r e v o lu t io n  i n  th e  re s o n a n t ra n g e . The m ain i n t e r e s t  in  t h i s  fre q u e n c y  
re g io n  is  in  th e  p r e d ic t io n  o f  r a d ia t io n  from  antenn as  on a i r c r a f t .
In  m ost cases th e  fu s e la g e s  a re  a p p ro x im a te ly  c y l i n d r i c a l  b u t  th e  o th e r  
s e c tio n s  such as th e  w ings  and t a i l  a re  n o t .  However in  o th e r  an ten n a  
prob lem s an e q u iv a le n t  c y l i n d r i c a l  s t r u c tu r e  i s  used to  r e p la c e  th e  
p h y s ic a l  s t r u c tu r e .  The m ost common exam ple o f  t h is  o ccu rs  f o r  f l a t  
s t r i p  o r  e l l i p t i c a l  d ip o le s .  Much d a ta ,  w ith  re g a rd  to  im pedances  
and c u r r e n t  d is t r i b u t io n s ,  e x is ts  f o r  d ip o le s  o f  c i r c u l a r  c ro s s -s e c t io n s  
b u t  n o t f o r  o th e r  c r o s s -s e c t io n s .  I f  an e q u iv a le n t  c i r c u l a r  d ip o le  
can be used a l l  th e  r e q u ir e d  in fo r m a t io n  is  a v a i la b l e .  F o r tu n a te ly  
such an e q u iv a le n c e  has been e s ta b lis h e d  and appears  in  K in g 's  book  
(R e fe re n c e  7 ) .  A f l a t  s t r i p  d ip o le  o f  w id th  a is  re p la c e d  by a c i r c u l a r  
d ip o le  o f  th e  same le n g th  b u t  o f  d ia m e te r  a / 2 .
The w ings o f  many a i r c r a f t  can to  a t  le a s t  a f i r s t  o rd e r  a p p ro x i­
m a tio n  be re g a rd e d  as f l a t  s t r i p  d ip o le s  and by t h is  e q u iv a le n c e  may 
be re g a rd e d  as c i r c u l a r  d ip o le s .  A s c a t t e r in g  m odel o f  an a i r c r a f t  
th u s  c o n s is ts  o f  a c y l in d e r  w ith  c y l i n d r i c a l  w ings and t a i l  as in d ic a te d  
i n  f ig u r e  5 .
4. AN AIRCRAFT MODEL FOR RADIATION PATTERN CALCULATIONS
F ig u re  5 A P o s s ib le  R e p re s e n ta t io n  o f  an A i r c r a f t  in  
Terms o f  C y l in d e rs
26
The r e s u l t s  so f a r  o b ta in e d  from  th e  com puter program  have been  
e n c o u rag in g  b u t  c o n t in u in g  d eve lo p m en t i s  r e q u ir e d  b e fo r e  new prob lem s  
can be t a c k le d .  The changes needed w i l l  now be l i s t e d  in  a p p ro x im a te ly  
th e  c o r r e c t  o r d e r .
1) C a r e fu l  c o n s id e r a t io n  needs to  be g iv e n  to  th e  com puter w h ich  is  
to  be  u sed . C u r r e n t ly  th e  program  ru n s  on S u rre y  U n iv e r s i t ie s  IC L  
m ach in e . T h is  com puter was o r i g i n a l l y  used because o f  i t s  lo c a t io n  
so t h a t  a good s e r v ic e  w ould  be o b ta in e d . However i f  th e  program  is  
made any la r g e r ,  a lth o u g h  s t i l l  b e in g  a r e l a t i v e l y  s m a ll jo b ,  t h is  
ad van tag e  w i l l  d is a p p e a r . I t  m ig h t th e n  be more advantageous to  use  
a d i f f e r e n t  m ach in e .
2) The s iz e  o f  th e  m a tr ic e s  t h a t  a re  used needs to  be in c re a s e d  i f  
r e a l l y  m e a n in g fu l r e s u l t s  a re  to  be o b ta in e d . C u r r e n t ly  n runs from  
- 7  to  +7 and t h i s  a llo w s  c a lc u la t io n s  to  be made on n e a r ly  c i r c u l a r  
c y lin d e r s  e n c lo s e d  by a c i r c l e  o f  a l i t t l e  o v e r h a l f  a w a v e le n g th . 
However when sym m etries  a re  im posed on th e  body many term s i n  th e  
m a tr ix  become ze ro  and more h ig h e r  o rd e r  term s a re  r e q u ir e d .  The s iz e  
o f  th e  m a tr ic e s  needed r e q u ir e s  in c r e a s in g  to  cope w ith  th e  sym m etries  
and l a t e r  to  a l lo w  f o r  la r g e r  b o d ie s . I t  i s  en v is ag e d  e v e n tu a l ly  t h a t  
th e  program  w i l l  cope w ith  b o d ie s  fo u r  w a ve le n g th s  i n  le n g th .  These  
w i l l  r e q u ir e  an e n c lo s in g  c i r c l e  two w a ve le n g th s  in  ra d iu s  so t h a t  
im p o r ta n t  te rm s w i l l  have  |n | a p p ro x im a te ly  tw e lv e . F o r t h i s  s i t u ­
a t io n  35 x 35 m a tr ic e s  w i l l  be r e q u ir e d .  However i t  i s  n o t  p roposed  
a t  t h is  s ta g e  t h a t  th e  program  s h o u ld  be made t h a t  la r g e ,  and p ro b a b ly  
an in te r m e d ia te  s iz e  o f  21 x  21 o r  25 x 25 i s  s u f f i c i e n t  u n t i l  th e  
program  is  f u l l y  d e v e lo p e d .
5. THE FUTURE DEVELOPMENT OF THE COMPUTER PROGRAM
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3) I f  th e  number o f  e lem en ts  in  th e  m a tr ix  is  in c re a s e d  th e  number 
o f  p o in ts  w here th e  boundary  c o n d it io n s  a p p ly  m ust a ls o  be in c re a s e d .  
However u n le s s  th e r e  i s  a l o t  o f  re d u n d a n t in fo r m a t io n  e r r o r s  accumu­
l a t e  a t  th e  edges o f  th e  s c a t t e r in g  m a t r ix .  C u r r e n t ly  th e  15 x  15  
m a tr ix  is  c a lc u la te d  u s in g  16 p o in ts .  The p e r io d i c i t y  o f  th e  o u te r  
e lem en ts  o f  th e  m a tr ix  i s  s im i la r  to  'th a t  o f  th e  boundary  c o n d it io n s  
p o in ts  and s m a ll e r r o r s  a t  each p o in t  add in  p h ase . The o n ly  way to  
com bat th e s e  e r r o r s  is  to  in c re a s e  th e  number o f  p o in ts  w here  th e  
boundary  c o n d it io n s  a re  a p p lie d  m aking th e  s e t  o f  e q u a tio n s  even more 
o v e r d e te rm in e d . P ro b a b ly  a t  le a s t  20 p o in ts  sh o u ld  be used to  d e te r ­
m ine th e  15 x  15 m a tr ix  and p o s s ib ly  as many as 2 4 .
4) One p ro b lem  w h ich  is  s p e c i f i c a l l y  a s s o c ia te d  w ith  th e  com puting  
con cern s  th e  d ia g o n a l is a t io n  o f  th e  s c a t t e r in g  m a t r ix .  C u r r e n t ly  th e  
e ig e n v a lu e s  o f  th e  m a t r ix  a re  c a lc u la t e d ,  b u t  in  a random o r d e r .  T h is  
means t h a t  i f  th e  d ia g o n a l form  is  to  be used th e  e ig e n v a lu e s  m ust be  
s o r te d  in t o  th e  c o r r e c t  o r d e r .  T h is  c o u ld  be done u s in g  th e  e ig e n v e c to rs  
b u t  i t  i s  th o u g h t t h a t  o th e r  l i b r a r y  r o u t in e s  p ro b a b ly  e x is t  f o r  d ia g o n a ­
l i s a t i o n  o f  m a tr ic e s .  The d ia n g o n a l form  w i l l  save much t im e  in  th e  
c a lc u la t io n  o f  th e  f i e l d  p a ra m e te rs  p a r t i c u l a r l y  in  th r e e  d im ensions  
when each p la n e  is  c a lc u la t e d  s e p a r a te ly .
5) In  o rd e r  t h a t  th e  program  can be r a p id ly  used f o r  any shaped
tw o d im e n s io n a l o b je c t  i t  i s  d e s ir a b le  t h a t  th e  program  can a u to m a t ic a l ly  
check t h a t  a l l  th e  r e q u ir e d  term s have been in c lu d e d . I t  w ould  be b e s t  
i f  th e  s iz e  o f  th e  m a tr ix  c o u ld  be r e s e t  b u t  t h is  i s  n o t  e s s e n t ia l  i f  a 
w a rn in g  is  p r in t e d .  The o rd e r  o f  th e  B e s s e l fu n c t io n s  [n[ m ust exceed  
2tr x th e  ra d iu s  o f  th e  e n c lo s in g  c i r c l e  o f  w a v e le n g th s . The o th e r  t e s t  
con cern s  th e  phase o f  th e  e ig e n v a lu e s . T h is  is  b a s ic a l l y  a m o d if ic a t io n
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method and the change in each mode is proportional to unity minus 
the eigenvalue. Thus the result has converged when the phase angle 
of the eigenvalue tends to 0°.
6 ) So f a r  th e  program  is  e s s e n t ia l ly  two d im e n s io n a l. The s c a t t e r in g  
p a r t  o f  th e  p rob lem  i s  s im p ly  made th r e e  d im e n s io n a l by u s in g  s p h e r ic a l  
r a th e r  th a n  c y l i n d r i c a l  B e s s e l H an k e l fu n c t io n s .  I t  i s  th o u g h t t h a t  
t h i s  change o n ly  r e q u ir e s  an in d e x  i n  th e  c a l l  s ta te m e n ts  to  be changed.
7) The l a s t  change e n a b le d  th e  r a d ia t io n  p a t te r n s  to  be c a lc u la te d  f o r  
b o d ie s  o f  r e v o lu t io n  w ith  a d ip o le  sou rce  on th e  a x is  and o r ie n te d  a t  
r i g h t  a n g le s  to  i t .  The p a t t e r n  in  th e  p a e in  w h ich  th e  d ip o le  c o u ld  
be re g a rd e d  as a l i n e  sou rce  is  c a lc u la te d  o n ly .  F o r o th e r  p la n e s  th e  
d y a d ic  G re e n 's  fu n c t io n  m ust be u sed , to  c a lc u la t e  th e  f i e l d  in c id e n t  
upon th e  s c a t t e r e r .  I n i t i a l l y  i t  i s  p ro posed  t h a t  o n ly  th e  p r in c ip a l  
p la n e  p a t te r n s  be c a lc u la te d  and th e  r e q u ir e d  modes can be o b ta in e d  from  
th e  ta b le s  c o n ta in e d  e ls e w h e re  i n  t h i s  r e p o r t .  The ta b le s  can be  
sum m arised so t h a t  f o r  each v a lu e  o f  m and n and each s i t u a t io n  an 
e lo g r ith m  can be used to  choose th e  r e q u ir e d  modes.
N o te : A t  t h i s  p o in t  i t  s h o u ld  be p o s s ib le  to  make com parisons
w ith  th e  e x p e r im e n ta l m easurem ents b e in g  made by th e  R o ya l A i r c r a f t  
E s ta b lis h m e n t on a f i n i t e  c y l in d e r  e x c ite d  by a s l o t .  I t  may be  
p o s s ib le  by su p erim p o s in g  s o lu t io n s  to  in c lu d e  w ings a t  r i g h t  an g le s  
to  th e  fu s e la g e  a x is .
More developments of the program may then be pursued:
8) The program may then be modified to predict non-principal plane 
patterns. In general these are weighted sums of the principal plane 
results. This will allow the effects of swept back equivalent
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cylindrical wings to be investigated by superimposing solutions 
assuming no coupling between cylinders.
9) More complicated structures may then also be considered, made up 
of many cylinders. Unfortunately before this point is reached it is 
likely that the effects of coupling between the cylinders will have 
to be considered. When this happens the scattering matrix which has 
been used so far becomes a sub-matrix of a more general scattering 
matrix.
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I n  t h i s  w ork i t  has been shown t h a t  th e  r a d ia t io n  p a t te r n s  and  
s c a t t e r in g  p r o p e r t ie s  a s s o c a ite d  w ith  o b je c ts  o f  a r b i t a r y  c r o s s -s e c t io n  
can be c a lc u la t e d .  The o b je c t  a c t u a l l y  c o n s id e re d  was o f  s q u a re  c ro s s -  
s e c t io n  and t h i s  p ro v id e d  one o f  th e  m ost s e v e re  t e s ts  o f  th e  m ethod.
The fo u r  f o ld  symmetry o f  th e  sq u a re  co m p e lle d  th r e e  q u a r te r s  o f  th e  
e lem e n ts  o f  th e  S m a tr ix  to  be z e ro . T h is  m eant t h a t  in  a p p ly in g  th e  
b ou nd ary  c o n d it io n s  o n ly  a q u a r te r  o f  th e  d eg rees  o f  freedom  w ere  l e f t  
and th e  f i t  among th e  re m a in in g  v a r ia b le s  was more d i f f i c u l t .  The 
e x te n s io n  o f  th e  m ethod to  th e  s c a t t e r in g  o f  th r e e  d im e n s io n a l b o d ie s  
o f  r o t a t io n  has been shown and o n ly  r e q u ir e s  th e  d eve lo pm en t o f  s u i t a b le  
com puter p ro g ram s. In  p r i n c ip le  i t  sh o u ld  be p o s s ib le  to  g e t  r o u t in e s  
t o  a u to m a t ic a l ly  s o r t  o u t  th e  r e q u ir e d  modes.
The in c lu s io n  o f  i n f i n i t e  w ings is  e s s e n t ia l ly  a t r i v i a l  p ro b lem  
p a r t i c u l a r l y  i f  t h e i r  p la n e  passes  th ro u g h  th e  c y l in d e r  a x is .  The w ings  
w i l l  th e n  s im p ly  a c t  as mode f i l t e r s  a g a in  re d u c in g  th e  t o t a l  number 
o f  modes r e q u ir e d .  The in c lu s io n  o f  f i n i t e  w ings p re s e n ts  a more 
d i f f i c u l t  p ro b lem . T h ere  a re  v a r io u s  ways i n  w h ich  t h i s  m ig h t b e  coped  
w it h .  One m ethod w ou ld  b e  re g a rd  th e  modes f i l t e r e d  by i n f i n i t e  w ings  
as b e in g  s c a t te r e d  by th e  w in g  edges and fu s e la g e  p r o f i l e .  Some m ethod  
o f  a l lo w in g  f o r  c o u p lin g  to  o th e r  1) p la n e s  m ig h t be r e q u ir e d .  M ore  
c o n v e n t io n a l te c h n iq u e s  such as G .T .D . o r  th e  use o f  a w ing  shape edge  
c u r r e n t  m ig h t a ls o  be f r u i t f u l .
I t  i s  a ls o  in t e r e s t in g  to  s p e c u la te  on th e  p o s s ib le  f u tu r e  
developm ents  o f  th e  m ethod. I n  p u rs u in g  t h is  w ork to  th e  p re s e n t  
p o s i t io n  th e  a u th o r  fou n d  th e  e a r ly  w ork o f  W a s y lk iw s k y j and Kahn 
o f  g r e a t  v a lu e .  They w ere  m a in ly  in t e r e s t e d  in  th e  m u tu a l im pedance
6. POSSIBLE FURTHER DEVELOPMENTS
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betw een  antenn as  w ith  s c a t t e r in g  p r o p e r t ie s  t h a t  c o u ld  be r e a d i l y  
exp ressed  in  term s o f  m odal m a tr ic e s .  They w ere  i n i t i a l l y  in t e r e s t e d  
i n  d ip o le s  w h ich  respond to  o n ly  one mode. The a u th o r 's  deve lo pm en t 
o f  t h is  w ork fo l lo w e d  t h e i r  im p o r ta n t  arguem ents w ith  one an tenn a  
re p la c e d  by a more g e n e ra l s c a t t e r e r .  In  t r y in g  to  p r e d ic t  th e  
f u r t h e r  d eve lo pm en t o f  t h is  w ork i t  i s  in t e r e s t in g  to  lo o k  a t  th e  
more r e c e n t  p ap ers  o f  th e s e  two a u th o rs  (R e fe re n ce s  8  & 9 ) .  L ik e  t h is  
w ork t h e i r s  depends la r g e l y  on th e  use  o f  s u i t a b le  c o o rd in a te  t r a n s ­
fo r m a t io n s . I n  t h e i r  more r e c e n t  w ork  th e y  ta k e  th e  F o u r ie r  t ra n s fo rm  
o f  th e  f i e l d  and o b ta in  a d i f f e r e n t  s e t  o f  c o o rd in a te  t r a n s fo r m a t io n s .
T h is  is  e s s e n t ia l ly  an a n g u la r  spectrum  o f  p la n e  w aves. They manage 
to  i d e n t i f y  th e  m odel c o e f f i c i e n t  and o b ta in  th e  tra n s fo rm e d  f i e l d  
as an in t e g r a l  o f  p la n e  waves, r a t h e r  th a n  a sum o f  modes. T h is  is  
an im p o r ta n t  s te p  as i t  e n a b le s  a r b i t a r y  antenn as  to  be u se d , ones 
f o r  w h ich  th e  raodsl c o e f f ic ie n t s  can n o t e a s i ly  be fo u n d . The d e t a i l s  
o f  th e  m ethod a r e  p re s e n te d  in  A ppendix  C f o r  c o m p le ten e ss .
The o th e r  e s s e n t ia l  f e a t u r e  o f  t h is  m ethod is  t h a t  a t  h ig h  
f re q u e n c ie s  th e  p la n e  wave spectrum  approach  n a t u r a l ly  becomes th e  
a s y m p to tic  method g e n e r a l ly  known as th e  G e o m e tr ic a l T h eo ry  o f  D i f f r a c t i o n .  
I n  t h is  manner th e  m odal s c a t t e r in g  d e s c r ip t io n  o f  th e  re s o n a n t fre q u e n c y  
ra n g e  n a t u r a l ly  tu rn s  in t o  th e  h ig h  fre q u e n c y  o p t i c a l  ta c h n iq u e .
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T h is  ap p en d ix  i s  a d e s c r ip t io n  o f  a  com puter program  d ev e lo p e d  
a t  th e  U n iv e r s i ty  o f  S u rre y  to  in v e s t ig a t e  th e  s c a t t e r in g  from  
c o n d u c tin g  o b je c t s .  The program  c a lc u la t e s  th e  s c a t t e r in g  m a tr ix  
o f  th e  o b je c t  and th e n  uses i t  to  c a lc u la t e  th e  m o n o s ta tic  r a d a r  
c r o s s -s e c t io n .  A l i n e  s o u rc e  is  th e n  in tro d u c e d  a t  v a r io u s  p o s it io n s  
and th e  r a d ia t io n  p a t te r n s  a r e  c a lc u la t e d .
R e s u lts  from  th e  program  a re  n o t  in c lu d e d  in  t h i s  r e p o r t  because  
as y e t  s u f f i c i e n t l y  la r g e  m a tr ic e s  have n o t  been u s e d . The- b e h a v io u r  
o f  th e  m o n o s ta tic  r a d a r  c r o s s -s e c t io n  o f  a s m a ll s q u are  o b je c t  in d ic a te s  
t h a t  as |n | in c re a s e s  to  f i v e  a s u b s t a n t ia l l y  c o r r e c t  r e s u l t  i s  o b ta in e d .  
Sma3.1 e r r o r s  o f  s ix t h  o rd e r  re m a in . C u r r e n t ly  how ever when th e  s c a t t e r in g  
m a tr ix  is  c a lc u la te d  w i t h  an | n | o f  s i x ,  la r g e  e r r o r s  o cc u r and th e  
r e s u l t  is  dom in ated  by th e  e r r o r  g iv in g  a cos60 p a t t e r n .  T h is  e r r o r  
w i l l  be rem oved by in c r e a s in g  th e  number o f  p o in ts  w here th e  boundary  
c o n d it io n s  a r e  a p p l ie d .
T h e re  now fo l lo w s  a b r i e f  d e s c r ip t io n  o f  each r o u t in e .
APPENDIX A
The Computer Program
3 3
1) The M ain  R o u tin e
The m ain  r o u t in e  t r a n s fe r s  c o n t r o l  betw een th e  s u b ro u t in e s .
I t  s e ts  up th e  p r in c ip a l  m a tr ix  e q u a tio n s  c a l l s  th e  m a n ip u la t in g  
r o u t in e s  and th e n  re a d s  th e  v a lu e s  in t o  th e  s c a t t e r in g  m a t r ix .  I t  
th e n  c a l l s  th e  r o u t in e s  to  e v a lu a te  th e  r a d ia te d  f i e l d s .
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Namelist Main Routine
JJ
R B
THS
R IS
AR
AAR
BR
QR
An a r r a y  used to  s to r e  th e  v a lu e s  o f  B e s s e l fu n c t io n s  o f  
th e  f i r s t  ty p e .
An a r r a y  used to  s to r e  th e  v a lu e s  o f  B e s s e l fu n c t io n s  o f  
th e  second ty p e .
An a r r a y  used to  s to r e  v a lu e s  p r i o r  to  p r i n t i n g .
An a r r a y  used to  s to r e  th e  a n g u la r  c o o rd in a te  o f  th e  p o in ts
w here th e  boundary  c o n d it io n s  a re  a p p l ie d .
An a r r a y  used to  s to r e  th e  r a d i a l  c o o rd in a te  o f  th e  p o in ts  
w here th e  boundary  c o n d it io n s  a re  a p p l ie d .
A r e a l  a r r a y  c o n ta in in g  th e  e lem en ts  o f  th e  3 m a tr ix  
p a r t i t io n e d  in t o  r e a l  and im a g in a ry  com ponents.
An a r r a y  used t o  s to r e  th e  r e s u l t s  o f  th e  le a s t  squ are
s o lu t io n  o f  th e  AR a r r a y .
A r e a l  a r r a y  c o n ta in in g  th e  v a lu e s  o f  th e  in c id e n t  f i e l d  
p a r t i t io n e d  in t o  r e a l  and im a g in a ry  com ponents.
An a r r a y  r e q u ir e d  b y  th e  H o u seh o ld er r o u t in e  in  F04AMF.
ALPHA An a r r a y  r e q u ir e d  by F04AMF.
WKSP
WY
WZ
WR
One d im e n s io n a l a r ra y s  used by F04AMF as w o rksp ace .
S The s c a t t e r in g  m a t r ix .
C l The squ are  r o o t  o f  m inus o n e .
CS A com plex dummy v a r ia b le .
A H a l f  th e  le n g th  o f  a s id e  o f  th e  s q u a re .
P I  7T
SQ The s q u are  r o o t  o f  tw o .
RM The minimum ra d iu s  c i r c l e  to  e n c lo s e  th e  s q u a re .
NMAX The number o f  p o in ts  o f  w h ich  th e  boundary  c o n d it io n s  a re
a p p lie d  le s s  on e.
NMP The number o f  p o in ts  a t  w h ich  th e  boundary  c o n d it io n s
a re  a p p lie d .
MMAX The o rd e r  o f  th e  h ig h e s t  mode c o n s id e re d .
MMM The t o t a l  number o f  modes in c lu d e d  (O d d ).
MMP MMAX p lu s  on e .
AA The transposed scattering matrix.
Dummy v a r ia b le s  used i n  DO loops,
I 
J  
M 
MM
IM  Number o f  com plex e q u a tio n s  used to  s o lv e  f o r  x .
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SR
S I
WWR
WI
VR
V I
IN T
K
B IN
H I
E
IPIV
C o n ta in s  th e  r e a l  p a r t  o f  th e  S m a tr ix  f o r  e n t r y  to  
F02AKF.
C o n ta in s  th e  im a g in a ry  p a r t  o f  th e  S m a tr ix  f o r  e n try  
to  F02AKF.
C o n ta in s  th e  r e a l  p a r t  o f  th e  e ig e n v a lu e s  on e x i t  from  
F02AKF.
C o n ta in s  th e  im a g in a ry  p a r t  o f  th e  e ig e n v a lu e s  on e x i t  
from  F02AKF.
C o n ta in s  th e  r e a l  p a r t  o f  th e  e ig e n v e c to rs  on e x i t  from  
F02AKF.
C o n ta in s  th e  im a g in a ry  p a r t  o f  th e  e ig e n v e c to rs  on e x i t  
fro m  F02AKF.
A one d im e n s io n a l in t e g e r  a r r a y  used as a w ork a re a  by  
F02AKF.
The n o rm a lis e d  wavenum ber.
The B e ta  m a tr ix  w h ich  is  in v e r te d  to  g iv e  th e  s c a t t e r in g  
m a tr ix .
An a r r a y  used to  s to r e  th e  v a lu e s  o f  H a n k e l fu n c t io n s  o f  
th e  f i r s t  ty p e .
An a r r a y  used t o  s to r e  th e  v a lu e s  o f  th e  in c id e n t  f i e l d  
a t  th e  p o in ts  w here  th e  boundary c o n d it io n s  a re  a p p l ie d .
An array required by F04AMF.
JM Complex unknowns.
ETA S e ts  th e  a c c u ra c y  o f  F04AMF.
IF A IL  Used to  d e te c t  f a i l u r e  in  th e  NAG s u b ro u t in e s .
IM 2 Tw ice  th e  number o f  com plex e q u a tio n s .
JM2 T w ice  th e  number o f  com plex unknowns.
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The Flow Chart of the MAIN ROUTINE
\ WRITE NMAX, MMAX, SQUARE SIZE,
\ MINIMUM.ENCLOSING RADIUS
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v
ESTABLISH AA MAT 
TRANSPOSE TO GIV
1 °
R IX  (COMPLEX) 
E S MATRIX
>t
CALL LIBRARY 
ROUTINE F02AKF
fe LIBRARY ROUTINE 
F02AKF
VJRITE EIGENVALUES 
OF S MATRIX
CALL SUBROUTINE \ SUBROUTINE
MONOSTAT
0** MONOSTAT
CALL SUBROUTINE — -V----- SUBROUTINE
PAT SCAT PAT SCAT
STOP
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The Listing of the Main Routine of the Program
MASTER JOAN
C SCATTERING FROM a SQUARE CONDUCTING OBJECT'
REAL JJ (1015
DIMENSION R8(20),TH<(20)rRlS(20), Y ( 9 0 )
DIMENSION WKSP(33>
DIMENSION AR(33,33),RR(33,33),A4 r (33.33),GR<33,33),ALPHA(33> 
DIMENSION WY(33)#WZ(33).WR<33),tPl*/(33>
DIMENSION SR(20.20),SI(20,20),WW p (20>,Wl(20).VR(2ft,20)»\M(2D,20> 
DIMENSION I N T (20)
REAL K
COMPLEX BIN I 20 , 20)
COMPLEX H1 (20,20>#E(20/2Q)rAA(20,2D)
COMPLEX S ( 2 0 , 2 0 )
COMPLEX Cl 
COMPLEX CS 
COMMON//*,A » PI 
A - 0 , 2
Pi =3.141572/536 
SQ^S q r t (2.)
RM = S 0* A 
K - 2 .* P I 
rMK=K*rM 
MMAXsI5 
NMP=MMAX+1 
WRITE <3# 99') NMAX
99' FORMAT<1X ,5HNMAYS,j?) ..........
IF (NMP .GE. 20) GOTO 100 
MMAX=7 
MMM=?*MMAX+1 
MMP=MMAX+1 
WRITE<3,96)MMAX 
96 F0RMAT(1X,'5HMMAX=, 12)
WRITE (3 , 300 ) A 
WRITE (3/310)RM<
300 F0RMAT<1X,13HSQUARE SIZE =,E6.?)
310 FORMAT(1 X , 2 8 H K TIMES THE MINIMUM! RADIUS a , E6,2)
CALL ABIM(RIS,THS,8lN,MMAX#NMP)
C WRITE THE BIN MATRIX
WRITE <3#97)- 
WRITE (3,320)
320 F0RMAT(1X,31HTHE REAL PART OF THE BIN MATRIX)
WRITE (3,97)
DO 80 1=1,NMP 
DO 81 J a1 ,MMM 
RB<J) s REAL(0IN-(I,J))
81 CONTINUE
WRITE(3,98)(RB(J >,J s 1 ,MMM>
80 CONTINUE
WRITE( 3 r 9 7 )
WRITE (3,330)
330 F 0 R M A T (1X ,3 4H T H E IMAGINARY PART OF THE BIN MATRIX)
WRITE (3,97)
DO 83 1=1,NMP 
DO 84 J =1 ,MMM 
R B (J )=AIMAG(BIN ( I , J ) )
84 CONTINUE
WRITF(3,98)CRB(J),J=1,MMM)
S3 CONTINUE
C END OF WRITING THE BIN MATRIX
“ - - * - - - i • .i
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r]=CMPLX<o.o,i.o>
MAXM=MMAX+1 
DO 67 1=1/NMP
CALL BESSEL(K*R!S(I),MAXM,JJ,Y)
DO 68 M=1,?*MMAX+1 
VMSM-MMAX-1
T F (MM,LT.0) GO TO 110
Hi (I,M)=CMPLX(JJ( M M + 1)# Y ( M M +1))
GO TO 68
110 MM=IAB3(MM)H1 C I » M> a < <«1 ) ** vi.v|> + CMPLX < J J (M.M + 1 * » V< MM + 1 > )
68 CONTINUE
6}* CONTINUE
DO 70 M M = 1 /?*MMAX+1
M=MM~MMAX«1
DO 71 1=1/NMP
CS=CEXP(CM?LX<0.0,M*THS(I))>
F(I,MM)S"(H1<IrMM)*CS)/<CI**M)
71 CONTINUE
70 CONTINUE
C WRITE THE E m a t r i x
WRITE (3/97)
WRITE (3,340)
340 FORMAT(1X/35HTHE REAL PART OF THE INCIDENT FIELD)
WRITE (3,97)
DO 1 1 1 1 = 1 ,NMP 
DO 120 J=1 ,MMM 
■ r B(J) c REAL(E(I , J))
1?0 CONTINUE
WRITE (3,98)(RBfJ) ,J = 1 , M M M )
111 CONTINUE 
WRITE (3,97)
WRITE (3,350)
WRITE (3,97)
350 f 0RMAT(1X/40HTHE IMAGINARY PART OF THE INCIDENT FIELD)
DO 130 1=1,NMP 
DO 140 J=1 ,MM M 
RB(J)=AIMAG(E(I /J))
140 CONTINUE
WRI TE (3,9‘8) (RB < J ) , J = 1 , MMM)
130 CONTINUE
WRITE (3,97)
C END OF WRITING E. MATRIX
t
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C * * * * m OD TO SOI. V F IM COMPLEX EQS, IN IM UNKNOWNS (IM .GT, JM) 3 Y 
C LEAST SQS. METHOD (MMm ts THE NO. OF r i g h t - h a n d  SIDPS)****
IM = 1 6
JM=2*MMAX*1
DO 50 I = 1 , I M
DO 51 J =1 , J M
AR(I*J)=REAL(BIN(I # J ) )
AR <IM + I ,J )=flI MAG(B T N (I , J ) )
AR<I»JM+J)=-AR<JM+Ifj)
A R ( I M 4* I , J M + .l ) sA R ( I , J )
51 CONTINUE
5 0 CONTINUE
DO 5 2 MM = 1 , MMM 
DO 53 1 = 1 , I M
*R(I,MM)=REU. <E(!,MM))
BR(IM+I,MM)=AIM a 6(E(I,MM>)
53 CONTINUE
5? CONTINUE
FTA = 2 .** <-37)
I F A I L - 0 
IM2=2*IM 
J M 2 = 2 * J M
CALL F04AMF(AR,33,AAR,33/BR,33,I w 2,JM2*MMM,ETA,QR.33,ALPHA, 
1 WKSP / WY# UZ  # WR ,  I P i  V I F A I L)
IF (I F A I I .80. 0) GOTO 55
WRlTE(3f 59‘) I F A I L
STOP
59' FORMAT ( / / / / 1 X , 6HI FAI L=, 11 )
55 CONTINUE
DO 56 MM=1,MMM 
DO 57 J = 1 ,J M
A A ( J , MM) = CMP IX < AAR ( J , MM) / AAR < JM + -J * MM) )
57 CONTINUE
56 CONTINUE
C ***END OF LEAST SOS. MOD***
WRlTE(3f9'5)
95 FORMAT(1X,8HS MATRIX,///)
DO 201 1=1,MMM 
DO 202 J = 1 ,MMM
IF (CABS(AA(I»J)).GT.O.000001)00 TO 202 
AACI,J)=CMPl X(0. 0,0,0)
202 CONTINUE
201 CONTINUE ... .
C A IS TRANSPOSED TO GIVE S MATRIX
DO 85 J = 1 ,MMM 
DO 86 1=1,MMM 
S(I / J>=AA(J > I )
RB(I)=REAL(AA(I,J))
SR(I*J)=REAl. (S <I * J > )
8 I ( I #J)=AIMAG(S(I » J ) )
84 CONTINUE ;
UR ITE(3#98)(RB(I>,I=1,JM) ‘
85 CONTINUE 
WRITE(3/97)
DO 87 J =1 ,MMM 
DO 88 1=1,MMM 
RB(I)=AIMAG(AA(I r J ))
88 CONTINUE
WRI T E <3/98)<RB(I),I=1,JM)
4 3
C '. CALC. THE EIGENVALUES OF S 
WRlTF(3/49')
4 9' f 0RMAT(///1X,16HEIG e N V A L U E S 0 P S / j//)~
! IFAIL=0
CALL F02A<F(SR/?0/SI WWR/UI /VR/20/VI ,20, INT, IFAIL)
IF (IFAIL .EO. 0) GOT044 
W RIT?<3#48) I FAIL 
STOP
48 f ORM4T(////1X,7HIFATL2 b , H >
4L CONTINUE
UR I TE < 3 / 47) (WWR ( I ) , IJ I ( I ) # I = 1 # MMM)
47 • f 0RM a T(10(/1X,2E13.5))
C END of c a l c u l a t i n g  e i g e n v a l u e s
. FORMAT(1X ,10 E12.5 )
97 pORMATC///)
C CALL THE VARIOUS SUBROUTINES TO C A L 0 U L AT E' TH E SCATTERED FIELD
m m a x = m m a x -?
CALL Vi 0 N 0 S T A T ( M M A X , S )
CALL PATSCAT<M M A X /S)
100 CONTINUE
STOP 
END
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2) S u b ro u tin e  ABIN
T h is  r o u t in e  e s ta b l is h e s  th e  geom etry  o f  th e  squ are  o b je c t  and 
e v a lu a te s  th e  B e ta  m a tr ix  used f o r  a n a ly t ic  c o n t in u a t io n .
A d d i t io n a l  N a m e lis t  S u b ro u tin e  ABIN 
H2 The H an k e l fu n c t io n  o f  th e  second ty p e .
BN A dummy v a r ia b le  f o r  th e  e lem en ts  o f  th e  3 a r r a y .
CJ The squ are  r o o t  o f  minus one r a is e d  to  th e  power N.
45
J
JD
XIC
Y IC
XIS
Y IS
A rra y s  used to  s to r e  B e s s e l fu n c t io n s  o f  th e  f i r s t  
k in d .
RTW The squ are  r o o t  o f  two d iv id e d  by tw o .
RDMX The maximum r a d i a l  d is ta n c e  betw een th e  square  and i t s
s m a lle s t  e n c lo s in g  c i r c l e .
P H I The a n g u la r  c o o rd in a te  o f  p o in ts  on th e  s m a lle s t  e n c lo s in g
c i r c l e .
P2 tt/2
P4 tt/ 4
RD The minimum d is ta n c e  betw een  a p o in t  on th e  e n c lo s in g
c i r c l e  and th e  s q u a re .
PD A n g u la r  d i r e c t io n  o f  p o in t  on th e  squ are  from  th e  p o in t
on th e  c i r c l e  RD away.
The x ,  y  c o o rd in a te s  o f  a p o in t  on th e  c i r c l e ,
The x ,  y  c o o rd in a te s  o f  th e  p o in t  on th e  sq u are ,
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JH I V a r ia b le s  used to  e n su re  th e  c o r r e c t  s ig n  f o r  B e s s e l
JHH fu n c tio n s  o f  n e g a t iv e  o r d e r .
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The Flow Chart of SUBROUTINE ABIN
48
c  I ' M S  <|J .; o> j  r I » H  S E T S  U P  i IK i n  X A f •? I X  
;f Al Y
Cr»M *■> M/ / < , \  , P I
C " *• P i  M  0  1 N  ( 2  o  , ? u  ) , l» 2  , .VI f r  r , c  ,i
(; o p i r < m
rFAl I ( 1 <»1 ) , J D < 1 0 1  )
t> I :: 8  I 0  h T H  S  ( 2  0  ) , Y ( 9 u ) ,  R 1 S ( 2 0 )
J '• A • = N ' ; 1 0  
C. I = ( 0 . , 1 . )
S <*'> f ( P  . ) 
ft T J  - I t  .  ‘j * S O Iy *# r: (, + ^
ft r> 1 / -  ( S 3-1 . ) * A
D O  X >  1 - 1 , 1  M X  
P  0  I -  /  . * P  I +  ( I - 1  . ) / M  m  p
PH I “ pM I + () .
p ? r  I / ? .
P a = p i /  a .
ft p = 3 :v* ( C rj c ( '■» .11 -  p 4 ) -  » T 0 )
P  D  =  5  . *  P  4  
X  I C  =  R M * C 0 S ( P H I )
Y  I C  =  ft v  *  s  I 8 ( P  n  I )
/  I 5 = X | C -  ft T 0 to p
Y  T 5  =  Y  I C  -  ft T  ’■ J * ft D
IK ( P H I . 6 T . P 7 . A 0 D . P M I . I. K . P I ) GO T 0 4 2 
I f: ( p H I . G T . P I . A N 0 . p H I . p . 3 . * P ? ) 0 0 T J 4 5
i f  ( phi  . r ,T. 3 . *p? . and .  ph t . U-;. ? . *p I ) no ro a 4 
f , n  t o
4 ? P. r - 17, - . A ( n 0 9 ( 0 H ( -  X . * P 4 ) -  ft T g )
p  d  =  /  . * i> x
\ T s *-* X T C. + H T I * ft D
y  t s  —  v  i c ~  *  r ; * rt d
i » n  r u
4 x i« n = •?■'.*( n .j«;( p n  -• 5 . > p -  ft r -•)
P D = P 4
x  I S  =  x  \ C  +  ft r g  * ry d
Y  I S  =  Y  T C  +  ft T  W  *  .< 0  
no ro 4°
\L ft p  -»> /. + ( C 0 S  ( P  iH T -  7 . * P  4 ) -  R  F 11)
p D = < . *■ p 4 
X T s ~ > T c - ft T \4 * ft n
Y I S  -  Y  T 0  + p  T 'I * ft D  
V> C'V\' I I " IK
r: i ‘i ( l )  • ’ I  ^-j P ( V f < , V I < )
ft T s  ( I ) 0  K  r < X  I °> * X T S  ♦ Y  T S  * Y  I S  )
C  -*• 1.1 '< r  < S F I. < X  *  R  *•'', ' • M  fl X  +  N  V  P  , I , Y  )
C M .I  •>;. 0 J s ( '  * ft 0 » 0 . # '•*' 1 ' X / L  J n )
0 0 41 J : 1 , 1 * ' r* 1 / + 1
N = :jr,-M p.x-1
n
D O  < 2  J  1 =  1 ,  P  + !i-1 A X f  1
M A X  <• J '  - 1  
j h -  r - 1 ) * + (-1 -  j )
J M  "  ( - 1  ) * * XI 
j r  -  r a  d  s  < '* ~ *-i) +1
j ft T A S ( )  H
s i P  =  ('m p i  ) ' < . » (  n ' ) f - v ( j r ) )
1 r ( m-m . i r . 0 ) I ?r. i M * h P
r j :: n 1 * ♦ ^ i)
f t J - . K X J ' O
• If ( M . 1 1 .  0 ) ft ,| " | ,jM A ft J
t s- 1< m + r; j  * p p * ft .1 * 0 k y p n: t a ( ( f;-  ‘i ) * p »• f + 1 * p p ) )
S? CO-J I I M,IK
,, T ft ( 1 , 0  -I ) - 0  ' I
4 1  C  O  V f  T l| <1 K
4 0  C  O  1, f J f.l t) !•"
r K r Oft f
r '• D
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These a re  two r o u t in e s  used by th e  m ain p ro g ram . They a re  
p a r t  o f  th e  N o ttin g h am  A lg o r ith m s  Group L ib r a r y  and a re  im p lem ented  
on th e  U n iv e r s i ty  o f  S u r r e y 's  com pu ter.
F04AMF
G iv e s  th e  a c c u ra te  le a s t  squares  s o lu t io n  o f  an o v e rd e te rm in e d  
s e t  o f  m l i n e a r  e q u a tio n s  in  n unknowns, m k n w ith  m u l t ip le  r i g h t  
hand s id e s  AX = B.
The m x  n m a tr ix  A i s  re d u c ed  t o  up p er r i g h t  t r i a n g u la r  fo rm ,
R , by a p p ly in g  H o u seh o ld er t r a n s fo r m a t io n s , Q, w ith  p iv o t in g  so t h a t  
QA = R. The r i g h t  hand s id e  m a tr ix  B i s  tra n s fo rm e d  in t o  th e  m a tr ix  
C by a p p ly in g  th e  same t r a n s fo r m a t io n  Q, QB = C , and an a p p ro x im a te  
s o lu t io n  X is  c a lc u la t e d  by b ack  s u b s t i t u t io n  in  th e  e q u a tio n  RX = C. 
The r e s id u a l  m a tr ix  P = B -  AX is  c a lc u la te d  and a c o r r e c t io n  D to  X 
i s  found  by s o lv in g  th e  l i n e a r  l e a s t  squ ares  p ro b lem  AD = P , i e .
RX = QP. X is  re p la c e d  by X + P and th e  c o r r e c t io n  p ro cess  is  
re p e a te d  u n t i l  D becomes n e g l i g ib le .  D ouble  p r e c is io n  a c c u m u la tio n  
o f  in n e rp ro d u c ts  a re  used th ro u g h o u t th e  c a lc u la t io n .
FQ2AKF
C a lc u la te s  a l l  th e  e ig e n v a lu e s  and e ig e n v e c to rs  o f  a com plex  
m a t r i x .
The com plex m a tr ix  is  re d u c ed  to  upper Hessenberg  form  by 
s t a b i l i s e d  e le m e n ta ry  s i m i l a r i t y  t r a n s fo r m a t io n s . The e ig e n v a lu e s  
and e ig e n v e c to rs  o f  th e  H essenberg  m a tr ix  a re  c a lc u la te d  u s in g  th e  LR 
a lo r i t h m .  The e ig e n v e c to rs  o f  th e  Hessenberg  m a tr ix  a r e  m u l t ip l ie d
N.A.G. Routines F04AMF and F02AKF
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by th e  t r a n s fo r m a t io n  m a tr ix  to  g iv e  th e  e ig e n v e c to rs  o f  th e  o r i g in a l  
m a tr ix .
-
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S u b ro u tin e s  BESSEL, BESJN and GAMMA
These a re  a s e t  o f  s u b ro u tin e s  w h ich  w ere  d e v e lo p e d  w i t h in  th e  
P h y s ic s  D ep artm en t o f  th e  U n iv e r s i t y  o f  S u rre y . They a re  used f o r  
c a lc u la t in g  B e s s e l fu n c t io n s .
The Listing of the Subroutine BESSEL
SUBROUTINE BESSEL(X,M,J»Y> 
REAL J (1 01 ) , Y(9'0)
CALL F4JOYOACC(XfVALUE,Y (1)) 
CALL F 4J1Y1ACC (X , VAlUE,Y<2>) 
DO 71 1=3,M+1
V<I)«2.*(I-2>*Yn-1>/X-Y<I-2>
CONTINUE
CALL B E S J N ( X , 0 . , M , P., J )
RETURN
END
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The Listing of the Subroutine BE5JN
S U B R O U T I N E  3 E S J M ( X , a , N N N , D , J )  
D I ME N S I O N  R R (1 0 1 >
R E A L  L,IAMDA,M1,N1,.J(101>,J1(101)
INTEGER D  
LOGICAL LL 
TF ( ( A .LT. 0.)
1 IX .IT. 0. )
IF (X.EQ.O, )
NMAX= NNN
l.t = (NMAX . G E . 0) 
IF (LL)
IF (A .EQ. 0.) 
NM a -NMAX 
NMAX= 1
10 F PS tr ,5 *
. O R .  (A .GE. 1.) .OR. 
. O R .  ( l A B S ( N N N )  . 6  T '. 10 0))
GO T O  ?99‘ ■
GO TO 6666
GOTO 10- 
GOTO 6666
Dl a 
SUM =
KK = 
t 2 =
NM A a 
DO 1 1 
11 J 1 (K) =
IF (NMAX
(10.** ( - D ) )
2.3026 * FLOAT(D) +■ 1 . 3863
((X/?.)**A)/GAVIMA(1.+ A)
1
0.0
NMAX +■ 1
K 81 , N M A
0.0
•EQ. 0)
* 0.5)/FLOAT(NMAX)
GOTO 50
( D1
20 IF (v .GT. 10.)
p n Y * 5.7941E~5 - 1.
p a Y * P 4* 2 . 086A5E-2
P a Y * p 1.29013E-1
P a Y * P + R.57770E-1
t 2 a Y * p 4- 1 . 01 250E + 0
g o t o 40
30 0 a A LOG(V ) 0.775
p a (0.775 - AL0G(Q)>/(1
p a 1-/(1-+ P )
t 2 a Y * P/O
40 IF ( KK -  2)
50 T1 art T 2 * FLOAT(NMAX)
V a (D1 * 0. 73576)/X
KK a KK + 1
g o t o 20 -
60 t 2 a 1.3591 * K * T2
IF (T 1 - T 2 )
61 NU
GOTO 70
(1.+ T 2)
62 NU s (1 .+ T1 )
GOTO 30
50,60,60
61 ,61 ,62
70 l s 1.0 
M • a: 0 
I.IM= (NU/2)
BO M ° VJ! + 1
M1 a FLOAT( M )
I a L * ( ( M1 + A)/(M1
IF (M - LIM)
81 N = Ml +. M
4- 1 . 0 > )
80,81,81
55
■Ri s 0,0 
s1 * 0.0
8 2  N 1  a  P L O A T ( N )
R 1 s 1 , 0 / ( 2 . 0 *-<A + Nl>/X -  . RI)
• I AMD A a 0.0
I F  ( C M / 2 )  *  2  . N  E  . N )
.. I = L * ( N 1 + 2 , 0 ) / ( N1 -5- 2 . 0 * A )
I. AMD A a L * (N1 + A)
;8.3 s1 = RI * (L AMO A + S1 )
IF ( N .IE. N M  A X )
KJ =  N  -  1
IF ( N ” , G E . 1 )
J(1) a. SUM / (1 . 0 +• S1 )
DO 90 K = 1 ,N M A X
90 j < K  + 1  ) =  R  R ( K  ) * J ( K >
D O  9 1  K c s 1 - , N M A
91 I F  < A 8 S  ( < J < K  > -  J 1  (K))/J(K)> . G T .  EPS)
GOTO 102
100 kjU = MU + 5
D O  101 K s1 ,N M A
101 .11 (K) = J (K)
GOTO 70
102 IF (LL)
.1 (2) -  2 . 0 * A * J (1 ) /X - J (2)
D O  110 K =  2 , N Mi
110 j < K +1 ) = 2.0 * (A «’ FIOAT(K) + 1.0) * J ( K ) / X  - J(K
RETURN 
6666 WRITE (3,1000)
1 000 FORMAT (/, ?X, A-2H8ESJN ..... UNREASONABLE ARGUMENT 
RETURN 
999' CONTINUE
D O  9 9 8  K = 1 i N M A X + 1  
. | ( K ) a O .
IF (K.EQ.1 ) J(K)=1 .
998 CONTINUE 
RETURN 
F N D
GOTO 83
B R ( N )  s : ° R  1 
GOTO 82
GOTO 1 DO
RETURN 
-1 )
OR ORDER)
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The Listing of the Function GAHMA
f u n c t i o n  g a m m a <x >
DIMENSION C (13)
DATA C
1 / 0. 00053 96989' 58808, 0. 00261 9-3072 82746, 0.02044 96308 2359'1,
2 0.0730?' 43364 14370, 0.2796 4 3 /91 5 78538 , 0 . 55 338 76923 8576?',
3 0,999991 99999 99998,"0.00083 2724? 08684, 0.00^6^* 86580 7?622,
4 0 , 02252 33347 47260 ,-0 , 1 7044 79-328 74746 , ”0 . 05681 033.50 8 519'4,
5 1 , 1 3060 33572 ^ 6556/
Z = X
I F < X • G T . 0.0) GO TO 1 
TF(X .EO. AINT(X)) GO TO 5 
7=1.0“Z
1 p = 1 . 0/Z
IF(Z .LE. 1.0) GO TO 4 
F 31 , O
2 IF < 2 ,LT. 2.0) GO TO 3 
7 = 2-1 . 0
F = F*Z 
GO TO 2
3 7 e Z“1 .0
4 G A M M A = 0
1 F*<<<(((G(1)*Z + C<2))*Z + C<3))*Z + 0(4))*ZfC(5))*7 + C(6))*Z + C(7'))/
2 <(<(<<C(8>*Z + C(9'))*Z + C(10))*Z + C(11)>*Z + C<12))*Z + C(13>>*ZM.:>>
I F (X .GT. 0.0) RETURN
GAMMA=3.1 41 592653589'7 9'3/ (SI N(3. 1 41 5 9'? 6 5 3 5 8979 3 * X ) * G A mm A )
RETURN
5 GAMMAsO.
W R I T E (2,10) X 
RETURN
10 FORMAT(1X ,•GAMMA ... ARGUMENT IS NON-POSITIVE INTEGER = f ,„E 2 0 . 5 ) 
END
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The S u b ro u tin e  MONOSTAT
T h is  s u b ro u t in e  e v a lu a te s  th e  m o n o s ta t ic  R .C .S . o f  th e  s c a t t e r e r  
in v e s t ig a t e d  u s in g  th e  r e la t io n s h ip  t h a t :
The M o n o s ta tic  R .C .S . a
+N +N
I [(I mexp[jm(e-fe)]
m=-N n=-N
The r e s u l t  i s  n o rm a lis e d  r e l a t i v e  to  th e  v a lu e  o b ta in e d  when 0 = 0 .
*
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+N
SC An a r r a y  used f o r  [ (£ a ) - l ]
n=-N
PS The n o r m a liz in g  c o n s ta n t .
SS The r a d a r  c r o s s -s e c t io n .
PAD The a m p litu d e  o f  th e  ra d a r  c r o s s -s e c t io n .
NX The number o f  rows o f  columns o f  th e  S m a tr ix  w h ich  a re
d is r e g a r d e d .
Additional Namelist for Subroutine MONOSTAT
rt
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The Flow Chart of Subroutine MONOSTAT
INPUT PARAMETERS 
MMAX, S
WRITE OUTPUT HEADINGS
A
10
20
1r
SET I  = 1 , 2*MMAX+1
1f
SET M & S C ( I j  = - I m
\t
SET K = 1,2*MMAX+1
'
SET N INCREASE S C (I)
A
S ET . 1 = 1 , 2*MMAX+1
INCREASE PS
60
YES
RETURN
61
The Listing of Subroutine MONOSTAT
SUBROUTINE '-10 1 :0 S T A T ( M X , S )
CTHIS SUB ROUT INF CALCULATES T H E MONOSTATIC R.C.S. OF the; SCATTERER
COMPLEX 5(20,20) , S C ( 2 0 )
COMPLEX FT, PS,SS 
i'i X = 1
MMAX=MX~NX 
- P I  =3 *  1 41 5 0  20*3 5 6
P2 = P 1/2.0 ' '
CI"fMPLX(0.O,1.0)
:)0 10 I r:1 , I *MMAX + 1
* = I -ii MV-1
S C ( I) - - < C « P I. X ( - 1 .'Of o . 0 ) ) * * M 
on ? ft K--1 , 2 ‘••MM A x + 1 
N = K-*|-.'1.-\X-1
s r < i ) = s c < i )  + ( ( - i . o > * * m > * s < i + n x , k + n x )  
comtiuijf
I a c'Av r i ‘‘ue
M! .• i f i; ( < M 0  O  
■/Pi r t (/, 11 * i)
*v 1 T t  ( 7 , 1 o T )
PC ip I. V ( 0 .0,0.0)
DO 60 1=1 , 2*-1MAX + 1 
p s = p s * s r (j)
5 0 c 0 N T I N! u F
P5 •- PS * C l l J 6 ( PS)
DO 6 0 L = 1 # 40 
I H = 2 . 0 * | o A f ( L ) -1 . 0 )
r M u - (M * T H / 1 A 0 . 0 
p H a T ri R + P 2
r p I. v ( o . ■') ,0.0)
DO CM) r ~1 , 7 * ; .'A X +1 
> -I-./-’ -A v - 1
SS = FS + SC(1)* C |: X P ( C -I p L y ( T . rt , m * p h ) ) * ( C I * * ( - M ) )
?0 C 0 I ( *! • I E
t- f- .) - R E A L ( < S * r O N .1 D ( S ? ) / !’ s )
■/ .PITH ( 6 , 1 2  1) T h , p A D 
AO CO.JiroiE
1 ao f o r* ,\ r (/ / /)
110 K o K “ A r < / , 2  X ,/| / H 0 M 0 STATI C P .  C .  S .  )
1 2 0 FOR*- AT (1 '< , 2 M  2 . A)
R F r 11 K N 
E 0 n
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The F lo w  C h a r t  o f  S u b ro u tin e  PATSCAT 
( -  used to  e v a lu a te  th e  r a d ia t io n  p a t t e r n s !
INPUT MMAX, S
lO
SET J  = 1 , 5
CALCULATE AND WRITE D
SET Z , MAXM, MMM
CALL SUBROUTINE BESSEL SUBROUTINE BESSEL
2 0
SET 1 = 1 , MMM
CALCULATE H2 ( I )
NO f e .
40
ri
50
SET 1 = 1 , MMM
>
SET S M (I)  ZERO
*f
SET J -  1 , MMM
' f
SM ( I )  = SM ( I )  +S ( J , I )
63
30
>t
SET KK = 1 ,  MMM
’
A SET KKK & SS
NO
>>
S f
YES
SET K «  i ;  91
>f
SET TH, THD, PS
>f
SET L = 1 , MMM
' r
SET CS & P£i
The Listing of ■ Subroutine PATSCATfe 64
SUTPiiUT ! NE PAT SCAT
i* T IF M S I 0 N J J ( 101 ) , Y<90)
. ‘ C O M P I F X  S  (  2 r » ,  7 0 )  ,  M 2 ( 9 0 )  ,  S f-'* < ? 0 >
C o  3 P  I. F  X  s  S  ,  D s  ,  C  S  
C H M P I . E X  C l
A >' =MX-NX
c j = r m p t x (o . o , 1 . o )
P  I =  3  .  1 4 1  5  <-> 9  4  5  3  6 
P ? = P I / 2 . 0 
f . n  1 0  J  “  1 ,  5  
0 =  1 .  o  »- n .  5 *  j  
’ / TO I T F  (  3  ,  1 Q ) )  f)
9 = 2 . 0 + P I * !>
M A X  '  =  ' - 0 1  A K + 1  
k  1 -• 2 .  .1 *  M M A  X +  1
I*; - *• i-iM
C A L  I. P. J-; 5  S  r  L (  ?  ,  "  A  X  M , J  .fe Y  )
D O  2  0  I f e f e f e M  
k . =  I -  Is  , n  a  X  - 1
IF (M.I.r.O) 60 TO 0O 
M ?  (  f )  -  C  ‘ 1 P ! X  (  J  I ( "  + 1 )  ,  {  (  M +  1 )  )
6 0  T O  9 8  
J 9  )•- v  -  J  A 8 S  ( ! -1 )
H 2  (  I )  "  (  (  -  A .  > )  )  * f  ; 1P  {.  X (  J  J  (  i ' 1 M +  1 )  ,  Y  (  0 N- <- 1 )  )
'/H  C n o T p i i j p
2 0 C 0 *J TIM ij I-
n  / , n  1 = 1 , - v o  
S  ' (  T )  : C “ P I  < (  I .  0 ,  \l .  0 )
:■! *. :\ < -• 1 
o n  f e )  J  X =  1 ;  * ; 1 ' 1  
--  I y -  5 \| > X - 1
s n (r) -- s <i) + s (i + !■; x , j x n-< y ) * (c i * * (n - m )) * o . 5 * w ? ( j x )
SO CO-JIIMJF.
$ " <  I )  -$ " ■  < I  )  - 0  .  5 * H ?  (  \ )
IF (.». I. I . 0 ) A u* T n ? 0 0
s r  ( i )  -  S ’ h  i )  +  J  j  ( w + 1 )  *  ( ( - 1  .  o )  *■ a t ' )
G O  T O  P I  0 
9 1.) J R = r A 1 S (!•;)+ 1 
J M -= ( - 1 ) * * M
S  M (  r )  =  S  ' H  I  )  +  J  H M *  J  J  (  .I »  )  *  (  (  - 1  .  0  )  *  *  M )
910 ct>• j r i 'inj:
4  0  C 0  J 7  I M  J  F
S  S  =  C ! 1 ?  I.  < (  o  .  n  ,  n .  • ‘ )
D O  3  0  * < <  =  1 ,  
r '  K K i< =  l<; K -  M M !' x  - 1
S  S  -  <  S  +  S  0 (  x  <  )  *  0 if x P  (  C n p  L x  (  0 .  0 ,  F  L O  A T  (  K X < )  *  P 2  )  )fe c n m  m u »-
D O  m )  K =  1 , 9 1  
F H = 9 .  n * ( F !. o A r ( K ) -1 .  0 ) 
f H ■>= f :| +  P  [  /  1 f e l  .  0  
P S  = < ' f e  L < (  0  .  •’ ,  o  .  0  )
, ) I ) z  0 L  1 ,  ;  hi
v <- 1  . .
(. s *-<'! /  P ( 0•:p l. x ( ( i . ft, r-1 o *» r ( <) * (V » p n *? ) ) )
;> s - 'st- c ' s :■-> m  >
pi cn.j r i ‘i■ jf
p  A ■> =  h f M  (  ( o c * 0  s i i ' ; ( ; > ; ; ) ) / (  s  $  + C n  K JG(SS)))
P  =  1 i .  <• *  a. L M *.  1 ') ( v >  S  ( I H  n )  )
•Jt- I T I- ( fe 1 2 >) f -! , } '  A r 
» t  C O  M L  H ) t :
| T  ( ’. ■*» .J V 1 LI :~
) Ail F n < < r ( / / , I X , I: S . M
1 9  0 i" 0 f e f e  ( 1  v  ,  •’ i - 1 9 . 4 )
•< !- r 11 H M
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THE TRANSFORMATION OF COORDINATES BY ADDITION THEOREMS
a) C h a r a c t e r is a t io n  o f  th e  v e c to r  wave e q u a tio n  (R e fe re n c e  10)
The e l e c t r i c  and m a g n e tic  f i e l d s  in  a s o u r c e - f r e e  homogeneous 
medium a re  d iv e rg e n c e le s s  and each s a t i s f i e s  a v e c to r  wave e q u a tio n
APPENDIX B
V x V x  A -  k 2  A =  0  (B I)
I t  i s  w e l l  known (R e fe r e n c e l l )  t h a t  in d e p e n d e n t s o lu t io n s  o f  t h is  
e q u a tio n  can  b e  c o n s tr u c te d  as :
M = VU x R mn mn
N = — V x  M mn k  mn
(B2)
w i t h  th e  added r e l a t i o n :
M = 7 - V x N mn k  mn
w here  R is  a p o s i t io n  v e c to r  from  th e  o r ig in  0 ,  and th e  p o t e n t ia ls  
U a re  a c o rre s p o n d in g  co m p lete  s e t  o f  s o lu t io n s  o f  th e  s c a la r
wave e q u a tio n s
V2u -j- k 2u = 0  (B3)
In  s p h e r ic a l  c o o rd in a te s  such a s e t  o f  c h a r a c t e r is t ic  e q u a tio n s  is  
g iv e n  b y :
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u -  Z (3cR)Pm (co s0) exp(im d)) , -n£m<n (B4)mn n n
o<n<°°
Z (kR) i s  g e n e r a l ly  any s p h e r ic a l  B e s s e l f u n c t io n .  The a s s o c ia te d  n
Legendre  fu n c t io n  Pm{cos0) i s  ta k e n  as in  S t r a t t o n .n
m
2.2  _n+m _
_ ( l - x  ) d , 2  , . n  t ,
Pn U )  -  - V T t o  'X ’ |m ,Sn (B5>2  n i dx
Other forms can differ by a (-)m factor.
The s p e c i f i c  form s f o r  th e  v e c to r  wave fu n c t io n  a r e :
__ _  imPm (co s0) _
Mmn = Zn (kR) ^ 2  — ^ 0 --------- exp ( im 4 > )- i3exp (im<f>) —  p“ (c o s 0 )]  (B6 )
rr _ t  zn(kR)N - i — — —  n(n+l)P (cos0) exp(im<j>)mn k k n
+  f e  f e  [ R Z n ( k R )  ]  [ i 2 e x P j( i m «  p “ ( c o s 8 )
__ imPm (cos0)
+ i 3 — i I 5 e —  “ *> « “ ♦>]
w here  i  , i ^  and i^  a r e  u n i t  v e c to r s  i n  d i r e c t io n s  o f  in c r e a s in g  
R , 0 ,  <j> r e s p e c t iv e ly .
N o te  t h a t  M a x w e lls  e q u a tio n s  f o r  harm onic  t im e  dependence  
e x p ( - iw t )  and f o r  s o u rc e le s s  re g io n s  a r e :
V x  E = iwyH
V x H = iweE
(B7)
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where k  = w p .  From (B2) i t  fo l lo w s  t h a t  f o r  an E - f i e l d  c o n t r ib u t io n
o f  th e  fo rm  M t h e r e  i s  a s s o c ia te d  e x a c t ly  an H - f i e l d  te rm  {k /ia )y )N
mn mn
S i m i la r ly  f o r  an E - f i e l d  c o n t r ib u t io n  N th e r e  is  a s s o c ia te d  an H - f i e l dmn
term  (k/i<joy)M  . F u rth e rm o re  th e  d e t a i le d  form s in  (B6 ) show t h a t  M
mn mn
has no r a d i a l  com ponent and hence a l l  r a d i a l  f i e l d s  components m ust be 
re p re s e n te d  by s o l e ly ,  i e .  E ty p e  modes in  w h ich  o n ly  th e  e l e c t r i c  
f i e l d  has a r a d i a l  com ponent and H ty p e  modes s i m i l a r l y .
F o r a g e n e r a l is e d  f i e l d  b o th  3ty p e s  o f  modes a re  p r e s e n t :
_ 00 n
E = 1 1 [A M +B N ], u mn mn mn mn n = l  m =-n
2 2
00 n _ _
H = (“ ) I  I  [A N +B M ]
iw y  i u mn mn mn mnJ n = l  m=-n
I t  i s  n o te d  t h a t  i f  a t r a n s la t io n  o r  r o t a t io n  o r  b o th  o f  th e  
c o o rd in a te s  is  made th e n  a new s e t  o f  s c a la r  and v e c to r  wave fu n c t io n s  
can be a n a lo g o u s ly  d e f in e d  w i t h  re s p e c t  to  th e  new c o o r d in a te s . S in c e  
any one o f  th e  p re v io u s  v e c to r  wave fu n c tio n s  d e f in e s  a p e r f e c t ly  v a l i d  
v e c to r  f i e l d  i t  m ust be exp an d a b le  o v e r th e  new s e t .  T h a t  i s  un d er  
c o o rd in a te  r o t a t io n s  and o r  t r a n s la t io n s  th e r e  MUST e x i s t  a d d i t io n  
theorem s o f  th e  fo rm :
_  °° +n _
M (R,0,<f>) = I I  [CtajVlnifnjM^CR/Q 
n = l m =-n i!i l
+ D (y / v |m / n)N mn(R ;0 ; ( j) ') ]  (B9)
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00 n  _  
N u v (R/6 , ( j ) )  =  [ c  ( y , v | m / n ) N m n ( R ) 0 J < j ) ')
n = l  m =-n  
+ D ( y , VI m, n)M  (RJ 0; <J>' )  ]i mn J
where (R;0J<j>') i s  th e  new s e t  o f  s p h e r ic a l  c o o rd in a te s .
b) C o o rd in a te  R o ta t io n
I t  i s  r e l a t i v e l y  s im p le  t o  d e s c r ib e  th e  a d d i t io n  theorem s f o r
M and N u n d er c o o r d in a te  r o t a t i o n ,  
mn mn
The second s e t  o f  c o o rd in a te s  i s  (R, 0J<f>‘ ) c e n tre d  a t  0  b u t  w ith  
re s p e c t  t o  th e  o r i g i n a l  (R,0,<j>) system . The r a d i a l  c o o rd in a te  i s  
i n v a r i a n t  u n d e r r o t a t i o n .
The a d d i t io n  th e o re m  f o r  th e  s p h e r ic a l  SCALAR wave fu n c t io n  i s  
f i r s t  fo u n d . These  theorem s a re  w e l l  known in  quantum  m echanics  
as a s p e c ia l  case  in  th e  s tu d y  o f  th e  3 -d im e n s io n a l r o t a t io n  g ro u p .
In  term s o f  E u le r 's  a n g le s  o f  r o t a t io n ,  th e  a d d i t io n  theorem  ap p e ars
as
and
V ® ' * ’ -  j  . V C8 , * , ,D » ' i ,aBY) (B IO )m —- 3
Y jra ( e ^ )  = ( - ) m[ C ^ )  p“ (oos0 ) e x p ( i m* )  (B11)
The c o o rd in a te s  0 , <p b e in g  th e  o r ig in a l  s e t  w h i le  0 ' , <j>' a re  
th e  new s e t ,  o b ta in e d  by a r i g i d  r o t a t io n  o f  th e  f i r s t  s e t  o f  axes  
th ro u g h  th e  E u le r  a n g le  a ,  8 , y .  The c o n v e n tio n  ad o p ted  i s  t h a t  
th e  a n g le s  a ,  8 , y a re  p o s i t i v e  in  th e  sense o f  r o t a t io n  o f  a
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r ig h t -h a n d e d  screw  in  th e  r i g h t  handed fram e o f  a x e s . The c o e f f ic ie n t s  
(*1)D , (a3y ) a re  th e  m a t r ix  e le m e n ts  o f  a u n i t a r y  t r a n fo r m a t io n  and a re  
m 'n
g iv e n  b y :
Dm’«m( a ,3 ,Y )  = CexPim ,a 3 < \ ^ ( 3 )  [exp im y] (B12)
w here:
hi= r * (j-m1) r j+m w j-m ■
m'nrip' (j+m)I (j-m)! J £ a ;
, . j - m ' - c r ,  g 2 p+m' +3» . g 2 j - 2 cr-m'-m
.(-) (cosj) ~2 (813)
B oth  s id e s  o f  e q u a tio n  (B IO ) in v o lv e  s u r fa c e  harm o n ics  o f  th e  same
o rd e r  j  and hence i t  i s  a  t r i v i a l  s te p  to  in t ro d u c e  a d d i t io n a l
r a d i a l  wave fu n c t io n  f a c to r s  z . (kR) on b o th  s id e s  to  o b ta in  a r e l a t i o n3
on t o t a l  wave fu n c t io n s .  U s in g  e q u a tio n  (B 4 ) , (B IO ) can be w r i t t e n  a s :
n
u (R , 0 , <f>) = y 3 (y ,m ,n ) u (RJ 0 Jcj>' )  (B14)um “ mnm=-m
where from  ( B l l )
5^, Nm+nr(n+y)! (n-m)^ _(n),
B ( p , m , n )  -  ( - )  [ R m U T  T rr tS T r l  DmP <B15)
So f a r  th e  a d d i t io n  theorem s f o r  th e  s p h e r ic a l  SCALAR wave fu n c t io n s  
have been fo u n d .
The v e c to r  o p e r a to r .V  i s  d e f in e d  in d e p e n d e n tly  o f  th e  c o o rd in a te  
system  and due to  th e  common o r ig in  th e  same R is  th e  p o s i t io n  v e c to r  
f o r  b o th . I t  fo l lo w s  im m e d ia te ly  from  (B14) and th e  b a s ic  d e f in i t io n s  
o f  th e  v e c to r  wave fu n c t io n  t h a t :
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M (R,e,<j>) = Vu (R,e,<{>) x  R yn  T yn
n
= I  8  (y ,m ,n )Iy U n (R,0;^j>, ) (B16)
m =-n
c) R ig id  C o o rd in a te  T r a n s la t io n
Suppose a second c o o r d in a te  o r i g i n  i s  ta k e n  a t  p o in t  O' whose
c o o rd in a te s  a re  (R ,0  , <b ) w i t h  r e s p e c t  to  th e  f i r s t  o r ig in  0 .  The  o o o
s e t  o f  s p h e r ic a l  ^ c o o rd in a tes  ( r ; 0 J<J>') i s  in tro d u c e d  w ith  re s p e c t  to  
O' such t h a t  th e  axes 0 ' = 0  and <j>' = 0  a re  p a r a l l e l  to  th e  axes  
0 = 0  and <j> -  0 .  T h is  i s  th e n  a  r i g i d  t r a n s la t io n  o f  th e  c o o rd in a te  
system . The known a d d i t io n  th e o re m  f o r  th e  s p h e r ic a l  s c a la r  wave 
fu n c t io n  is
00 n
Uy v (R ' 0 ,4 )  = ^ ^ a (y fV |m ,n )y ^ (R ;e ;< |> * )  (B17)
n= 0  m =-ni
[ i t  sh o u ld  be n o te d  t h a t  d ep e n d in g  on th e  v a lu e  o f  R r e l a t i v e  to
R , th e  u may in v o lv e  a s p h e r ic a l  B e s s e l fu n c t io n  Z ' (kR) w h ich  is  o mn n
g e n e r a l ly  n o t  o f  th e  same ty p e  as th e  Z (kR) in v o lv e d  in  u  . T h is
V  y v
d is t in c t i o n  i s  n o t im p o r ta n t  i n  th e  d e r iv a t io n  b e lo w , w h ich  in v o lv e s
o n ly  th e  lo c a l  p r o p e r t ie s  o f  u ’ . 1
mn J
S in c e  th e  g ra d  o p e r a to r  i s  in v a r i a n t  o f  c o o rd in a te  system :
M (R , 0 , <J>) = Vu x  R
yv Y yv
oo n
= I  I  a ( y , v |m ,n ) [V u ’ x R ]  (B18)
n = 0  m =-n
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T h e  p r o b l e m  t h e r e f o r e  i s  t o  e x p a n d  t e r m s  o f  t h e  f o r m  V u '  x  R
m n
i n  t e r m s  o f  M "  a n d  N *  v e c t o r  w a v e  f u n c t i o n s ,  
m n  m n
I f  R q 1 s  t h e  p o s i t i o n  v e c t o r  o f  O '  r e l a t i v e  t o  0  t h e n :
S o  t h a t :
b u t
R  =  R  +  R '  ( B 1 9 )o
V u '  x  R  =  ( V u '  x  R  )  +  ( V u 1 x  R 1 )  ( B 2 0 )
m n  m n  o  m n
V u 1 x  R '  =  M *  ( B 2 1 )
m n  m n
S o  t h e  r e m a i n i n g  p r o b l e m  i s  t o  d e t e r m i n e  a n  e x p a n s i o n  f o r  V u 1 x  R  ,
m n  o
T h e  s i m p l e s t  a p p r o a c h  t o  t h e  p r o b l e m  a p p e a r s  t o  b e  t o  f i r s t
i d e n t i f y  t h e  p a r t  w h i c h  i s  r e p r e s e n t e d  b y  t h e  N '  f u n c t i o n  s i n c e
m n
t h i s  i n v o l v e s  o n l y  t h e  v e c t o r  c o m p o n e n t s  i n  t h e  i |  d i r e c t i o n .  T h a t  
i s  u s i n g  e q u a t i o n  ( B 1 6 )  a n  e x p a n s i o n  o f  t h e  f o r m :
oo p
i'. V u 1 x R  =  7  y  A  i 1 . N 1
1  m n  o  /  /  q p  1  q pp i q p
p  Z  ( I c R ' )
=  I  I  A    P  ( p + D  ( c o s 0  1 )  e x p  ( i q $ 1 )  ( B 2 1 )
p = l  q = - p  ^
i s  s o u g h t .
I t  m a y  r e a d i l y  b e  a s c e r t a i n e d  t h a t  a  f i x e d  v e c t o r  f i e l d  o f  
m a g n i t u d e  a n d  d i r e c t i o n  e q u a l  t o  R ^  i s  r e p r e s e n t e d  a t  t h e  g e n e r a l  
p o i n t  ( r ;  0  ;  cf> • )  b y  c o m p o n e n t s
72
R  .  i '  =  R  [ s i n Q  s i n 0 ' c o s ( d >  - d > ' ) + c o s 0  c o s O 1 ]  
o l  o L  o  ' T q  Y  /  Q  J
R  .  i '  =  R  [ s i n 0  c o s 0 ' c o s ( c j >  - < j > 1 )  - c o s 0  s i n O ' l  
o  2  o  o  o T o  J
R  .  i i  =  R  [ s i n 0  s i n ( d >  - d > ' ) ]  
o  3  o L o  o  T  J
( B 2 2 )
T h e  d e r i v a t i o n  t h e n  c o n s i s t s  i n  u s i n g  ( B 2 2 )  w i t h  t r i g r o m e t r i c ,  
L e g e n d r e  a n d  B e s s e l  f u n c t i o n s  i d e n t i t i e s .  T h e  c o m p u t a t i o n s  a r e  
t e d i o u s .
F o r  t h e  r a d i a l  p a r t  c o m p a r i s o n  o f  t h e  e x p a n s i o n s  o n  t h e  t w o  
s i d e s  o f  ( B 2 1 )  y i e l d s :
\
n  =  m  =  0 ;  i ' . V u '  x  R  =  0  
1  o o  o
_  k R  __
n > l- ?  i ' . V u '  x  R  =  — - — — -—  i ' . { i m c o s 0  N '
1  m n  o  n  ( n + 1 )  1  o  m n
T r  s i n 0  e x p ( - i d >  ) N '  ,
2  o  ^  T o  m + l , n
—  s i n 0  e x p ( i < f >  )  ( n + m )  ( n - m + l ) N '  _ }  ’ ( B 2 3 )
z  o  o  m - l , n
T h i s  c o m p l e t e l y  i d e n t i f i e s  t h e  r a d i a l  c o m p o n e n t  a n d  h e n c e  a l l
p o s s i b l e  N '  w h i c h  e n t e r  t h e  e x p a n s i o n  o f  V u '  x  R  .  I f  t h e s e  t e r m s  
m n  m n  o
a r e  s u b t r a c t e d  f r o m  V u f a  x  R ^  t h e  r e m a i n i n g  e x p r e s s i o n  c o n t a i n s  t e r m s  
l n  M m n  o n Y Y *  ' T h e s e  c a n  b e  f o u n d  b y  c o n s i d e r i n g  e i t h e r  t h e  i ^  o r  f a  
c o m p o n e n t s .
T h e  r e s u l t  m a y  b e  s u m m a r i s e d  a s  f o l l o w s :
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n  =  m  =  O ;
_  kR _
V' x R = kR cos© M', + — sin0 exp (-id) )M‘ oo o o o 01 2 o r  To 11
-  k R  s i n 0  e x p  ( i d )  ) M ' _  ,  o o o -1 ,1
a n d  f o r  n i l
_  k R  _ _
V u 1 x  R  -  — 7  v -  . ~  { i m c o s O  N 1 -  — • s i n 0  e x p  ( - i d )  ) N '  _ 
m n  o  n ( n + l )  o  m n  2  o  o  m + l , n
“  s i n 0  e x p  ( i d )  )  ( n + m )  ( n - m + l ) N '  ,  }
2  o  o  m - l , n
k R
■ o  r  A n + m  _ n — m + l  _
M 1 +  — — —  { c o s 0  [ ------------- M '  _ +   — —  M '  ]m n  2 n + l  o  n  m , n - l  n + 1  m , n + l
s i n 0  e x p  ( - i d )  )  .
+ ---------  [--------m' +---------- M* 1
2 - n  m + l , n - l  n + 1  m + l , n + 1
s i n ©  e x p ( i ^ )  )+ o o r (n+m) (n+m-1)
2  n  m - l , n - l
( n - m + 1 )  ( n - m + 2 )  — ,  ,
n + 1  m - l , n + l
R e f e r r i n g  b a c k  t o  t h e  g e n e r a l  f o r m  o f  e x p a n s i o n  i n  ( B 9 )  
( B 1 7 ,  B 1 8 ,  B 2 0 ,  B 2 1  a n d  B 2 4 )  c a n  b e  s u m m a r i s e d  a s :
00  n
M  ( R , 0 , ^ )  =  I  I  [ C ( y , v | m , n ) M f a ( R ; 0 ; ( j > ' )  
n = l  m = - n  ! ' “ 1Jl
+  D ( y , v | m , n ) N i Ji n ( R ' 0 ; < j ) ' ) ]
( B 2 4 a )
( B 2 4 b )
e q u a t i o n s
( B 2 5 a )
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w h e r e  C ( y , v | m , n )  =  a ( y , v ( m , n )
k R  c o s 0  . , _
o  o  n + m + 1  ,  | , _  .+  ~ 2 ^ 3   ' - S S T  « ( U . v | » , n + l )
k R  c o s 0
o  o  n - m  ,  | , s
+  ' < 2 n - l f  '  I T  '
k R  s i n O  e x p ( - i < j >  )
fe2n ;%  (n+I)~
k R  s i n 0  e x p  ( i d )  )o o o . i , ...+  . 2 ( 2 n - l ) n - - - - -  a ( U , v | m - l , n - l )
k R  s i n O  e x p ( i $  )  ,  , , o w  , l i x
.  Q  °  ( n + m + 2 )  ( n + m + 1 )  ,
+ 2(2n+3) * n+1 * a(y,vjm+l,n+l)
k R  s i n O  e x p ( i < j >  )  ,  . . .  .
o  o  o  ( n - m - 1 ) ( n - m )  .  i . .  . . . 2 ( 2 n _ 1}    •  — - - -  . a ( y , v | m + l , n - l )
i k R  c o s 0
D ( y ,  v j m , n )  =  — n (~ n - i T ) ~ ~  m a ( y , v | m , n )
i k R  s i n O  e x p  ( - i d )  )O O O . | _ .
 ------------------------------  a ( p , v | m - l , n )
i k R  s i n O  e x p ( i < j >  )
 2~n ( n ~+ ~1 ' ) --------------------------  ( n + m + 1 )  ( n - m ) a ( y , v | m + l , n )
a n d a ( y , v  m , n )  =  ( 2 n + l )
( V + 2 m )  I  ( m - y )  I
v !  ( m + y )
( y + v )  m  n ( y + v )  m  n
0  0  0 . y  - y  o .
( B 2 5 b )
( B 2 5 c )
(B26)
w h e r e  t h e  3 j  W i g n e r  c o e f f i c i e n t s  a r e  d e f i n e d  t o  b e  ( R e f e r e n c e l 2 )
( B 2 7 )
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APPENDIX C
T H E  T R A N S F O R M A T I O N  O F  C O O R D I N A T E S  V I A  F O U R I E R  T R A N S F O R M S
4 Z2
Cl
T h e  t r a n s v e r s e  e l e c t r i c  f i e l d  a t  P  d u e  t o  a n t e n n a  1  a t  o r i g i n  
O ^  i s  i n  t e r m s  o f  f a / f a / f a  ( s e e  f i g u r e  C l )
( r , )  I  I  I < Wr i \
n = l  m = 0  e . O
w h e r e
+  S '  '  ( ® ' 0 ) S ( 2 )  ( k r  ) e '  * ( 0 / O )  ( 0  , < j > _ ) }  
I n m  n  1  n m  1  r l
— ( e r O )  1  r _ 3  m ,  A . r c o s m d > ,  T  1
e  -  _  _ —  { Q  — -  p  ( c o s Q )  f  . ; +  d> — — -
n m  N  o  3 0  n  s r n m d )  o  s m 8
n m  T
3  7-1^  * r c o s m ^ )—  P (cos0)[ . T> 3 cp n Lsinm<j> (C2)
B y  m e a n s  o f  a d d i t i o n  t h e o r e m s  d e v e l o p e d  b y  S t e i n  a n d  C r u z a n  ( R e f e r e n c e
t h e  f i e l d  c o u l d  b e  e x p a n d e d  a b o u t  o r i g i n  0 2  i n  t e r m s  o f  c o o r d i n a t e s  
r 9 ,  0  /  f a  a n d  s i n c e  t h e  f i e l d s  m u s t  b e  f i n i t e  a t  0 o  t h e  r e s u l t i n g  
e x p r e s s i o n s  f o r  t h e  t r a n s v e r s e  e l e c t r i c  f i e l d  m u s t  b e  o f  t h e  f o r m :
where a|Sf^  are the amplitudes o f the incoming and outgoing spherica l
m o d e s  a n d  t h e  J  a r e  s p h e r i c a l  B e s s e l  f u n c t i o n s .  T h e  a d d i t i o n  t h e o r e m s  
n
e n a b l e  t h e  a m p l i t u d e s  t o  b e  f o u n d  b u t  i n  g e n e r a l  t h e  p r o c e d u r e  i s  
c u m b e r s o m e . - -  i t  i s  b e t t e r  t o  e x p r e s s  t h e  f i e l d  o f  a n t e n n a  1  a s  a  s u p e r p o s i t i o n  
o f  p l a n e  w a v e s  a n d  c o m p a r e  t h e  r e s u l t i n g  e x p r e s s i o n  w i t h  t h e  c o r r e s p o n d i n g  
e x p a n s i o n  i n  s p h e r i c a l  m o d e s .  T h e  a j ^ £ ° ^  c a n  t h e n  b e  i d e n t i f i e d  a s  
i n t e g r a l s  i n v o l v i n g  t h e  f a r  f i e l d  p a t t e r n  o f  a n t e n n a  1 .
T h e  . f i e l d , . a t  p  d u e , t P  . t h e  a n t e n n a  a t  0 ^  w i t h  n o t h i n g  v i s i b l e  a t  
C >2 m a y  b e  w r i t t e n  a s  t w o - d i m e n s i o n a l  F o u r i e r  t r a n s f o r m s :
oo  oo
( C 4 )
—00 — oo 
oo 00
Z!  * 0 ( C 5 )
H  =  k  x  E ( C 6 )
w y
o
( C 7 )
T h e  f i e l d s  w i l l  b e  d e c o m p o s e d  i n t o  E  a n d  H  m o d e s  a l o n g  
L e t  i t ' a n d  i r "  b e  r e s p e c t i v e l y  t h e  s c a l a r  E  a n d  H  m o d e  H e r t z  p o t e n t i a l s .
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H  ( r . )  =  j w e  V x  z^.ir'+V x  V x  z ir" ( C 9 )
1  o  0 1  0 1
D e n o t e  b y  f ,  f "  t h e  F o u r i e r  t r a n s f o r m s  o f  t h e  H e r t z  p o t e n t i a l s  
d e f i n e d  b y :
CO OO
1
f 1 ( k  , k  ) =  „
x f  y  2t t  J J
f ” ( k  , k  )  =x y 2ir J
— 0 0  — OO
OO 00
1
1 ( x i ' Y i ' 0 ) * e x P [ j ( k x X l + k y y ) 1  * d x i d Y i  ( C I O )
tt" ( x  , y  , 0 ) . e x p  j ( k  x  + k  y  )  d x  d y  ( C l l )
J. i. X X  Y  J* JL JL
T h e  t r a n s f o r m e d  f i e l d s  E ,  H  i n  ( 0 4  a n d  G 5 )  a r e - r e l a t e d  t o  f *  a n d  f "
b y
E  =  - k  x  (k x  z ^ , ) f ' - w y  k  x  z  f "  ( C 1 2 )
O l  O  o ±
H  =  w e  k  x  z ^ . f ' - k  x  ( k  x  z ^ . ) f "  ( C 1 3 )O Ol Ol
T h e  c o n n e c t i o n  b e t w e e n  t h e  p l a n e  w a v e  r e p r e s e n t a t i o n  a n d  t h e  s p h e r i c a l  
m o d e  r e p r e s e n t a t i o n  c a n  b e  m a d e  t h r o u g h  t h e  r a d i a l  c o m p o n e n t s  o f  t h e  
f i e l d s .  T h e  e l e c t r o m a g n e t i c  f i e l d s  c a n  a l s o  b e  d e r i v e d  f r o m  p o t e n t i a l  
f u n c t i o n s  ( D e b y e  p o t e n t i a l s )  r ^ .  E  a n d  t h e  f o r m e r  y i e l d i n g  E
m o d e s  i n  s p h e r i c a l  c o o r d i n a t e s ,  t h e  l a t t e r  H  m o d e s .
U s i n g  t h e  i n d e n t i t y :
r . E  =  x  E  + y  E  + z _ E _  ( C 1 4 )
1  l x  l y  1 2
w i t h  ( C 4 )  a n d  ( C 1 2 )  g i v e s
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r p . E ( r p )
1
2tt
— 00 —00
d k  d k  [ ~ $ . x  ( k  k  f ' + w y  k  f " )  
x  y  1  l  x  z  o  y
-<Ji v .  ( k  k  f ' - w j i  k  f j + i j r z -  ( k  - k  ) f ' ]  
1  1  y  z  o x  1 1  z  J
(C15)
w h e r e =  e x p ( - j k t - r 1 ) ( C 1 6 )
E x p r e s s i n g  k  i n  s p h e r i c a l  ( k ,  a ,  8 )  r a t h e r  t h a n  r e c t a n g u l a r  c o o r d i n a t e s  
t h i s  b e c o m e s .
r l ’ E
1
2 tt
3 ^ i  a  ii,
d k  d k  .  [ w y  f "  ( - T - T - )  - k s i n a f  "  ( — ^ - )  ]  
x  y  L r o  3 8  9 a  J
( C 1 7 )
—00 —00
A f t e r  e v a l u a t i n g  ( C 4 )  a n d  ( C 5 )  b y  t h e  m e t h o d  o f  s t a t i o n a r y  p h a s e  
a n d  e m p l o y i n g  ( C 1 2 )  a n d  ( C 1 3 )  f  a n d  f "  m a y  b e  r e l a t e d  t o  t h e  f a r  
f i e l d s  r a d i a t e d  b y  a n t e n n a  1 .
U s i n g  t h e  d e f i n i t i o n  o f  t h e  f a r  f i e l d  p a t t e r n :
F ( 0 , c } > )  =  F o 0  + F A  
0  o  6  o
=  l i m  y 2 [ r e x p j k r ] E t ( r , 0 , < j > )  
r  • +  00
00 n
=  1 1 1  { ( j ) n a ’ ( e ' 0 ) e ' ( e ' 0 ) ( 6 , < | > ’)
n = l  m = C  e , 0  11111 ^
+  ( j ) n + 1 a "  ( 0 / O ) e " ( e / O )  ( 0 , c } > ) }
n m  n m
( C 1 8 )
t h e  r e s u l t  i s :
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h F lel (0i
- j k  s i n O ^ c o s O ^
r . . , n  > ,  p u i (W
f" (e ,<p ) = n -fa-1 -
j k  s i n Q ^ c o s O ^
S u b s t i t u t i n g  ( C 1 9 )  a n d  ( C 2 0 )  i n t o  ( C 1 7 )  a n d  c h a n g i n g  t h e  
t o  a ,  3  g i v e s :
h  f27T
r l - E ( r l )  = 2 7
d 3
dip
d a [ F
dip
+  s i n a F l a ( a , 3 )  ( ^ - )  ]
a n d  s i m i l a r l y :
r 1 .H (r1) 2
2tt
d3
dip
+ sinaF l 3 (a,3) ( ^ )  ]
(C19)
( C 2 0 )
v a r i a b l e s
( C 2 1 )
( C 2 2 )
T h e  c o n t o u r  o f  i n t e g r a t i o n  i n  t h e  c o m p l e x  a  p l a n e  r u n s  f r o m  ( 0 , 0 )
IT 7F
t o  f a / O )  t o  f a , 0 0 )  a s  s h o w n  i n  f i g u r e  C 2
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T h e  i n t e g r a l  r e p r e s e n t a t i o n s  i n  ( C 2 1 )  a n d  ( C 2 2 )  e x p r e s s  t h e  
D e b y e  p o t e n t i a l s  i n  t e r m s  o f  t h e  c o o r d i n a t e  s y s t e m  ( r ^ , 0 q ,< j> q )  .
T h e s e  p o t e n t i a l s  c a n  a l s o  b e  e x p r e s s e d  i n  t e r m s  o f  t h e  t r a n s l a t e d  
c o o r d i n a t e  s y s t e m  ( r 2 ' ^ 2 , ( f e  b y  n o t i n g  t h a t  t h e  t r a n s l a t i o n  o f  
c o o r d i n a t e s  c o r r e s p o n d s  t o  a  m u l t i p l i c a t i o n  o f  a l l  f a r  f i e l d  q u a n t i t i e s  
b y  e x p [ - j k „ D ] .  S o  t h a t  u p o n  c h a n g i n g  r ^  i n t o  r 2  i n  ( 2 1 )  a n d  ( 2 2 )
w h e r e
r  . E  ( r 2 ) £1 2 TT
2 tt
d3 d a e x p ( - j k . D )
r
[ P i e ( a ' B )  ( l / >  + s l n a F l a ( a ' B )  ]
( C 2 3 )
r 2-H (r2} = 2 7
2ir
dp
o
d a e x p  ( - j k . D )
[ P l a ( “ ' 3 )  ( 3 F ) _ s i n a P 1 / a ' S )  ( l f e ]
( C 2 4 )
\ p 2 =  e x p ( - j k . r 2 ) ( C 2 5 )
C h o o s i n g  D  =  D x x 0 2 + D y Y o 2 + D z Z 0 2  w i t h  D z  >  0  e a c h  i n t e g r a l  i n  ( C 2 3 )  
a n d  ( C 2 4 )  c o n t a i n s  a  d e c a y i n g  e x p o n e n t i a l  f o r  r 2  =  O  s i n c e  l m c o s a  <  O  
o r . r .  . . C o n s e q u e n t l y : t h e : r e p r e s e n t a t i o n s  ( C 2 3 )  a n d  ( C 2 4 )  y e i l d  a  s e t  o f  
p o t e n t i a l  f u n c t i o n s  t h a t  a r e  f i n i t e  a t  r 2  = 0 .  A l l  f i e l d  c o m p o n e n t s  
d e r i v e d  f r o m  t h e s e  p o t e n t i a l s  r e m a i n  f i n i t e  a n d  ' t h e  t r a n s v e r s e  f i e l d s  
m u s t  p o s s e s s  s e r i e s  e x p a n s i o n s  i n  t e r m s  o f  s p h e r i c a l  v e c t o r  m o d e  f u n c t i o n s  
a s  i n  ( C 3 ) .
T h e  s p h e r i c a l  m o d e  d e s c r i p t i o n  g i v e s
82
n
r E V  =  I  £  { V ' ( e )  ( r ) e ( e )  ( O ^ + V ’ ( 0 )  ( r ) e ( 0 )  ( 0 , < j > )
t  f e  f e  n m  r a n  r  n m  n m  T
n = l  m = 0
a n d
+  V " ( 0 )  ( r )  [ e ( e )  ( 6 , < j ) )  x  r  ]  +  V "  ( 0 )  ( r )  [ e  ( 0 )  ( 0 ,  <j>) nm nm oJ nm L nm
00 n
t  f e  f e  ~ n m  
n = l  m = 0
r H 4-  =  I  1 ( I '  ^  ( r )  [ r  x  e ( e )  ( 0 ,  tf> )  ]4 - i-i  Lt  r i m  *- q  1 U H  T J
+  I ' ^ ° ^ ( r ) [ r  x  e ^ ( 0 , < f > ) ]  
n m  o  n m  J
+  I "  ( e )  ( r )  e ( e )  ( 0 , < f > )  +  I "  ( 0 )  ( r ) e ( 0 )  ( 0 , < J > ) }  
r a n  n m  n m  r u n
a n d :
j w e ( r . E )  = 1 1  I [B i ™ ] f e e ' 0 )  . 4 > ^ , 0 )  0 , 4 . )
n = l  m = 0  ( e f O )  r  n m  n m
n
j w y ( r . H )  = 1 1 1  [ ° i S ± 3 X . ] V n  ( e , 0 ) ( j> ( e / 0 )  ( Q ^ }
n = l  m = 0  e , 0  r  r a n  n m
w h e r e
( e , 0 )  . 1  . m ,  Q . r c o s m ^ ife™ (0,$) = (7— )P (cos0){ . Y 
r a n  N  n  s i n m d )
n m  T
A f t e r  c o m p a r i n g  t h e  m o d e  v o l t a g e  i n  ( C 2 6 )  -  ( C 2 9 )  w i t h  t h e  
c o e f f i c i e n t s  i n  ( C 3 )  t h e  r e s u l t  i s :
I I
r 2 . i , 7 2, 1 1 [
n = l  m = 0  e , 0
x  r  1 }  ( C 2 6 )  
o J
( C 2 7 )
( C 2 8 )
( C 2 9 )
( C 3 0 )
e x p a n s i o n
f e f e ”  « V 6 >  [ 5 ( k r  ) / k r  ]  ix f xn 2 2 ix 2 2 (C31)
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n
V H" 2( r , )  =  - j 2 ( n ) i 2  I I I  n ( n + l ) a ^ ’ 0 )  ( k D )  
n = l  m = 0  e , 0
^nm,0> <®2'^>2) [3n (k r2) / k r 2] (C32)
' E q u a t i o n s  ( C 2 4 )  ( C 2 5 )  ( C 3 1 )  a n d  ( C 3 2 )  a r e  a l t e r n a t i v e  r e p r e s e n t a t i o n s
o f  t h e  D e b y e  p o t e n t i a l s .  U s i n g  t h e  e x p a n s i o n  o f  e x p t - j k . r ^ )  i n  t e r m s
o f  s c a l a r  m o d e  f u n c t i o n s  ( S t r a t t o n  p 4 0 9 ~ 4 1 0 )  i n  ( C 2 4 )  a n d  ( C 2 5 )  o n e
c a n  s o l v e  f o r  t h e  s p h e r i c a l  m o d e  a m p l i t u d e s  a n .  T h e  r e s u l t  i s :lnm
, ,  <e.O) 
lnm
e 2tt
d g  j  d a  ( -  j )  n e x p  ( - j k .  D )
o J r
s i n a F ] L t ( a / 8 )  . e *  ^ e ' ° ^  ( a , 8 ) ( C 3 3 )
... (efO) 
l n m
2 ir
d8 d a ( ~ j ) n + 1 e x p ( “ j k . D )
s i n a F  ( a , 8 ) . e " ^ e ' ° ) ( a , 3 )  
I t  n m
( C 3 4 )
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2 .  A  S C A T T E R I N G  D E S C R I P T I O N  O F  R A D I A T I O N  P R O B L E M S
2 . 1  T h e  C a l c u l a t i o n  o f  t h e  S c a t t e r i n g  M a t r i x
T h e  m e t h o d  u s e d  t o  o b t a i n  t h e  s c a t t e r i n g  m a t r i x  i s  d e s c r i b e d  
i n  t h e  s e c o n d  r e p o r t  ( r e f .  2 )  a n d  W i l t o n  a n d  M i t t r a  ( r e f .  3 )  b u t  
t h e  m a t h e m a t i c s  u s e d  a r e  i n  p a r t s  i n c o r r e c t  a n d  c o n f u s i n g .  T h u s  
t h e  m e t h o d  w i l l  b e  s u m m a r i s e d  b e l o w  w i t h  s u i t a b l e  c h a n g e s  t o  
s t a n d a r d i s e  t h e  n o t a t i o n .
T h e  s c a t t e r e d  f i e l d  i n  t h e  c o o r d i n a t e  s y s t e m ,  0 ,  o f  t h e  
s c a t t e r e r  c a n  b e  d e s c r i b e d ,  a s  s h o w n  b e f o r e ,  b y  t h e  e q u a t i o n
OO
E S ( p )  =  I  3 n j " V 2 )  ( k p ) e x p ( j n < ( ) )  ( 1 )
• n = - ° °
w i t h  g e o m e t r y  a s  i n  f i g .  1 .  H o w e v e r ,  t h i s  s o l u t i o n  w i l l  n o t
c o n v e r g e  f o r  p < p  . a s  t h a t  r e g i o n  c o n t a i n s  s i n g u l a r i t i e s ,  
m m
a l t h o u g h  t h e  s c a t t e r e d  f i e l d  a t  P  c a n  b e  d e s c r i b e d  i n  t h e  t r a n s ­
l a t e d  c o o r d i n a t e  s y s t e m ,  O ' ,  f o r  p ' < p  ,  s u c h  t h a t  p '  i s
- - - - -  J  m a x
n o r m a l  t o  t h e  s u r f a c e ,  b y
2G e o m e t r y  f o r  F i e l d  C a l c u l a t i o n  
w i t h  a n  A r b i t r a r y  L i n e  S o u r c e
300
E S ( p o + p ' )  =  I  m J m  ( k p  ' )  e x p  ( j m < j > ' ) (2)
I n  o r d e r  t o  e x p r e s s  t h e  f i e l d  a t  P  i n  t h e  t r a n s l a t e d
c o o r d i n a t e  s y s t e m  u s i n g  t h e  o r i g i n a l  c o e f f i c i e n t s ,  8 n #  t h e
a d d i t i o n  t h e o r e m  f o r  H a n k e l  f u n c t i o n s  i s  i n v o k e d  f r o m  W a t s o n
T h u s ,  f o r  e v e r y  p o i n t  P  o n  t h e  s u r f a c e  o f  t h e  c y l i n d e r ,  
t h e r e  i s  a n  e q u a t i o n  w h i c h  d e s c r i b e s  t h e  f i e l d  a s  c y l i n d r i c a l  
w a v e s  a r o u n d  a  t r a n s l a t e d  o r i g i n  a n d  w i l l  c o n v e r g e ,  b u t  w h i c h  
s t i l l  r e t a i n s  t h e  o r i g i n a l  e x p a n s i o n  c o e f f i c i e n t s  w h i c h  a r e  
c o m m o n  t o  a l l  p o i n t s  o n  t h e  s u r f a c e .  F o r  I  p o i n t s ,  t h i s  
c a n  b e  w r i t t e n  i n  m a t r i x '  n o t a t i o n  a s
( r e f .  4 ) ,  n o t i n g  t h a t  P o > p ‘ ,  w h i c h  g i v e s
00 OO
exp [j (n-m) $ ]J  ( k p  ' )  exp(jm(f>') ( 3 )
w h e r e
[ e s ] =  [b . ] [e ]
L L l r r  L n J
00
B .  =  j  n  J  ( k p  . )  e x p [  j  ( n - m )  <f> . ]
x n  L  n - m  o x  Y o x J
( 4 )
J  ( k p  ! )  e x p  ( j m d ) ! )  
m  x  x
( 5 )
I t  i s  n o w  p o s s i b l e  t o  a p p l y  t h e  b o u n d a r y  c o n d i t i o n  t h a t  
o n  t h e  s u r f a c e
4E. = - E. 1  i
s
m eIf E. is taken to be i
„ i n c  . - t T T ( l ) . , ,  .  \
E ± t  =  a f c D  H t  ( k p ^ e x p ^ t f a )  ( 6 )
w i t h  a  = 1  a n d  r e m e m b e r i n g  t h a t  
t
3 = 0 -  a 
n  n t  t
t h e n  f o r  a n  i n c i d e n t  f i e l d  o f  o r d e r  t
I  =  a  . ( 7 )
n  n t
T h e r e f o r e  t o  f i n d  t h e  s c a t t e r i n g  m a t r i x ,  i t  i s  n e c e s s a r y  t o  
s o l v e
- [BllPC] = [B. ][o .] (8)
L i t  J  L m J  L  n t J
F i n a l l y ,  t h e  l i m i t s  a t  w h i c h  t h e  i n f i n i t e  s u m m a t i o n s  o v e r  
m  a n d  n  i n  T b .  1  c a n  b e  t r u n c a t e d  m u s t  b e  f o u n d .  I t  h a s  b e e n
s h o w n  i n  t h e  s e c o n d  r e p o r t  ( r e f .  2 )  t h a t  .
n  >  k p  . ( 9 )
' m a x 1 m m
i s  a  n e c e s s a r y  c o n d i t i o n  f o r  t h e  s u m m a t i o n  t o  c o n v e r g e  b u t  
W i l t o n  a n d  M i t t r a  ( r e f .  3 )  h a v e  s h o w n  t h a t  t h e  s u m m a t i o n  w i l l  
o n l y  c o n v e r g e  w h e n
|  m  l >  k p  +  k p  ( 1 0 )
1 m a x 1 m i n  o
2 . 2  T h e  C a l c u l a t i o n  o f  t h e  F i e l d  R a d i a t e d  b y  a n  A r b i t r a r y
L i n e  S o u r c e  i n  t h e  P r e s e n c e  o f  a n  A r b i t r a r y  T w o - D i m e n s i b n a l  
S c a t t e r e r
T h e  l a s t  r e p o r t  ( r e f .  1 )  d e s c r i b e d  t h e  c a l c u l a t i o n  o f  t h e  
r a d i a t e d  f i e l d  d u e  t o  a  l i n e  s o u r c e  o n  t h e  x - a x i s .  W i t h  a  
s l i g h t  a l t e r a t i o n ,  t h e  f i e l d  d u e  t o  a n  a r b i t r a r y  l i n e  s o u r c e  c a n  
b e  f o u n d .  C o n s i d e r  a  l i n e  s o u r c e  a t  0 ^  a n d  a n  a r b i t r a r y  t w o  
d i m e n s i o n a l  s c a t t e r e r  w i t h  a n  o r i g i n  a t  0^  a s  s h o w n  i n  f i g .  2 .  
T h e  f i e l d  r a d i a t e d  a t  P  i s  p r o p o r t i o n a l  t o
„(2) 1 
H  ( k r , )  o 1
b u t  m a y  b e  e x p a n d e d  a b o u t  t h e  o r i g i n  o f  t h e  s c a t t e r e r  b y  u s i n g  
t h e  a d d i t i o n  t h e o r e m  g i v e n  b y  W a t s o n  ( r e f .  4 )  a s
(2) x _ v „ (2)
i i O
n = - ° °
( k r  )  =  y  H ^ ( k D ) J  ( k r  ) e x p ( j n ( 0  - < j > ) )  ( 1 1 )  
i  n  n  z  d
p r o v i d e d  r 2 < D .
T h e  f i e l d  i n c i d e n t  o n  t h e  s c a t t e r e r  i s  t h e n  g i v e n  a s
»  H * 2 )  ( k D )  .
I  -----------------0  H  ( k r „ ) e x p ( j n ( 0  - < J > ) )  ( 1 2 )
z  n  z  zn=-oo
b u t  i t  m u s t  b e  w r i t t e n  i n  t h e  f o r m
.6
T a j  n H ^  ( k r 0 ) e x p ( j n 0 o )  ( 1 3 )
_  n  n  z  z
n = <»
t o  u s e  t h e  s c a t t e r i n g  m a t r i x .  I t  f o l l o w s  t h a t
j V 2 )  ( k D )
a  _      e x p ( - j n < { > )  ( 1 4 )
n  Z
I t  h a s  b e e n  s h o w n  i n  t h e  l a s t  r e p o r t  ( r e f .  1 )  t h a t  t h e  
c h a n g e  i n  t h e  f i e l d  i s  g i v e n  b y
N  N  m
y  {  y  a  a  " - a  } j  H  ( k r  ) e x p ( j m 0  )  ( 1 5 )
. .  m n  n  m  m  2  • 2
m = - N  n = - N
b u t  t h e  f a r  f i e l d  d u e  t o  t h e  s o u r c e  i s  n o w  g i v e n  b y  W a t s o n  
( r e f .  4 )  a s
N
(kr.)  =  y H ^ ( k r 0)J (kD) e x p  ( jn ( 0 o - ( j > ) )  ( 1 6 )o 1 n z  n  zn=-N
f o r  r 2 > D .  F i n a l l y ,  t h e  t o t a l  f i e l d  i s  g i v e n  b y  t h e  s u m  o f  
e q u a t i o n s  ( 1 5 )  a n d  ( 1 6 )  t o  b e
N  N
y  [  y  a  a  - a  + j m J  ( k D ) e x p ( - j m < j > ) ] e : x p ( j m 0  )  ( 1 7 )„  ^„ mn n m m --t j  ^ 2m=-N n=-N
a s  r - * » .
2 . 3  T h e  C a l c u l a t i o n  o f  t h e  T w o  D i m e n s i o n a l  R . C . S .
T h i s  s e c t i o n  i n  t h e  l a s t ,  r e p o r t  ( r e f .  1 )  w a s  f o u n d  t o  b e  
i n c o r r e c t . a n d  h a s  b e e n  a d j u s t e d  b u t  t h e  r e s u l t s  a r e  s t i l l  d u b i o u s
7so this section is only included for completeness as it may 
not yet be correct.
A plane wave incident upon the origin 0 of a scatterer 
in the direction 0, as in fig. 3, is given by
exp(jk.r) = exp( jkrcos (cj>~0)) (18)
This can be expanded into incoming and outgoing cylindrical 
waves which gives the incident waves as
00 H ^  (kr)
1 j"   exp(jn(4>-8)) (19)
n=~«>
The form of the incident field must be
oo
y a j nH ^  (kr)exp( jn<j>) (20)n n
n = - o o
to allow the use of the scattering matrix. Equating both wave 
descriptions gives
( - l ) na = — -—  exp(-jn0) (21)n 2
Now the R.C.S. is given as proportional to 
N N -  (2)y ( y a a -a )j ^  (kr)exp(jm^) (22)« “n n m. m ' r  j -rm=-N n=-N
T a k i n g  r  t o  i n f i n i t y  g i v e s ,  f o r  t h e  b i s t a t i c  c a s e

f 9
N  N
I  (  I  a n m “ n _ 0 t m ) e x p ( j l “ ' ! ’ )  < 2 3 >
m = - N  n = - N
a n d  f o r  t h e  m o n o s t a t i c  c a s e  t h e  s u b s t i t u t i o n  ^ = 0 + i r  i s  m a d e .
3 .  P R O G R A M  D E V E L O P M E N T
3 . 1  I n t r o d u c t i o n
I n  t h e  l a s t  r e p o r t  ( r e f .  1 )  ,  a  p l a n  f o r  t h e  d e v e l o p m e n t  
o f  t h e  c o m p u t e r  p r o g r a m  w a s  p u t  f o r w a r d .  T h i s  h a s  b e e n  u s e d  
a s  a  r o u g h  g u i d e l i n e  f o r  t h e  w o r k  c o m p l e t e d  s i n c e  t h e  r e p o r t .  
H o w e v e r ,  s o m e  o f  t h e  s u g g e s t i o n s  h a v e  p r o v e d  t o  b e  u n n e c e s s a r y  
s i n c e  c o r r e c t i o n s  i n  t h e  m a t h e m a t i c s  h a v e  e l i m i n a t e d  m o s t  o f  
t h e  e r r o r s .
3 . 2  C h o i c e  o f  M a c h i n e
T h e  f i r s t  s u g g e s t i o n  w a s  t o  c h a n g e  t h e  c o m p u t e r  u s e d .
A t  f i r s t , .  S u r r e y  U n i v e r s i t i e s '  I C L  1 9 0 5  m a c h i n e  w a s  b e s t  f o r  
p r o g r a m  d e v e l o p m e n t  b u t  f o r  p r o d u c t i o n  r u n s  w i t h  l a r g e  s c a t t e r i n g  
m a t r i c e s ,  t h e  L o n d o n  U n i v e r s i t y  C D C  7 6 0 0  m a c h i n e  w a s  u s e d .  T h i s  
m a c h i n e  g a v e  a  h u n d r e d  f o l d  d e c r e a s e  i n  m i l l  t i m e  a n d  a  f o u r  f o l d  
i n c r e a s e  i n  c o r e  s p a c e  a v a i l a b l e  w h i c h  a l l o w e d  s e v e r a l  r u n s  i n  
o n e  j o b .
W i t h  t h i s  i n c r e a s e  i n  m a c h i n e  c a p a b i l i t i e s ,  t h e  s i z e s  o f  
t h e  m a t r i c e s  h a v e  i n c r e a s e d  t o  g i v e  a  m a x i m u m  o f  a  5 1 x 5 1  s c a t ­
t e r i n g  m a t r i x  u s i n g  u p  t o  8 0  b o u n d a r y  p o i n t s .  T h i s  a l l o w s  t h e  
p r o g r a m  t o  h a n d l e  b o d i e s  u p  t o  6  w a v e l e n g t h s  i n  l e n g t h  u s i n g
10
o n l y  2 8  s e c o n d s  o f  m i l l  t i m e .  I t  i s  a l s o  t h o u g h t  t o  b e  p o s ­
s i b l e  t o  i n c r e a s e  t h e  s i z e  o f  t h e  s c a t t e r e r  u p  t o  8  w a v e l e n g t h s  
u s i n g  t h e  f u l l  c o r e  s p a c e  o f  t h e  C D C  m a c h i n e .
3. 3  I n v e s t i g a t i o n  o f  t h e  R e q u i r e d  N u m b e r  o f  B o u n d a r y  P o i n t s
N o w  b e f o r e  t h e  n u m b e r  o f  m o d e s  r e q u i r e d  f o r  c o n v e r g e n c e  
c a n  b e  i n v e s t i g a t e d ,  t h e  n u m b e r  o f  b o u n d a r y  p o i n t s  n e c e s s a r y  
t o  p r o d u c e  a  s u f f i c i e n t l y  o v e r d e t e r m i n e d  s e t  o f  e q u a t i o n s  m u s t  
b e  f o u n d .  I n  t h e  c a s e  o f  t h e  s q u a r e ,  w i t h  t h e  d i f f i c u l t i e s  d u e  
t o  t h e  f o u r  f o l d  s y m m e t r y ,  i t  h a s  b e e n  f o u n d  t h a t  t o  c a r r y  
t h r o u g h  t h e  s y m m e t r y  u s i n g  s y m m e t r i c  b o u n d a r y  p o i n t s ,  t h e  
n u m b e r  o f  p o i n t s  m u s t  b e  a t  l e a s t  d o u b l e  t h e  t o t a l  n u m b e r  o f  
m o d e s .  H o w e v e r ,  i f  a n  o d d  n u m b e r  o f  p o i n t s  a r e  u s e d  t h e n  l e s s  
a r e  r e q u i r e d  a l t h o u g h  t h e  s o l u t i o n  t e n d s  t o  l o s e  t h e  n e a t  s y m ­
m e t r y  o f  s y m m e t r i c  p o i n t s . .
T h i s  c a n  b e  s e e n  i n  g r a p h s  1  a n d  2  w h e r e  t h e  t o t a l  n u m b e r  
o f . ,  m o , d e s  i s .  3 1 .  T h e .  p l o t  f o r  4 0  b o u n d a r y  p o i n t s  i s  v e r y  d i v e r -  
g e n t  f r o m  t h e  o t h e r s  i n  b o t h  g r a p h s  w h i l e  t h o s e  f o r  6 0 ,  7 0  a n d  
8 0  a r e  v i r t u a l l y  i d e n t i c a l  a s  e x p e c t e d .  A l s o ,  t h e  s c a t t e r i n g  
p a t t e r n  p l o t  f o r ,  4 1  p o i n t s  i s  m o r e  s t a b l e  t h a n  t h a t  f o r  5 0  p o i n t s ,  
a l t h o u g h ,  i n  t h e  r a d a r  c r o s s - s e c t i o n ,  t h e  p l o t  f o r  4 1  c a n  b e  s e e n
77
d i v e r g i n g  a t  t h e  s y m m e t r y  p o i n t s  o f  —  a n d  t t .
3 . 4  T h e  I n v e s t i g a t i o n  o f  t h e  R e q u i r e d  N u m b e r  o f  M o d e s
H a v i n g  d e t e r m i n e d  t h e  n u m b e r  o f  b o u n d a r y  p o i n t s ,  t h e  n u m b e r  
n  i o f , m o d e s  t o .  g i v e  t h e „ s c a t t e r i n g  m a t r i x  f o r  a  g i v e n - s i z e  o f  o b j e c t  
m u s t  b e  d e c i d e d .  A s  h a s  b e e n  s h o w n ,  t h e  i m p o r t a n t  m o d e s  a r e  t h o s e
11
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w h e r e  t h e  o r d e r  o f  t h e  m o d e ,  m ,  i s  s u c h  t h a t  | m | < k p  . .  A f t e r
'  m m
t h e  h i g h e s t  m o d e  i n  t h i s  r a n g e  h a s  b e e n  i n c l u d e d ,  t h e  s o l u t i o n
s t a r t s  t o  c o n v e r g e  r a p i d l y  a s  s h o w n  i n  g r a p h  3 .  T h i s  i s  a  g r a p h
o f  t h e  m o d u l u s  o f  t h e  e x p a n s i o n  c o e f f i c i e n t s  o f  t h e  c h a n g e  i n  t h e
f i e l d ,  8  - a  .  I t  c a n  b e  s e e n  t h a t  t h e  s o l u t i o n  w i l l  h a v e  c o n -  
m  m
v e r q e d  a f t e r  a b o u t  5  m o d e s  m o r e  t h a n  k p  .  h a v e  b e e n  i n c l u d e d .
3  m m
T h e  r i s e  a t  2 5  m o d e s  i s  d u e  t o  e d g e  e l e m e n t  e r r o r s  w h i c h  a r e  
d i s c u s s e d  l a t e r .
A s  t h e  o u t s i d e  e l e m e n t s  o f  t h e  s c a t t e r i n g  m a t r i x  b e c o m e  
s m a l l ,  t h e  e r r o r s  g a i n  i n  e f f e c t  i n  t h i s  a r e a .  T h i s  i n t r o d u c e s  
a  s p e c i a l  e f f e c t  i n  t h e  c a s e  o f  t h e  s q u a r e ,  w h e r e  t h e  f o u r  f o l d  
s y m m e t r y  c a u s e s  e v e r y  o r d e r  d i v i s i b l e  b y  f o u r  t o  h a v e  a  g r e a t e r  
i m p o r t a n c e  t h a n  t h e  a d j a c e n t  o r d e r s .  T h i s  c a u s e s  a  g r e a t e r  
d e g r e e  o f  e r r o r  w h e r e  t h e  i m p o r t a n t  o r d e r s  a r e  n e a r  t h e  o u t s i d e  , 
o f  t h e  m a t r i x .  T h i s  i s  s h o w n  i n  g r a p h  4  w h e r e  t h e  e x p e r i m e n t a l  
s h a p e  s h o w s  a  p e a k  a t  a p p r o x i m a t e l y  1 5 5 ° .  T h e  c l o s e s t  t o  t h i s  
c a s e  a r e  t h e  p l o t s  w i t h  t h e  i m p o r t a n t  m o d e  d e e p e s t  i n  t h e  s c a t ­
t e r i n g  m a t r i x .
H o w e v e r  e v e r y  f o u r t h  o r d e r  s t a b i l i s e s  t o w a r d s  a n  i n d i v i d u a l  
f o r m  a s  c a n  b e  s e e n  i n  g r a p h s  5 - 8 .  T h i s  e f f e c t  i s  p u r e l y  d e p e n d ­
e n t  o n  t h e  h i g h e s t  o r d e r  o f  m o d e  u s e d  i n  f i n d i n g  t h e  s c a t t e r i n g  
m a t r i x ,  n o t  t h e  h i g h e s t  o r d e r  u s e d  i n  f i n d i n g  t h e  s c a t t e r i n g  
p a t t e r n .  T h i s  i s  s h o w n  i n  g r a p h  9  w h e r e  i t  c a n  b e  s e e n  t h a t  t h e  
p a t t e r n  o n l y  b e c o m e s  u n s t a b l e  w h e n  t p o  f e w  m o d e s  a r e  u s e d .
I f  m a n y  m o r e  m o d e s  a r e  u s e d  t h a n  n e c e s s a r y ,  t h e  e d g e  e l e m e n t  
e r r o r s  b e g i n  t o  b u i l d  u p  r a p i d l y ,  c a u s i n g  t h e  p a t t e r n  t o  b e c o m e
GRAPH 3
D e m o n s t r a t e s  c o n v e r g e n c e  o f  t h e  
s o l u t i o n  f o r  a  p r e d i c t e d  n u m b e r  
o f  m o d e s .
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v e r y  u n s t a b l e  a g a i n .  T h i s  c a n  b e  e l i m i n a t e d  b y  i g n o r i n g  t h e  
e d g e  e l e m e n t s  a n d  j u s t  u s i n g  t h e  i n t e r i o r  o f  t h e  m a t r i x  t o  
g i v e  t h e  s c a t t e r i n g  p a t t e r n .  T h i s  i s  s h o w n  i n  g r a p h  1 0  w h e r e  
t h e  p a t t e r n  r e t u r n s  t o  t h e  c o r r e c t  f o r m  f o r  t h e  n u m b e r  o f  m o d e s  
u s e d  i n  f i n d i n g  t h e  m a t r i x  w h e n  s u f f i c i e n t  e d g e  e l e m e n t s  a r e  
i g n o r e d .
3 . 5  T h e  U s e  o f  t h e  E i g e n v a l u e s
I n  t h e  p r e v i o u s  r e p o r t  ( r e f .  1 ) ,  i t  w a s  s u g g e s t e d  t h a t  i f  
t h e  e i g e n v a l u e s  w e r e  u s e d  t o  g i v e  t h e  s c a t t e r e d  f i e l d ,  t h e n  t h e  
e r r o r s  w o u l d  b e  a v o i d e d  a n d  t h e  c a l c u l a t i o n  t i m e  d e c r e a s e d .  
U n f o r t u n a t e l y  t h i s  i s  n o t  t h e  c a s e .  T h e  e i g e n v a l u e s  a r e  t h e  
e l e m e n t s  i n  t h e  d i a g o n a l  E  m a t r i x  i n  t h e  f o l l o w i n g  m a t r i x  
e q u a t i o n  f r o m  S o k o l n i k o f f  a n d  R e d h e f f e r  ( r e f . ,  4 )
[c- 1 ] [a] [c] = [E]
“1
w h e r e  C  i s  t h e  m a t r i x  o f  e i g e n v e c t o r s  a n d  C  i s  t h e  i n v e r s e .
T h e  e i g e n v a l u e s  w o u l d  b e  u s e d  t o  g i v e  t h e  f i e l d  i n  t h e  f o l l o w i n g  
m a t r i x  e q u a t i o n
m  -  [ C ]  M  [ C _ 1 ]  [ a ]  
i n s t e a d  o f  [ 3 ]  =  [ a ] [ a ]
O b v i o u s l y ,  u s i n g  t h e  e i g e n v a l u e s  t o  g i v e  t h e  f i e l d  i s  a  
t i m e - c o n s u m i n g  p r o c e s s  w i t h  o n l y  t h e  p o s s i b i l i t y  o f  a v o i d i n g  
e r r o r s  b e i n g  t h e  r e a s o n  t o  u s e  t h e m  t o  g i v e  t h e  f i e l d .  C o m p u t i n g
22
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e x p e r i e n c e  h a s  s h o w n  t h a t  t h e  e i g e n v a l u e s  a r e  r e l a t i v e l y  f r e e  
f r o m  e d g e  e l e m e n t  e r r o r s  b u t  t h e  e r r o r s  a r e  c a r r i e d  t h r o u g h  t o  
t h e  e i g e n v e c t o r s  a n d  w i l l  s t i l l  a f f e c t  t h e  s o l u t i o n .  T h u s  t h e  
e i g e n v a l u e s  a r e  o n l y  u s e f u l  i n  s h o w i n g  t h e  a c c u r a c y  a n d  c o n v e r ­
g e n c e  o f  t h e  s o l u t i o n .
3 . 6  E x p e r i m e n t a l  C o m p a r i s o n
A t  t h i s  p o i n t  i t  w a s  p o s s i b l e  t o  m a k e  a  c o m p a r i s o n  b e t w e e n  
e x p e r i m e n t  a n d  t h e o r y .  T h e  R o y a l  A i r c r a f t  E s t a b l i s h m e n t  c o n ­
s t r u c t e d  a  s q u a r e  s e c t i o n  c y l i n d e r  w i t h  a  d i p o l e  s o u r c e  n e a r  t o  
a  c o r n e r  a n d  m e a s u r e d  t h e  r a d i a t i o n  i n  t h e  a z i m u t h a l  p l a n e .
T h i s  i s  t h e r e f o r e  a n  a p p r o x i m a t i o n  o f  t h e  t w o  d i m e n s i o n a l  s q u a r e  
w i t h  a  l i n e  s o u r c e  n e a r  a  c o r n e r  w h i c h  i s  t h e  c o m p u t a t i o n a l  
m o d e l .  T h e  r e s u l t  c a n  b e  s e e n  i n  g r a p h  1 1 .  T h e  c o m p a r i s o n  i s  
v e r y  g o o d  a n d  o n l y  d i v e r g e s  a t  a n g l e s  w h e r e  t h e r e  m a y  b e  l a r g e  
e x p e r i m e n t a l  e r r o r s .  T h e  c o m p u t e d  p l o t  w a s  c a l c u l a t e d  w i t h  
6 0  b o u n d a r y  p o i n t s ,  2 9  m o d e s  i n  t h e  t o t a l  f o r  t h e  s c a t t e r i n g  
m a t r i x  a n d  u s e d  o n l y  2 7  m o d e s  t o  c a l c u l a t e  t h e  f i e l d .  T h e  
s q u a r e  s i d e  i s  1 . 8  w a v e l e n g t h s  l o n g  a n d  t h e  l i n e  s o u r c e  i s  o n  
t h e  c o r n e r  a n d  1 . 3  w a v e l e n g t h s  a w a y  f r o m  t h e  c e n t r e  o f  t h e  
s q u a r e .
4 .  F U T U R E  D E V E L O P M E N T
H a v i n g  s u c c e s s f u l l y  d e v e l o p e d  t h e  t w o  d i m e n s i o n a l  c a s e  
f o r  t h e  s q u a r e  c y l i n d e r ,  i n  a g r e e m e n t  w i t h  e x p e r i m e n t ,  t h e  
p r o g r a m  c a n  b e  e x t e n d e d  t o  c o m p u t e  t h e  t h r e e - d i m e n s i o n a l  c a s e
" 0  ( d e g r e e s )
. G R A P H  1 1  
E x p e r i m e n t a l  C o m p a r i s o n
2 70
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for an arbitrary non-re-entrant body of rotation. As the-' 
theory is being limited to finding the scattering matrices for 
bodies of rotation, only two dimensional scatterers need be 
considered. Therefore the program is being developed to give 
the geometry involved in encircling an object defined by points 
joined by straight lines. A problem which will arise at this 
stage is the positioning of the source. The theory finds the 
smallest circular cylinder around the scatterer and assumes 
that the field is incident from outside this cylinder. This 
will not be the case for a large number of aircraft but in the 
last report it was suggested that the solution would still be 
applicable with the source inside the cylinder if the eigenvalues 
were checked for .convergence. It is intended to investigate 
the behaviour of the solution with the source in several positions 
and to increase the enclosing cylinder to include an antenna 
position for a geometry with a known solution.
At this stage the program is still two-dimensional but a 
three-dimensional pattern can be obtained by converting the 
cylindrical Bessel functions into spherical Bessel functions.
This fairly simple conversion will give the pattern in the 
principal plane for which a dipole source is on the axis and 
orthogonal to the axis. For other principal planes and 
orientations of the dipole, a much more complex conversion is 
required using the Dyadic Green's functions to give the required 
modes. Non-principal planes could then be found by the weighted 
sum of the principal planes and the effect of wings could be
26
i n c l u d e d .  A t  t h i s  s t a g e  h o w e v e r ,  c o u p l i n g  b e c o m e s  a n  i m p o r t a n t  
e f f e c t  a n d  a n y  f u r t h e r  d e v e l o p m e n t  w i l l  h a v e  t o  i n c l u d e  c o u p l i n g  
w h i c h  w i l l  r e q u i r e  s i g n i f i c a n t  a l t e r a t i o n s  t o  t h e  t h e o r y .
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T h i s  a p p e n d i x  i s  a  d e s c r i p t i o n  o f  t h e  l a t e s t  r e v i s i o n  
t o  t h e  c o m p u t e r  p r o g r a m  d e s c r i b e d  i n  t h e  p r e v i o u s  r e p o r t .
T h e  p r o g r a m  -  d o e s  n o t  c a l c u l a t e  a n y  m o r e  t h a n  i s  c l a i m e d ,  
i n  t h e  p r e v i o u s  r e p o r t  b u t  i t  n o w  f u n c t i o n s  c o r r e c t l y  a p a r t  
f r o m  t h e  s u b r o u t i n e  M O N O S T A  w h i c h  g i v e s  d u b i o u s  r e s u l t s .  A l l  
t h e  r o u t i n e s  w h i c h  h a v e  b e e n  a l t e r e d  a r e  d e s c r i b e d  a n d  t h e  
o t h e r s  a r e  s t a n d a r d  r o u t i n e s .
T h e  p r o g r a m  h a s  b e e n  c o n d e n s e d  t o  a l l o w  r u n s  w i t h  r e a l i s t i c  
d a t a  - o n  t h e  m a c h i n e .  T h u s  t h e  p r o g r a m  h a s  a  m a x i m u m  o f  8 0  
b o u n d a r y  p o i n t s  a n d  5 1  m o d e s  w i t h  m o r e  c o r e  s p a c e  a v a i l a b l e .
A.l The Main Program
T h e  m a i n  p r o g r a m  c o n t r o l s  t h e  f l o w  o f  c o m p u t a t i o n  a n d  
c a l l s  t h e  v a r i o u s  s u b r o u t i n e s  w h e n  n e c e s s a r y .  T h e  o n l y  m a j o r
V
c a l c u l a t i o n  i s  t o  f i n d  t h e  i n c i d e n t  f i e l d  m a t r i x  f o r  w h i c h  t h e  
e q u a t i o n
=  j  t H ^ 1 )  ( k p  ) e x p ( j t < f >  )
i t  t  l  a .
APPENDIX A
THE COMPUTER PROGRAM
i s  u s e d .
The Flowchart of the Main Program PMUA
P r i n t  d a t a
n 
rs
rni'liR'A" f nuft / / / u u r i — <r r ii. m , v i ' i r  ij
PROGRAM PMIJAC INPUT, OUTPUT, PUNCH,TAPE5 = INPUT,TAPE6 = 0UTPUT, 
fTAPEZsPUNCH) 
c SCATTERING PROM A SQUARE CONDUCTING OBJECT 
INTFGER SUPPS 
RF Al. K
DOU b L f PRECISION JJ{101)#JD(I01),Y(90)
DIMENSION AR(!60,l02),BR(160,5l)f AAR(i02,51),RR(160,102), 
EDIAGEf102)#WR(j6 0 ) # TPIV(102)rINTf5 1 ) rEVPHA(51),F V M O D (515, 
£RB(51)#THS(801,RIS(80),WKSP(102)#WY(102)#WZifl0P),
£SRC51,51)#ST(5l#51)#WWR(51)#WI(51)#VR(51#51)#VI(51#51)
£,DAT A (6,92), .
COMPEFX BlNf8 0,51),H i (80,51),F (80,51),A A (51,51),S (51 ,51),Cl,CS 
£,H2A(51),SM(51),SC(51),AL PHA(51),B E T A (51)
EOUIVAUENCE (AA(1,5),JJ),(AA(1,9),JD)
£,(OR,VI,THS),(WKSP,WWR),(WY,WI),(W7,INT),(AR,SR,FVPHA) 
£,(BR,SI, e VMOD)# (AA,H2A)
£,(AAR.VR,RIS),(BIN,H1,E.S),(AA(i,2),SC),(AA(1,3),SM)
COMMON /BN1/K,A,P4,RM,SQ/BN2/PI,P2,NX/BN3/CI 
COMMON /BN4/AR.AAR,BR,QR,WKSP,WY,W7,0IAGE,WR,IPIV,BIN 
8-/BN5/ANTD, NAD
„LEVEE 2 , AR,AAR,BR,QR,WKSP,WY,WZ,SR, VR, SI,VI,WWR,Wl,I NT,FVPHA,R 
1FVM0D,THS,DTAGF,WR,IpIV,BTN,Hl,E,S 
MJDIM=160 
M2D1M=5!
H3DTM=MlDIM/2
M4DIM=2*M2DTM
READ. (5,5) NMPfMMAX,NX,SUPPS,A 
5 FORMAT (414.68,2)
PI=ATAN2(0,,«1.)
P?=PJ/2.
P 4 s: PI / 41
CTs(0l,l.J
SG=$QRT(2.)
RM?f(SO+l0001 )*A 
K«2.*PI
RMK = K*f?M ^
r,Ap = -0.072792 
a n t d = r m +g a p
NAD=2
MMMs 2*MMAX+1 
WRJTE (6f10) NMP 
IF (NMP .GT* M3DJM) nOTO 130 
WRITE (6,15) MMAX 
WRJTF (6,20) NX 
WRJTF (6,25) A 
WRITE (6,30) RMK 
*10 FORMAT (1X,4HNMP s , 12)
15 FORMAT (IX,5HMMAX=,I2)
20 FORMAT (1X#3HNX=,I2)
25 FORMAT (1X ,j 3HS0UARE SI7E =,F8.2)
30 FORMAT (1X,28HK TIMES THE MINIMUM RADIUS =,F8.2)
C Al. I ABI N(RTS,THS.BTN# MMAX, NMP, MMM , M2DIM, M3DIM, J J , JD, Y)
PREPARE A RFAL SURSTITUTF 
OF THE COMPLEX BIN MATRIX FOR FUTURE USE
DO 35 1=1,NMP
29
Y 6 I > b t' A H I * i1 I A / O / / U ‘ % >! 1 - *
DO 35 J=1,MMM 
ELfMENT=RFAi (BjN(I,J))
AR(T,J)=EIEMEK'T
(WMP + 1 1 MMM + J)sfcl E MfNT 
Ei f m e n t = a t m a g < b i n ( i , i n
AR(I#MMM+I)s-Fl f m f n t  .
35 CONTINUE
C CAl ClJt ATE THE INc IDFNT FIFLD MATRIX
DO 45 1 = 1 * NMP 
XSK*RIS(I) ,
CALL BESSELfXfM M A X #J J #Y)
DO 45 M=lrMMM 
NM-M-MMAX-1
IF (MM .l-T. 0) GOTO 40
Hi(T,M)=CMPI X(SNGL(JJ(MM+!)),SNGL(Y(MM+1)))
GOTp 45
40 MMsrMM . . . . . . . . .
HI (I#M)s((fel )**MM)*CMPLX(SNGL(JJ(MM+1 ))*SNGL(Y(MM+1)))
45 CONTINUE
DO 50 MM=1f MMM .
MrFl-OAT (MM^HMAXM )
DO 50 I?1#NMP. . .
C$=CEXP(CMP|X(0.0fM*THS(I) ))
E(IfMM)=-(Ht(!,MM)*CS)/(CI**M)
50 CONTINUE
DO 55 I-lfNMP 
DO 55 J=i#MMM 
BR(IfJ)=REAL(F(TfJ))
BR(NMP+IfJ)=AlMAG(FfIfJ))
55 CONTINUF
C SOLVE THE COMPLFX EQUATION tBINI (BFTA1 = " fEJ
f BY THE t FAST SQUARES METHOD USING THE REAl VERSIONS
C OF THF MATRICES! AR,AAR AND UR RESPECTIVELY
£TA=2l**(-37)
IFAIL=0
jM2rp*NMP
JM2=2*MMM
CALL F04AMF(AR,M1DIM,AAR,M4DIMfBR#M1DIM,JM2#JM?fMMM,FTArOR#Minj
10TAGE.WKSP,WY.W7, W R , I P I V . I F A U )
C ***FND f)F LFAST SQS*. MOD*** [
C. BETA IS TRANSPOSED TO GIVE THE SCATTERING MATRIX, S
C AND S IS PRINTED*.
IF (SUPPS lEQ*. i) WRJTF (6,60)
60 FORMAT (1X,8HS MATRT X ,///)
DO 70 1=1,MMM 
DO 65 J =1,MMM
SCI.J)#CMPLX(AAR{J, I ) ,AAR(MMM + J , I ))
RB(J)=REAL(S(I,J))
30
WORK AM P m u a /0//b IJ»M=9 r ill U  . '■) 1 ‘4 r  o
SR(T,J)rRB*J) . . .
JF (ABS(RBCJ)) .LE. 0.000001) RR ( J )=0.0 
65 CONTINUE ,
JF (SUPPS .FO. 1) WRITF (6,120) (RB(J ) ,J=l,MMM)
70 CONTINUE
IF fSUPPS iFQ. 1) WRITE (6,175)
DO 80 1=1,MMM 
DO 75 JrltMHH _
RB(J)=AIMAG(S(I,J))
SICT,3)=RB(,!) , . .
IF (ABS(RRC.T)) .LF. 0.000001 ) RB(J)=0.0
75 CONTINUE , , ,
JF C8IJPPS .FO. 1) WRJTE (6,120) (RR(J ) ,Jsl , MMM)
80 CONTINUE
C CALC*. THE FIGCNVAIUFS OF S
C AND THE MODULUS AND PHASE OF THF FIGENVAI.UFS
WRITE (6,85)
85 FORMAT (///10X,16HElGFNVALUES OF S, 10X, 7HM04ULUS, 9X,5HPHA*E///)
i f a t L=0 . .
CAFE,F02AKF(SR,M?DIM,SI,M2DTM,MMM,WWR,WI,VR,M2DTM,VI,M2DIM,INT,
1 IF A IE)
DO 90 1=1,MMM
F V P H A ( n = A T A N 2 ( W i n ) rW W R ( h )
FVMOp(l)=SGRT(WI(I)**7*WWR(I)**2)
90 CONTINUF
WRjTF..(6r953.-(WWR(I J ,WI (I) ,EVMODCI) ,FVPMA(I), I = !,MMM)
95 FORMAT C10(/lX,4Fl5.5))
C END OF CALCULATING EIGENVALUE'S
C CALl THE VARIOUS SUBROUTINES TO CALCULATE THE SCAT TERFD FIELD
CALL MONOSTA(MMAX,S,M2DIM,SC,DATA,At PHA,BETA)
CALI PATSCATCMMAX#S,M2DIM,H2A,SM,,!J, Y , D AT A , ALPHA , RET A )
n a d i = n a d + i 
WRITE (6#105)
WRITE ( 6 # U 0 )  (DATA(I,92) , 1 = 2 , NADI)
WRITE (6,125)
DO 100 1=1,91 
J=CT-1)*2
WRITE (6,115) J,(DATA(L,I),i=i,NADl)
100 CONTINUE
DO 103 1=1,NADI 
NMAX=MMAX-NY
IF (I 1F Q f 1) WRITE (7,118) A ,NMP,MMAX,NMAX
IF (I .NE. 1) WRITE (7,118) A » N M P ,MMAX,NMAX,DAT A (I,92)
WRITF (7,117) (DATA(I,J),J = 1,9! )
103 CONTINUE
105 FORMAT(///1 X ,5HANGLF, 5X , 6HR.C1s l ,26X,36HS C A T T E R I N G  P A  
f T T E R N,/51X,19H(ANTFNNA DISTANCFS)/)
110 FORMAT (29X,5F12.2)
115 FORMAT (I4,3X,Fl2f.4,!2X,5Fl2.4)
117 FORMAT(7F11.4)
118 FORMAT (/F7l3,315,F7.3)
120 FORMAT (IX,10E12.5)
31
PROGRAM PMl IA UI' I -  S  r i m . i; t m f , u
125 FORMAT (///) 
130 CONTTNUF 
STOP 
ENO
32
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A. 2 Subroutine ABIN
This routine establishes the geometry of the square object 
and calculates the [b] matrix using the equation
B. = 3 I H (kp .) exp [3 (n-m) d> .] 
in u „ n-m 01 L YoxJ
nr
J m(kp| )  exp (jmcjj)
34
A. 3 The Flowchart of Subroutine ABIN
R E T U R N
iROUTINE AUIN 76/76 OPT = 2 FTN 4.6+428
s u b r o u t i n e  ABlN(RlS,THS,RTN,MMAX,NMP,MMM,Mt,N l , J,JD,Y) 
C THIS SUBROUTINE SETS UP THE BIN MATRIX 
COMPLEX B T N f N j , M j),H p ,RN,CI,CJ,H1 
RF At K
OOURLF PRECISION J (1n 1),J D (101),Y (90)
DIMFNSION T H S ( N 1 ) #RIS(N1)
COMMON /BN1/K,A,P4,RM.SR/RN2/PI,P2#NX/RN3/CT
LFVEfa p,THS,RlS,RIN
RTW=0l6*SQ
m n m a x =3* m m a x
MMA XD = 2*MM a X
MMMD=?*MMAXn+J
x =k *r m
CAl t BFSSE|.fX,MNMAX, J, Y)
DO 30 1=1,NMP
PHTc2l*Pl*‘(T-r.)/NMP + 0 > 0 0 1  
XlC=RM*COR(PHT)
YTC = RM*SIN fPHJ) # *
IF (PHI.GT,P2,“ANo,PHJ,i.F,PI) GO TO 5 
IF ‘(PHI,GT^PT.AND.PHI.LF,3>P2) GO TO 10 
IF (PHJ.GT.3.*P2. AN d ’.PHT.LE’.2’.*PI) GO TO 15 
RD=RM*(COS(PHI-P4)-RTW)
PD=5.*P4 
XT$=XTC?RTW*RD 
YTS=YIC-RTW*RD 
GOTO 20
5 RD=RM*(C0S(PHT«3.*P4)-RTW)
PD=7,*f4 
XIS=XTC+RTW*RD 
YTS=YTC-RTW*RD 
GOTO 20 . . .
10 RDsRM*(COS(PHI-5.*P4)-RTW)
P D s: P 4
XTS=XJC+RTW*RD 
YTS=YIC+RTW*RD 
GOTO 20
15 RD=RM* (C0 S ( PH T• 7 . *P 4 ) •»RTW)
PD=3.*P4
x t s = x t c - r t w * r d
YTS=YTC+RTW*RD 
20 CONTINUE
THS(I)=ATAN2(Yis,XIS)
RT S fI ).sSORT f XIR* X J S + YT S* YIS)
X=K*RD
:• C Al t BES JN ( X , 0*. ,MMAXD, ft,JD)
DO 30 NNs1,MMM 
NsMN-MMAX-1 
RMs (0*. r 0 . )
DO 25 JM=j ,MMMn 
MsJM-MMAXn-J 
JH=(-1) ** (N+M)
J H H = ( — 1)**M 
JCsTABR(N+M)+1 
JRalARS(M)+1
H2 = rMPLX(SNGL(JCJC)) ,-SNGI (Y(JC)))
IF ((N+M) .IT. 0) H2=JH*H?
R.TsJDf JR)
35
ROUTINF ABTN 76/76 0PT = 2 FTN 416 ■+ 4 2 8
IF (M I L t I 0) RJ b JHH*PJ
BN=RN+ C-ll)**M*RJ*H2*CFXP(CJ*( (N + M ) * PHI~M*PD)) 
25 CONTINUF
p T N U , N N ) =CT**(-N)*BN 
30 CONTINUE 
RFTURN 
END
36
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T h i s  s u b r o u t i n e  e v a l u a t e s  t h e  m o n o s t a t i c  R . C . S .  o f  t h e  
s c a t t e r e r  i n v e s t i g a t e d  u s i n g  t h e  e q u a t i o n
A. 4 The Subroutine MONOSTA
N  N
R.C.S. a 7 ( y a a -a )exp(jm(0+ir))„ ,, mn n mm=-N n=-N
( - l ) n
w h e r e  a  =  — - —  e x p ( - j n O )
n  2
t
38
A. 5 The Flowchart of the Subroutine MONOSTA
r e t u r n
ITTNF MONOSTA 76/76 OPT = 2 FTN 4.6+428
SUBROUTINE MONOSTA(M X ,S •M l ,S C ,D A T A ,AI P H A ,R E T A )
CTHTS SUBROUTINE CALCULATES THE MONOSTATIC R'.c’.S. OF THF SCATTERER 
DIMFNSION D A T A (6,92)
COMPLEX S(Mj,MS) ,SC(M1),CT,PS,SS,ALPHA(Ml) ,BFTA(M1)
. COMMON /BN2/PI#P?,NX/BN3/CX 
LFVFL 2 , S 
MMAX=MX-NX 
MMs 2*MMA X + 1 
OO 20 1=1,91 
TM s 2 . 0 * ( F L O A T ( L V 1 . 0 )
THR = PT + TH/1B0’.0 
DO 5 T=1,MM 
Nci-MMAX-1
ALPHA (I)=CMPLX((-1.)**N*.5,0,.)*CEXP(CMPLX (0.,FLOAT («N)*THR3) 
b CONTINUF
DO 10 1=1,MM t 
BFTA(T) = (0‘.,0.)
DO 10 K = 1,MM 
N r K - M M A X -1
BETA(I)=BFTA(T)+S(I+NX,K+NX)*ALPHA(K)
10 CONTINUE 
SS=(0l,0.)
DO 15 1=1,MM 
M=J-MMAX-1
SC(I)=BETA(I)-ALPHA(i)
SR = SS + SC(I)*CEXP(CMPl X (0. . Ft. OAT (M) * f THR+PI ) ) )
15 CONTINUE
IF CLlE O.n, PSrSS^CONJGCSS)
D A T A (1,L)=RFAL(CSS*CONJGtSS)3/PS)
20 CONTINUF 
RETURN 
END
39
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A. 6 The Subroutine Patscat
This subroutine calculates the scattering pattern for a 
variable number of source distances using the equation
N N
^ t ^ amnan“am+3mjm(kD)exPtojm(j))]exp(jm02) 
m=-N n=-N
jnH^2)(kD)
where   exp(-jn<J))
The Flowchart of the Subroutine PATSCAT
BROUTINE PATSCAT 76/76 OPT = ? FTN 4.6+42B
SUBROUTINE P ATSC AT (MX , S , HI , H 2 , SM , J J , Y , D AT A , ALPHA , RET A )
DOUBLE PRFCISTON JJ(101),Y(90)
DIMFNSION DAT A (6,92)
COMPt FX S(M1 , M 1 ) , H 2 ( M n . S H ( M n ,  SS,PS,CS,CI> ALPHA(Ml),RFTA(Ml) 
COMMON /BN2>PI,P2,NX/BN3/CI 
R/BN5/ANTD# NAD 
LFVFl 2/S 
THANT=0.
MM AX=MX-NX.
MAXMsMMAXtj 
MMM=2*MMAX+i 
DO 50 Jfl,^AD
d = a n t d +. i * j 
DATA (.1 + 1 , 9?) =D 
7=2.0*Pl*D
CALL BESSEL (Z, MAXM, J,T, Y)
DO 10 1 = 1 ,MMM
M=J»MMAX-1 -
IF (M*.LT.0) GO TO 5 .
H 2 (I)=CMPLX(SN r L (J J(M+l))#-SNGL C Y (M + 1)))
GOTO 10 
5 M=-M
H2CT) = ((-! .)**M)*CMPLX(SNGL(JJ(M+1)),-SNGL (Y(M+1)))
10 CONTINUE
DO 15 1=1,MMM 
Nry-MMAX-1
ALPHA H  )=CT**N*,.6*H2n)*CEXP(CMPLX(0.,FLOAT (~N)*THANT))
15 CONTINUE
DO 35 1=1,MMM 
BF T A ( T ) = ( 0 „ » 01 ) 
m = i - m MAX-1 
DO 20 J X s 1 j/MMM 
N=JX-MMAX-1
BFTA(T)=BFTACI)+S(I+NX,J X + N X )*ALPHA(JX)
20 CONTINUE
•SM(I) = (BFTAf I)-ALPHA(I))*CI**(-M)
IF (M .IT. 0) GOTO 25 
SM(T)=SM(I)+SNGLfJJ(M+1))
GOTO 30 
25 JRrTABS(M)+t 
J MH = (-1. )**M
SM(I)=SM(I) + .IHH*SNG! f.TJf JR) )
30 CONTINUE
SM(T)=SM(T)*(CI**M)
35 CONTINUE 
SS=‘(0l,0.)
DO 40 KKsl.MMM 
K K K = K K •» M M A X** 1
SSrRS+SM(KK)
40 CONTINUE
DO 50 K=1,91 
TH=2.0*(FlOAT/K)-l.0)
THD=TH*PI/180l0 
PSsCfU ,0 .)
DO 45 LS 1,MMM 
N=L-MMAX-I
CS=CEXP(CMP| X(0<»0,FLOAT (N)*THD))
R O U T I N E  P A T S C A T  7 6 / 7 6  O P T = ? F T N  4 . 6 + 4 2 8
PRsPS+CS*SHfL)
45 CONTINUE
PAD = REAl ((PS*CONJG(PS))/(SS*CnNJG(SS))) 
DATA.(J + 1 ,K) = 10*.*A1 OG10(ABSCPAD) 3 
50 CONTINUF 
RFTMRN 
ENn
43
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A. 7 The Standard Routines
Two of the other routines are N.A.G. routines ie. F04AMF
and F02AKF. F04AMF is used to find the least squares solution
of the following matrix equation
-  - feJ
and F02AKF is used to find the eigenvalues of the solution [c fe .nt
The other routines, BESSEL, BESJN and GAMMA originate in the
CERN program library and are used to give the Bessel functions
Y (x) and J (x) . n n
45
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INTRODUCTION
This report is concerned with the theoretical and 
computational development of numerical methods for 
calculating the electromagnetic scattering from certain 
classes of irregularly shaped, perfectly conducting bodies. 
Particular attention is given to a method which was first 
described in a paper by Wilton and Mittra in 1972 [1]. 
Historically, this paper has its roots in earlier work 
on inverse scattering published in 1970 [2], Further work 
was done by Chignell and Munro, and this report is partly 
an introduction to, an critique of, Munro's later work. 
Mentions made in the final part of the report of an 
alternative method.
and scattered fields are expressed as the sum of a series 
of fundamental modes {e.g. I-I (2) (kp) exp (j n <j)) for a scattered 
field nth mode} of. which the coefficients of t h e 'scattered 
field are the unknowns. The series are truncated at a point 
dictated by the characteristic size of the scattering body, 
so that the number of [significant] unknowns is finite. A . 
system of simultaneous linear equations is obtained for the 
unknown coefficients by applying the appropriate boundary 
condition at a number of points on the surface of the 
scattering body. The system of equations can be solved for 
the unknown coefficient hence determining the scattered field. 
There is of course, a problem. The method as described above 
can only be used {in two dimensions} for a scatterer whose
■»
cross-section does not depart significantly from being circular 
{see [1] ’Mode Matching of Fields1}. In the case of a general 
cross-section of scatterer, it has been shown [3] that one cannot 
be sure that the formal series representing the scattered field 
will converge inside a circle of minimum radius; centred at 
the origin which encloses the- scatterer. Because of this it is 
necessary to use a Bessel function addition theorem to express 
the scattered field in terms of a series expanded about a new 
origin, so that this new series can be guaranteed to converge 
at the surface of the scatterer. This is necessary so that one 
can apply the Boundary, condition at the surface of the body.
The chief interest of the report is scattering from 
perfectly conducting bodies, so that the method is in principle
1 -
DESCRIPTION OF PRINCIPLES
t
The P r i n c i p l e  o f  t h e  method i s  s i m p l e :  The i n c i d e n t
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The chief interest of the report is scattering from 
perfectly conducting bodies, ..so that the method1 is in principle 
applicable to aircraft or other structures made of good- 
conducting material. The boundary condition used is the 
appropriate special case of the Leontovich condition:
E - (B.n)i 0 or I tangential = 0  Cl) '
at all points of the scattering surface, where n is the 
unit normal vector. This condition should be noted, as it 
is incorrectly applied by Munro.
The results of the calculations for a particular body 
can be stated in the form of a 'Scattering Matrix'. This was 
justified in a paper by Kahn and Wasylkiwskyj [4] wherein 
they showed: /
'... the coefficients d. and r^ can be associated1 i
with waves incident from infinity, and fte and <5^  with waves 
from the scatterer. The scatterer is assumed linear.
We will show that if the scatterer is linear and passive 
then there exists a transformation between the two sets 
of coefficients {d.r.} and { 3 • <5 • ) which is of thei i  i i
form {d^6^} = {£%<%). This relationship will be phrased
in terms of an infinite dimensional scattering matrix.'
The utility of the scattering matrix approach is that once 
the Scattering Matrix has been calculated for a particular 
scatterer, then thereafter the scattering of any incident field 
by that same scatterer can be obtained by a simple multiplication 
of the column vector representing the- incoming field coefficients
There is an important point to be noted about the use of the 
scattering Matrix which is not made clear in Munro's work.
Any incident field may be split into an outgoing part and an . 
incoming part. This corresponds in the two dimensional case, 
with an assumed time dependence of the fields of exp(+ jwt), to 
Hankel functions of the second and first kind respectively. The 
Total Outgoing field is obtained by operating with the scattering 
matrix on the incoming part only’ of the incident field. In short
[Total Outgoing field] = + [Scattering Matrix]
x [Incoming field from source]
To obtain the pure scattered field one must subtract the out­
going part of the Incident field from the total outgoing field.
X Tl cIn Munro's work E must be understood to mean the incoming 
part of the incident field, rather than the total incident field.
The method as presented in [1] was applicable to infinite 
cylinders of uniform cross-section. Munro has proposed an 
extension to finite Three-Dimensional bodies of revaluation.
This is based upon a presently unjustifiable assumption about 
scattering'from such a body, which effectively transforms the 
three dimensional problem into a two dimensional problem. Now 
because (a) the infinite uniform cylinder can be solved exactly 
for an.oblique incidence with any additional hypothesis and
(b) since previous work has considered only an incident field
\
of transverse magnetic (TM) polarisation in two dimensions, it
- 3 -
by the scattering matrix.
i
is felt that it would be useful to .present the formal solution
ffor the case of an incident Transverse Electric (TE) field.
This also has some bearing on the misapplication of boundary, by 
Munro. In addition, derivations of the matrix equation which have 
previously appeared have been rather obscure. It is felt that the 
one presented here is reasonably clear.
TE INCIDENCE IN TWO DIMENSIONS
The Scatterer is an infinite, irregularly shaped 'cylinder1 
with a cross-section which is invariant under translation along 
the Z-axis (see Fig. 1). Accordingly, we work with the Z component 
of the magnetic field, H, which we regard as a scalar potential 
for the problem. With an assumed time dependence of exp + j cot 
Maxwell’s equations become:
(V2 + k 2) H = 0  with k = u/c
This is justified because the problem is invariant under Z- 
translation and hence the equations for the polarisation 
perpendicular and parallel to the Z-axis decouple so that the 
TE and TM cases may be treated separately. As an aside, classes 
of scatterers for which decoup ling occurs even for oblique 
incidence have been given by Uslenghi [5] .
In the. XY plane the p and <j> components of the Electric Field
can be obtained, using E = -tt— V „ H thus- jcoe0 -
+ 00
• . H = I' j"m {amHfe) (kp) + bmtt2> (kp) }exp(jm<f>) (2.a) 
m = -ro
_ 4 -
using the curl equation, and absorbing 1/jcoeQ into the coefficients
- 5 -
i 9H 3IIp _ 1 z F - Z
P p m 3 $ «J> = 9 p
S o t h a t «
+  oo
E = I j”m{amHm 1) (kp) + bmHi(2) (kp)|< x exp(jm<j)) •in = -oo  ^ )
(2 . b)
+ ~ ( -s
e a = I - k © mi a mEIml )  Ckp D + bmH^2 ) ( k p ) [  x exp(jm<j>)m = - oo k ft
where the dot indicates differentiation with respect to the 
Hankel function argument.
Note the boundary condition carefully: It is that the tangential 
component of the total electric field at the surface of the
scatterer is zero, not the transverse component.
Now:
Unit Tangent Vector « ~ jjj- p + <j>
So the boundary condition becomes
E j ■
—  — T +. E . = ° .p d <J> (f>
If the scatterer were ’.large’ in terms of wavelengths, and not 
sharply curved, then ■— << 1 and we can use the simpler boundary
condition E^ = 0. However, in general:-
t , +00
- -tt I —  {a H 0 1 ^ (kp) + b nC2)(kp)}exp jmcf)pdd> L p m m  k J m m  k J 1 J TT m = - °°
4- oo
+ I ' I tan C H O p k P )  - Ht+2{(kp)) ♦ bm.(H,(5}(kp) - H^lCkp))}m = -oo
x exp jincj) = 0 (3)
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where we have used
HCl)(*)(kp) = i  H O / 2) (kp) - H O [ ( 2)(kp)
Str.ictly; we should now use the Hankel function addition theorem 
{[1] equation 4} to transform the Hankel functions of 2nd kind 
into formal series which will always converge at the scatterer 
surface. However in the interests of keeping the algebra. simp 1e 
we will leave them untransformed.
Now define the column vectors
f* 9
a + 1 b + 1
a n b b _0 0
a - 1 b - 1
P »
and defining the matrix elements
A.im
and B
— -t- Z  t t .  h C1 ) ( k p  . ) H C O ( k p  . ) “ H fe ) ( k p  . )p. dd>. p . m k w 2 m - M  m+1^l l l
im
dp. .
—  y - f -  tt H C2) (kp . ) - j  (H^2) (kp . ) - H(?) (kp .) p. dd>. p. m v i 2 m-1^ K m+lvl Yi " i
x exp(jm<j)i)
where the subscript i indicates that the subscripted quantity is 
t o b e  evaluated at the itR boundary point.
Then eq. (3) can be written
[A] a + [B] b = 0 (4)
Square brackets indicate a matrix . 0 is the null column vector
7Kahn and Wasylkiwskyj’s Paper [4] implies that there exists a 
scattering matrix [a] such that
b_ = [a] a_ (5)
for arbitrary _a. Substitute (5) into (4).
[A] a + [B] [a] a = 0
If this is true for arbitrary a, then:
[a] = - [B] - 1 [A] (6)
Once again, the scattering matrix is expressed in terms of 
geometrical quantities. The principal physical difference from 
the TM case is that the curvature of the scattering surface i.e.
How significant is the effect of the curvature. From the
definitions of the Matrix elements A. and B. it can be seenim im
that a measure of its effect is the dimensionless quantity
Estimation of the magnitude of this term will be discussed later.
THE THREE DIMENSIONAL DEVELOPMENT
Electromagnetic Scattering from bodies of comp 1ete1y 
arbitrary shape is a complicated problem. To simplify the extension 
of the Wi1ton-Mittra method to 3-dimensions, attention has been 
restricted to bodies' of revolution. This has involved the use 
of a certain . hypothesis in order to convert the Three-Dimensional
— 4“  appears in the analysis.
P .im
2m dpi H O )  (2) (kp.)
~ 2 d $ *i wf l) f2) rvn ft u f 11 f
problem into a two-dimensional one.. It is stated twice in the
idraft of Munro1s notes that *
'As the scattering body is a body of revolution, the 
scattering in each plane containing the axis of revolution will 
be .identical, and only the scattering matrix in one of those 
planes need be considered.' .
and again:
'As the scatterer has an axis of revolution on the X-axis, 
only the energy incident in the XY plane will be scattered into 
the XY plane and into no other p l a n e  1
Neither of these is an exact statement of the assumption. All 
that one can say is: because the scatterer is invariant under 
rotation about the X-axis, and since the scattering matrix is 
dependent upon only the geometry of the scatterer, then the 
scattering matrix will not depend on the appropriate angular 
co-ordinate.
To talk of energy-scattering is also misleading (one cannot 
talk about energy scattering in a plane, only power scattering). 
Indeed, the variation of field in say, the XY plane, will in 
general be associated with a Poynting Vector which does not lie 
in that plane. To say that, for example, an incident Poynting 
vector which is contained in a plane containing the axis of 
revolution, gives rise to a scattered Poynting vector which also 
lies in that plane, may even be true, but it is certainly not 
relevant. ' lv -fa
What is done is to find the expansion of the field in' 
modal form and to apply the boundary conditions only for point's 
lying in the XY plane. As the axis of revolution is t.aken to
lie along the X-axis, these points .lie on the intersection of
ithe scattering surface with a plane containing the axis of 
revolution. It is assumed that this gives the correct 
scattered field for field points lying in the XY plane. At 
present there is no analytical justification of this assumption 
It was suggested by Dr. Cornbleet that heuristic assessment .of 
the validity of this assumption can be made by comparison of 
exact solutions of 'Canonical problems' with solutions obtained 
using only the restricted set of boundary points. This is 
easilydone i n t h e  case of the sphere.
In the following, the notation of Kahn and Wasylkiwskyj 
is used.
oo n
I is written for I I  I
nmp n=l m=0 even,
odd
and e f 0 <iO are transverse vectors - i.e. a linear combinationnmp k T J
of 0 and $ in spherical polar co-ordinates.
The total transverse electric field can be written
r E = I j/^(b H(2)(kr) + a H(1)(kr))— t L J  ^ nmp n nmp nnmp
x e (0<t>) + (b E H ( 2) ( k r )  + aE H C ^ O c r ) )  nmp Y/ ' nmp n v nmp n
X * r> nmp
where e is an angular vector mode. Since in this case the nmp ° '
boundary condition is J[t = jO and since for all 0 and <j> the 
surface is defined by r = a, the solution is 1
- 10 -
nmp
fi7 r i ka ) h
H/2)(ka) f e ?
and this is true, no matter what part of the surface is sampled.
However, the validity (or otherwise) of the as sumpt ion
for more general bodies of revolution is not yet established.
Because of the high degree of symmetry of the sphere, I do not 
regard it as a severe test. The basis for the assumption seems 
to be a-statement - by Chignell in [7] on p.23.
'Here the assumption of a cylindrical scatterer or quasi- 
cylindrical scatterer is most important. The point is that 
if a mode is incindent upon the origin then the energy incident 
in a particular <j> plane is scattered on that plane'.
The justification for this statement lies' in the work of 
Garbacz and Turpin, and Harrington and Mautz {[8] and [9]}, where 
it is shown that there exists a set of surface currents and 
corresponding radiated fields- which are characteristic of a given 
perfectly conducting scatterer. If the outgoing field is expanded 
in terms of.these radiated fields, and the incoming field in terms 
of. the complex conjugates of the characteristic radiated fields, 
then, the scattering matrix id diagonal, and the non-zero ' ’'Vi 
elements are complex numbers of unit modulus. So, if the ntR
kincoming mode is £_ ,. then the associated scattered -field, will
i(j> vn i • .be of form e f_ . The last quoted statement of the cylindrical
scattering hypothesis can be seen as justified if the field is
being expanded in characteristic mo.des of the scatterer, but
isince we are restricted to Spherical Harmonics, this is not 
the case. t
In the future, it is hoped to investigate other canonical 
problems to test the validity of the hypothesis, but this 
investigation will be handicapped by the lack of exact solutions 
for finite bodies of revolution. Reference [6] lists only the 
Sphere, Prelate and Oblate spheroids, the wire and the disc/
In the meantime all one can say is that the hypothesis will 
hold only for bodies which are ’almost1 spherical in some sense. 
One should also note that it is impossible even to definitely 
•prove the validity of the assumption by this method. Logically, 
one could only definitely disprove it.
BOUNDARY CONDITIONS AND CROSS POLARISATION
A more serious objection to the extension of the method to 
three-dimensions as proposed by Munro is misapplication of the 
boundary conditions. For convenience he has followed Kahn and 
Wasylkiwskyj in expanding in Spherical Modes only the Transverse 
electric field. This is perfectly permissible as the radial 
part of the field can easily be obtained from applying Maxwell’s 
equations. 'However, in Munro's notes, the radial field is never 
mentioned. Along the contour of the scatterer in the XY plane, 
he.applies the boundary conditions
Cscat „inc , „scat , nincrE = - r E where F, and E
- 11 -
are transverse electric fields, but the correct boundary condition
- 12 -
is that the total tangentia 1 field .is zero at the surface.
Symbo1ically:
total 0.
Munro omits the —• 2?- t e rm. Since E denends on both 0 b a ^ andtotal
E^ this omission means that his equations provide no way of
'mixing' EQ and E . As he then goes’on to derive, quite 
consistently the 0 and $ equations in the XY plane decouple, so
total
that there is no mechanism for cross-polarisation between polarisat 
ions-, lying in, and perpendicular to, the XY plane. Qualitatively, 
this agrees with measurements made at RAE of the field of a 
Monopole mounted on a cylinder.
An explicit correction of the equations is not presented, 
but it.would proceed along lines similar to the TE case which has
introduced to account for the effect of the surface curvature.
At this stage it would probably be more useful to have an ' 
estimate of the order of magnitude of the error which is introduced 
by the wrong boundary conditions. Unfortunately this is a 
complicated problem. An approach which was tried was to treat 
the quantity
already been described, in that factor like would be
P .im
0 dp. (kp.J2m l ________ m______k K lJ
n 2 d'ffa ufl) (2) rv. 1 _ u ( 1 ) (
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as a ’small' perturbation to the matrix elements. Unfortunately
■ I ithe value of |m| goes from zero, to values comparable to kp^. 
Different approximations for the Hankel functions are applicable 
for these two regimes, and this has proved a great stumbling
block. Work is proceeding on this point. The best that can
be offered at this stage is the fo1 lowing (to be taken with a 
large pinch of salt):
(i) Assume that | H^ C 1) (2) /H^ C (2) - H ^ J C 2)| a l
(ii) Since the are on the boundary of the scatterer,
all the kp^ will be of the same order.
(iii) (m| goes from 0 to about kp^. So, assume the
J
average value of |m| is kp^. This gives:
i dpiP.im p. d*.
Since power depends on- the square of field strength, say that 
the discrepancy in power measurements is given by the mean square 
on the contour of the scatterer on the XY plan-e, i.e.
Power Discrepancy |
2
d (j)
It is suggested that if this quantity is very small, then one can 
safely neglect the cross-polarisation. If one evaluates this 
quantity for the rectangular contour corresponding to RAE cylinder 
then the value 2.3 is obtained. (See appendix I). Estimates of 
the experimental figure derived from polar power plots supplied 
by RAE give 0.14 or 1.4 for two different configurations. Whilst 
the theoretical and experimental figures are of the same sort of
size, there is not really enough data (in the opinion of this
)author) to say conclusively whether or not the proposed 
explanation for the discrepancy in the polarisation is compl.ete.
For example, restricting the boundary points to the XY plane 
contour probably also contributes to the effect. Two other 
points that have been glossed over are:
(i) Because the antenna was mounted on the cylinder, the
scatterer was effectively part of the source, and there was.no
clear cut distinction between the' incident and the scattered 
fields. Thus for 'condition 4 ’, for which the agreement between I
theory and experiment is fair, since the system was invariant 
under reflection in the horizontal plane, one could assent with 
some degree of confidence, that there was no polarisation 
component perpendicular to that plane in the incident field.
This is only strictly true for condition 1 if one takes the
’incident field’ to be that of the ’dipole by neglection' which
is seen for observation angles differing by little from the 
0 = 90°.
(ii) The polar plots show the total fields from the system, 
so that if the ’incident’ fields are pure, one would expect that 
the 'actual' cross-polarisation for the 'scattered' fields would 
be larger than the experimental • values quoted above, improving 
the agreement between experiment and theory.
LOW FREQUENCY CONSIDERATIONS
The method of expressing the electromagnetic field as a 
sum of modes, and using translation theorems ('analytic continuation') 
to sidestep difficulties due to divergence of series, is in
- 14 -
principle valid at all frequencies.. In this section we shall
!show that the modal representation can be, transformed into a 
form which agrees with the equations derived from a simple 
physical model of a cylindrical scatterer in the low frequency 
limit. The significant feature is that the 'analytic continuation' 
introduces a number of arbitrary parameters which can be identified 
with a similar set of parameters which appear in the 'Physical' 
model. We will consider only the TM case in detail, but the TE 
case will be discussed briefly at the end.
Suppose the scattered field is: (Fig. 3)
+  co
ES = I 6kh (2) (kp)exp(jK4») (lfl)
K  =  -  w
We already know that strictly, this is only valid outside the 
smallest circle centered at the origin which encloses the 
scatterer (Fig. 3).
We can choose to change the variables and represent the 
scatterer by a set of line images which lie in-side the enclosing 
circle, but whose positions are otherwise arbitrary. This indicates 
that at this stage, the change of variables is purely a mathematical 
device. If the jtb image has strength Aj , position vector s^ and 
angular co-ordinates o.f then the new representation is:
Escat = )? A , Ufa (k|p - s. |) (lf2)
j= 1 J ’
Again this is only strictly valid outside the enclosing circle.
To reconcile (lfl) with (lf2),.we note that p > s , so that we 
can apply Graf's addition theorem {Abramovitz and Stegun 9.1.79},
- 15 -
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+ 00 •
h0(2) Cr I P “ s_j I ) = I h£2) (kp) JK (ksfe exp j K (4» - a.) -.(If 3')
Substitution of (lf3) into (lf2), reversal of summation signs 
and comparison with (1f1) gives:
N ’
3k = I^  Aj J K (ks j)exp(- jK®j) (lf4)
In practice, (lfl) will be truncated so that only a finite 
number of 3 coefficients and hence only a finite number of As are 
required. So, given a set of 3s, a representation of the scatterer
in terms of images can be found, subject only to the condition that
det (JK (ksfe exp (- j ^ ) )  $ 0  (lf5)
In order to solve for the As we would have to apply (1f2) at 
the boundary of the scatterer, outside the range of validity. To 
overcome this, follow Wilton and Mittra, and relate the field to 
a new origin (Fig. 4). We consider the field at a boundary point 
on the surface of the scatterer, i.e. at the point (pj> fe) and' 
apply Gray's addition theorem again to the quantity 
H k2 (kp j ) exp (j Kfe ) . Assuming p Q . > p . •
+ 00
1-Ijfe) (kP;). )exp jK (fej - fe) = I H^ + ^ (kPQj)JA (kPj)exp(jAaj)
(If 6)
Using (1f6), (lf4) and (lfl) we obtain an expression for Escat(fx):
giving
i
N
expUAap x I AiJK(l(.si (exp(- j Ka ^ ( l f 7 )  .
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N +«> + co
t o  IJA (kp ')exp(jAc..) X H ^ f k p oj)JK (ks )•
1=1 A=-°° J K= -00 v
exp j K (2(}>j - «J»oj - ai) ( 1 f 8 )
We examine the last angular factor in (lf8), and we see 
that it would be advantageous to choose
2d) .  -  <t>. -  0 . = (f) . -  a .  
3 ' OJ i OJ i
•* d> . = d> a, = 03 y0j 3
If we now assume that p . > s., then0 3 i
rscat ,
E ( p
N + °°
j) = . ? i A±a  ^ JA Ckpj ' ^ exP C J A°tj D HJt2) ck I p.0 j - £ ± \ )
x exp (j A3j) (lf9)
Replacing A by - A in (lf9), if l£0 • - £  ^ | > P^» then
rscat,
E ( p .) = j  A. H U )  (k|p. - s j )  ClflO)
This is just (lf2) but we have continued the range of 
its validity by the Wilton-Mittra analytic continuation process 
In doing so we have used or derived the following conditions:
P • > p ■ 1o j
d> . = d>V3 0 3 (lfll)
I P_0 j — i I > - p j '
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The first assumption was that we expanded the field about 
an origin outside the scatterer at which the field is ’well 
behaved*. The second indicates a ’preferred* origin associated 
with each boundary point. The third condition is the most 
interesting. It provides the most essential condition for a 
representation of a scatterer by a collection of point scatterers, 
i.e. that no point scatterer may coincide with a boundary point. 
Although this can be seen intuitively, on physical grounds, here 
the significant factor is that the condition has come out of the 
mathematics. A more general interpretation follows from noting 
that | ’ | = constant is a circle centred on O ’ , so the interior
of this circle is free from point scatterers. Compare with 
Wilton and Mittra „p . 3 1 2 :
'.... we expand in terms of the cylindrical wave function
which are valid inside the largest circle of radius p ’ which& max
excludes the scatterer'.
Finally, we note that p! is essentially arbitrary. In 
particular, as pj -+ 00, the part of the circumference of the circle 
centred on O' at the boundary point, tends to an infinite
straight line passing through the boundary point, and perpendicular 
to £. . Thus, in order to have positions of point scatterers which 
are permissible for all possible choices of p-'. they must lie 
inside the 'Interior Polygon' defined by the set of boundary 
points chosen. Corrently it is not believed that there is any 
deepen physical significance to the 'interior polygon', since pj 
is after all, still arbitrary, and the 'interior polygon' arises 
as a result of considering an extreme case.
Now we will attempt to tie up the above considerations with
- 19 -
a simple, ’more physical' model. We attempt to represent the
(infinite cylindrical scatterer by a collection of infinite, 
parallel perfectly conducting, circular cylindrical wires.
Suppose we have, as in Fig. (5) a collection of such 
wires, whose centres are at s_ , s_2, etc. They have radii a ^  .
a2 etc. Physically we can see that the field at a point not inside 
one of the wires can be written as:
N + 00
ECp) = I  I  A imHC2) (k|p - s. I)exp(jjne.) ( .1 1 1 2 )
i = 1 m= - co
+ External field
Subject to the boundary condition Etota| = 0 For
£ " -i = a . V i. We consider these equations at low frequencies,
assuming that the incident electric field does not vary 
significantly over any individual wire, i.e. ka^ << 1 for all i. 
We follow through the steps of an approximate solution of these 
equations.
To the first order of approximation, it is assumed that
1 n / 0 A. =i im
of the j th wire give
for all m 0 .  Then the boundary conditions at the surface 
AjoH o‘2’ Ckaj) + .1A. H/)(k|p  - s. I) =- EinC(s .) -1 (1 f 1 3)
Since the wires are small p - s. = s. - s. and writing s. - svr =— — l — j — l & j — l1
s.. which is constant, we have
3 i
A. H (2)(k a .) + V A. H(2)(ks..j = - Einc(s.)10 0 v 3 10 0 v ] i ~3J (1f14)
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Applying (lfl4) to each of the wires gives a system of 
simultaneous linear equations which can.in principle be solved 
for the A ^ s .  Since the equations are essentially symmetric 
in the Ajos,they will all have approximately the same magnitudes, 
but will.differ significantly in their arguments, i.e. we can 
write *' :
| A j o | £ ’ A for all j
We. now estimate the magnitudes of the A^m / 0 relative to A.
We write as a correction to' (lfl3):~
+ 00
K £ A.KH p )  (kapexp(jK6.) + J  Aj 0H qC2) (k | p s . |) = E lnc(s.)
(1 f 1 5)
For the equations derived from (lfl5) are the same as before,
but for Aj ^   ^ 0, we rewrite (lfl5) using the addition theorem for
h 0(2) Ck I £_ - s. I ) :
+ oo
H(2)(k|£ - = I H^2)(ks..)J (ka.)exp j K C 3 ± - - 0.)K= _ «
+ 00 .
I H p )  ( k s i . ) J K( k a . ) exp j K( 0 .  -{(=-00, *' " 2 "
( 1 f 1 6)
where the last line follows from replacement of K by - K in the
summation. Substitution of (lfl6) into (lfl5) gives, for K / 0:
AjKHF )(kaj) + I Ai0H^2)(ksij)JK (ka.)exp(- j K 8..)'.= 0
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H©  Cks .
A iK = ' X Ai0 ~7~:-----JK'(ka.)exp(- j K 3
3K i/j 10 H p ) ( k a j) K 3 i 3
i.e.
AjK
We replace s . . by an average D, which gives the size of the 
scatterer as a whole, and assume that for all i = a. = a.l
Then since ka << 1
V  . fka^2K ■< ttN tK! (K-l) ! (If17)
From (lfl7) is obvious that for fixed N and D, |AjK/A| can always 
be made small by choosing ka small enough. This is consistent 
with the critical assumption that only the A .q are important, 
and so our perturbation procedure is valid. So for a thin wire 
model at low frequencies the scattered field can be written as
. N
Escat(p) = I (k|p - S. I ) (lfl8)
i = 1 J
We see that .(lfl8) and (lf2) are identical. That is, the 
scattered field form a collection of wires-with finite radii, 
has the same form as the field from a collection of line sources. 
This, in retrospect is fairly obvious. The significant point is 
this: Take a scatterer, represent it geometrically by a collection 
of discrete points which coincide with the boundary of the 
physical scatterer. Now represent the scattering properties (at 
least at low frequencies) by a collection of wires placed so 
that each boundary point lies on the circumference of a wire.
This simulates the actual boundary condition problem at the cost of
introducing a number of arbitrary (but non-zero) parameters - 
the wire radii. If we abandon the idea of any ^physical' model 
and use a collection of point sources, then the location of .the 
point sources is arbitrary, except for the constraint:
> 0 j  -  f a  I > p j - - . ( 1 £ 1 1 )
If the source position nearest the boundary point is at sfa ,
then we can see that there are parameters | p_j - s_j | which must 
be greater than zero, but otherwise arbitrary. These can be 
identified with the wire radii in the ’physical' model. Hence 
the two approaches are entirely equivalent at low frequencies. 
Such wire models are usually treated by setting up integral 
equations which are solved by the method of moments.
The above analysis has also been performed for the case of 
Transverse-Electric incidence in two dimensions. As the details 
are very similar, only certain points will be noted here. The 
most significant change is due to the intrusion of the vector 
nature of the electric field into the analysis. We now have to 
assume that the magnitude and direction of the field over the 
region of the wire both remain constant. This means that when 
we consider the scattered field from a wire, it is no longer 
independent of angle, and in fact the field is:
. N
H S (p.) = l U-Hp) (k|£  - s j j e x p t j e p  
i = 1 +
+ JLiH_ ^ ( k l£ " £il)exP(- iQi)
- 2 2  -
( l f l  9) -■
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N r ■ '■
H SCat(p) = I j 3 . H 0 ( k | £  - s. | ) exp (j 0 ■ ) 
i = l l +
+ 3±h C2) (k|p_ - sa | ) exp (- jfe)} (If 19. a)
where |3^/3^| = 1. We choose to work with the Z component of the
H* —
magnetic field which we regard as a scalar potential for the :
problem. The Transverse electric field components are easily
obtainable by differentiation. As before we use analytic 
continuation of (lfl9) and show that.the form is valid, subject 
to the constraint that no image can coincide with a boundary 
point. As before, the ’new origin’ is associated with the jtR 
boundary point must lie on the radius passing through that point. 
A more interesting point which came out was that the angles 0^  
must also be measured from that line. This did not emerge from 
the Transverse-Magnetic case, because the scattered field did .not 
depend on the azimuthal angles measured at the wires.
The field (1f19) corresponds to a circular wire carrying a
circumferentia1ly varying magnetic current. This is not a 
physical model in the strict sense, since no-one has yet found 
magnetic monopoles, which could carry such a current: however, 
to talk of magnetic current is fairly common practice, and we 
feel that the use of the adjective 'Physical' is justified.
A serious objection to the line of reasoning could be this: 
a priori, one would expect to be able to represent H as a sum of 
fields ’point’ sources, as in the transverse magnetic case on 
the lines of (lf2) which is not the same as (lfl9) however the 
two are essentially the same - consider figure 7 - two 'point*, 
sources close to each other, which are of strengths ± A
i
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Field = A{H(2)(kri) - H(2)(kr.2)}
+ 00
but H(2)(kr ) s £ H^2)(kr)J
K=-°°
+ 00
and H(2)(kr2) = ][ H^2),(kr)JK=-oo
+ oo
I h(2) (kr)J
kd
K= - 00 K
kd
2
kd
exp(j Ka)
exp j K (tt - oi)
exp j K (a - ir)
Where we have assumed that r > , i.e. the field point lies
outside the circle just enclosing the sources.
+ 00
Field = A I H^2)lkr)J.K=-oo
kd exp(j Ka)|l - (- l)Kj
The K = 0 term vanishes, and if kd is small
Field =, 2a |h (2) (kr) J 1 — j exp j a + H(2)(kr)J 1 kd2 exp - J
“  2A{H(2)(kr)exp j a - H(2)(kr)exp - j a}
If we measure angle from some-other line than the ’axis' of the 
dipole, this amounts to making the change a -+ a + y . With this 
substitution, the field has the required form, with
kAd exp j y and 8 = kAd2 exp - j Y
So once again, the Wilton and Mittra Modal expansion can be 
expressed in a form which is identical with a ’physical’ model 
at low frequency.
The following are future lines of possible development:-
1. Further investigation of Munro's extension of the Wilton 
and Mittra modal method to three dimensions. As 
mentioned earlier, this can be done for ’canonical problems’ 
for which comparison between exact solutions obtained by- 
applying the boundary conditions at the intersection of 
the scattering surface and a plane containing the axis 
of revolution, can be made.
'2. Investigation of the modal method in the high frequency
limit, from which one may hope to extract expressions for 
’reflected rays' 'creeping rays' etc. on the lines of 
G.T.D. ’For this■purpose, the appropriate sections in a 
Paper by Clemmow and Weston [10] can perhaps be used as 
a mode 1.
3. Further development of the idea of representation of
scattered fields in terms of a sum of 'point source' fields. 
It has already been shown that these representations of the •
scattered field are essentially equivalent, and the change of
*unknowns in (lf4) can be made at any frequency. Convergence 
of the scattered field at the boundary points is guaranteeed, 
provided no point sources coincide with the boundary. As the 
positions can be chosen a prior, this is no problem. Such a 
method which partially sidesteps the conversion of large 
matrices, is as follows: We consider the TM case, in two
dimensions.
* i.e., not just at low frequencies. At higher frequencies
however, the comparison with 'real' current carrying wires is 
no longer valid.' ’
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FUTURE WORK
i
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Represent (Fig. 8) a scatterer geometrically by a set of
)boundary points located at positions £ , £ 2. • • £j^ . Place
inside the boundary point sources of strenght at position.s
s , s ... s  sXT. N is less than or equal to M. If the— 1 — 2 — 1 —N n
1 Tl Cincident • field is E (P.) > then the quantity 
?inc = (Einc(£ ^  Binc(£ ^  _  Einc(^ )}
can be considered to form a vector. Similarly for the quantities
Pj = C H / h k l P j  - s. |) H C 2 5 Ck|p2 . s. |j ... H to)(k|pN - s.. I)
The Boundary value problem may be stated as finding coefficients
A. such that 3
N
I A.F. = - ElnC (1£20)
j = l ~ ■
? *We define a scalar product by A.B = l A .B.. Conventional
i = 1
practice would be to convert (lf20) to a set of simultaneous 
linear equations for the unknown coefficients .by taking the
scalar product of (lf20) with FR thus:-
f e A . C F / F . )  = - F*.Einc (1£21)
This is similar to the conventional method of moments, where the 
'F's are taken to be both ’basis’ and ’test’ functions. The 
disadvantages of this method are that it requires the inversion
Aof large matrix whose elements are Fr .Fj , and also, if one wants 
numerically to estimate the reliability of the solution by, say, 
increasing the number of boundary points, then the whole tedious
27
calculation has to be gone through .again at great cost in
computer time. ft
The following modification is proposed:- From the Fs, 
construct an orthonormal set of vectors, using the Gram-Schmidt 
Orthonormalisation process... Thus:
The Ns are normalising coefficients. Equation (lf20) becomes
hence the far field. At no single stage is there the inversion 
of a large matrix. More importantly, the orthonormal vectors 
u do not have to be all worked out at once. It may be, especially 
at low frequencies, that only the first few of them are important. 
Because the us are orthogonal, calculation of un+ >^ and hence 
Bn+i> will not affect the already calculated values of the first 
n us and Bs. By inspecting successive values of the Bs, we can 
check for numerical convergence and also get some idea of the 
accuracy of the solution. If after some value- of n, the Bs 
become so small that they can be neglected, then the process can 
be halted there, and we are saved the labour of calculating the 
remaining us.
u - l N F 1 ~ 1
etc.
N inc
of the Fs can be determined, and
or
- 28
It is hoped to start writing a program to implement the 
above method in the near future. 1
The extension to three dimensions for scalar diffraction 
problems is trivial - this is affected by making the replacement
exp-j k|p-s . I
Ho'2' (k|p - f a l )  4  ■  [pi s. I Y
i.e. a replacement of the two dimensional scalar Green’s function 
by the three-dimensional scalar Green’s function. In the full 
3 dimensional vector diffraction problem, the question of 
polarisation rears its ugly head and dyadic Green's functions 
will have to be introduced, and the point source will have a 
direction as well as a magnitude. However, no changes in 
principle are presently envisaged.
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I N T R O D U C T I O N  AND C R I T I Q U E  : RE F E R E N C E S
l
A P P E N D I X  I
Evaluation of.
1
2 TT
dp
ld(k d <f>
round a rectangular, contour refer to Fig. 2 and consider a
rectangle of sides a and b. Consider one of the b sides'on it
p = 2 Cos
dp _ a Sin <j> 
dc() 2 Cos 2(f>
The contribution to the integral from that side is
+ Tan"1C b/a)
1
2tt Tan2<j> d<f> = ~
+ Tan“ 1C b/a)
Sec2<j) - 1 d<j)
-Tan“ 1(b/a) -Tan-1(b/a)
1
2 IT —  - 2 Tan"1
Consideration of symmetry give the final value to be
x + with x = b/a
for x = 5 this is approximately 2.3.
Measurements were made by RAE of the fieljd of a monopole 
mounted on a cylinder of length 56 cms and diameter 12 cms.
The measurements were taken in the horizontal plane of polarisations
parallel and perpendicular to the plane. We consider here only, 
two configurations or conditions: ’Condition 1' with the antenna .
pointing vertically and ’Condition 4 ’ with the antenna lying in 
the horizontal plane. In these two cases one would expect that 
the incident polarisations would be purely vertical and horizontal 
respectively. Using the polar plots supplied by RAE, the ratio 
of the cross-po1arised power to the power contained in the 
incident polarisation was measured at 10° intervals and the mean
found. The results are summarised in the following table:-
A P P E N D I X  II .
CONDITION SERIAL # FREQUENCY MHz POWER RATIO
1 1 2600 0. 142
1 2 2600 0.153
1 9 3254 0.117
1 10 3254 0.152
1 17 3900 0.110
1 19 3900 0 . 164
AVERAGE o° m-
4 5 2600 0. 247
4 14 3254 0.418
4 22 3900 1 . 544
AVERAGE 1 . 4
The relative inconsistency of condition 4 measurements compared 
with condition 1 is probably due to the type of average used.
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